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New Concepts Statement

Fracture toughness is an incredibly important material property for engineering design of practical
materials. However, the fracture toughnesses of many materials, particularly electronic materials, is
not always well documented. This work introduces a new method for estimating the lower limit of
fracture toughness for a variety of different materials using ideal strength calculations. We call this
method the Integral Stress-Displacement Method. We show good agreement between experiment
and this method, particularly for single crystal experiments. This work is distinct from other methods
in that it aims to capture thermodynamically irreversible processes. In this study we provide a link
between computed ideal stress-strain curves and observed fracture behavior. As this method is an
estimation of the lower bound of fracture toughness, it can be used as an engineering benchmark to
provide approximations for fracture toughness values for materials without well studied fracture
behavior. This model can also be used as a starting point for more advanced models of material
fracture and is predictive of single crystal fracture toughness values.
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ABSTRACT

Fracture mechanics is a fundamental topic to materials science. Fracture toughness, in particular, is a material property of great
technological importance for device design. The relatively low fracture toughness of many semiconductor materials, including
electronic and energy materials, handicaps their use in applications involving large external stresses. Here, it is shown that
guantum-mechanical density functional theory calculations of ideal strength, in conjunction with an integral stress-displacement
method, can be used to estimate the fracture energy needed to calculate fracture toughness. Using the fracture energy
associated with the weakest crystallographic direction provides an estimation for the lower-limit of the fracture toughness
of a material. The lower-limit values are in good agreement with experimental single crystal measurements across several
orders-of-magnitude of fracture toughness. Furthermore, the proposed methodology is useful for benchmarking experimental
measurements of fracture toughness in polycrystalline materials and can serve as a starting point for the construction of more
detailed fracture models and the computational design of new materials and devices.

1 Introduction

The resilience of a material to fracture is defined in part by its
fracture toughness, which describes the conditions for crack
growth to occur. Since even ambient stresses present in every-
day devices can be problematic for some materials, fracture
toughness is an important engineering design metric. In par-
ticular, the utility of semiconductor materials for applications
having applied stresses often requires clever engineering so-
Iutions. Thermal and vibrational stresses are often present
in electronic [1, 2] and energy materials [3, 4] (including
those used for efficient gas turbines [5]) during operation.
Additionally, new, tough materials are desired for modern
applications, such as internet-of-things devices [6]. However,
fracture toughness measurements can be difficult and com-
plicated, especially in brittle semiconducting materials. As
such, reported fracture toughness values can be sparse, and
well-defined methods to benchmark fracture toughness im-
provements are lacking. To this end, establishing a lower-limit
for fracture toughness has wide-spread engineering utility.

The mechanical failure of materials by fracture (or rup-
ture) is an inevitable result of the finite strength of atomic
bonds. Although bonding is the fundamental material prop-
erty that determines fracture conditions, defects (e.g. cracks)
are often the primary focus since they serve to amplify lo-

cal stresses well beyond the nominal external stress applied
to the material. Griffith [7] was the first to recognize that
material properties (i.e. bonding) and system properties (i.e.
stress state and defect geometry) were connected through
a thermodynamic criteria for fracture. Later, Irwin [8] and
Orowan [9, 10] expounded upon Griffith’s work and defined
fracture toughness, K, as the inherent material property which
determines fracture conditions. For plane strain conditions,
the mode I (tensile force acting to open the crack) fracture
toughness, K, is given by

Ki. = GLE/(1-V*) = ¢ofac (1)

where E and v are the Young’s modulus and Poisson’s ratio
for an isotropic material, Gy is the work of fracture per unit
area, Oy is the nominal stress needed for fracture to occur in
a material with critical crack length, a., and ¢ is a numeric
factor depending on the geometry of the crack. For brittle
materials having an elliptical crack, Griffith found that ¢ =7
and G = 2%, where % is the surface energy and the factor
of 2 arises from the 2 surfaces created. Orowan and Irwin
generalized the Griffith result to include ductile fracture, but
the form of Eq. 1 is retained. In the general sense, Gy is the
energy per unit area needed to create additional surfaces.
For mode II (shear force in the plane of the crack, parallel
to the crack direction) in the plane strain condition, Rice [11]
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derived the fracture toughness Ky as
Kj. = 2Guep/(1—v) )

where U is the shear modulus and Giy. describes the energy
per unit area to create additional surfaces through shear. Rice
calls this the unstable stacking energy corresponding to the
nucleation of a full dislocation.

Fracture toughness is typically assessed by finding the
critical crack length for a given applied stress. This is largely
because the fracture energy, G, is difficult to obtain exper-
imentally. Computational methods, however, can calculate
energies directly.

The "surface energy" relevant to fracture is the energy
required to break atomic bonds and form a new surface (i.e.
G/2). This is not necessarily the same surface energy as %,
which describes the excess energy due to the dangling bonds
of a relaxed surface. Griffith made the approximation that
G = 2, for brittle materials. This approximation is valid
when surfaces are made via thermodynamically reversible
processes, which is not necessarily the case due to the com-
plexity of fracture [12, 13] (e.g. plasticity). Nevertheless,
there are straightforward computational methods (e.g. the
Boettger method [14, 15] or other "slab methods") to calcu-
late 5. Several models, with varying degrees of complexity,
estimate fracture toughness using Griffith’s approximation
and 7 calculations [16, 17, 18, 19, 20].

Herein, we do not use the Griffith approximation, but
introduce the integral stress-displacement method as a way
to estimate G. The integral under any stress-strain curve is
the total mechanical energy stored in the material per unit
volume (i.e. energy density). When the material is strained
to failure, integrating up to the failure strain describes how
much work was done to the material to fracture it. This is
often called toughness [21]. Alternatively, the integral of a
stress-displacement curve taken up to the point of fracture has
units of energy per unit area and describes the energy required
to create new surfaces when the material fractures. Thus, the
fracture energy G, a material property defined by atomic bond-
ing, can be estimated from atomic scale stress-displacement
curves obtained by computational methods (Fig. 1).

Specifically, we show that the fracture energies Gi. and
Gy can be estimated from the integral stress-displacement
method using the ideal stress-displacement curves obtained by
density functional theory (DFT) calculations. The G estima-
tion can then be used to calculate a fracture toughness value
(Egs. 1 and 2). By using the ideal strength of the weakest
crystallographic direction to estimate G, our method provides
a lower-limit value of fracture toughness. The values of frac-
ture toughness found here are in good agreement with the
lowest values obtained in single crystal experiments. Given
the numerous complexities of fracture in real materials, this
methodology provides a relatively simple benchmark value
of fracture toughness and a starting point for more detailed
models and analyses. Estimating the lower-limit of fracture
toughness is highly useful for engineering design, both for
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safety and device lifetimes — especially for materials where
experimental fracture toughness data is not readily available.

2 Methods

Stress and crack length can be measured experimentally to
calculate fracture toughness (e.g. Eq. 1), but experimental
determination of the fracture energy G is not directly possible.
However, atomistic computational methods allow for reason-
able estimations of G quite readily since they can investigate
bonding directly. In short, by probing bond strengths directly,
computational techniques can be used for comparative studies
of the magnitude of fracture toughness and the estimation of
a lower limit.

Here, the important idea is that fracture energy is esti-
mated from the energy contained by the atomic bonds at the
point of failure. That is, the integral of the stress—displacement
(o —1) curve from the initial equilibrium bond position up to
the point of failure (Fig. 1),

failure
G= c-dl. 3)
equilibrium

Since the stress for a given displacement is easily obtained
by computational methods, the fracture energy is also readily
calculated. This expression is completely general and can be
applied to obtain fracture energies along any displacement
direction for any atomic structure of interest, and is named
here as the integral stress-displacement method. In this work,
we utilized the weakest crystallographic direction of perfect
crystals to obtain a lower limit estimate of fracture energy.
Obtaining these estimates of G computationally allows for
the calculation of fracture toughness values for a wide variety
of crystalline materials, which can subsequently be used for
engineering design.

Ideal strength calculations were undertaken for TiC and
TiN. TiC and TiN were selected because their mechanical
properties are of interest for practical applications and their
fracture behavior is relatively well characterized experimen-
tally [22, 23, 24, 25] and computationally [26]. All density
functional theory (DFT) calculations were performed by the
Vienna ab initio Simulation Package (VASP). The Perdew-
Burke-Ernzerhof (PBE) exchange-correlation functional with
the projector augmented wave (PAW) method was used to
account for the core-valence interactions [27, 28, 29]. A plane
wave cutoff energy of 500 eV gave good convergence for the
total energies. The convergence criteria were set to 1 x 107°
eV energy difference for solving the electronic wave function
and 1 x 102 eV/A force for geometry optimization. All cal-
culations used the I'-centered Monkhorst-Pack scheme with
a fine resolution of 27 x 1 /40A’l in the k-point reciprocal
space sampling. The detailed quasi-static mechanical loading
setup of TiC and TiN is similar to our previous calculations
on thermoelectric materials [30, 31, 32].

In order to obtain the fracture energy, G, the integral of the
stress-displacement curve is needed. While the ideal stress-
strain curves for TiC and TiN are reported here, the ideal
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Figure 1. The integral stress-displacement method of determining the fracture energy, G. The physics of fracture is captured
by the continuous deformation of the atomic structure in the computational simulation (left). The work required to create two
new surfaces is found by integrating the stress-displacement curve (right). The stress-displacement curve is expected to be
different for different crystallographic directions within a material (illustrated as ’strong direction” and *weak direction’ in
figure), and can be impacted by the presence of defects, such as twins, to the crystallographic structure. These defect structures
may or may not increase fracture energy. For this work, we integrated under the curve for the weakest crystallographic

direction, probing the lower-limit of fracture toughness.

stress-strain curves for the other compounds can be found
elsewhere [33, 34, 35, 36, 31, 32, 37, 30, 38, 39, 40, 41, 42].
A detailed procedure for converting the stress-strain curve
to a stress-displacement curve can be found in Supplemen-
tal Note 1. In short, knowledge of the unit cell was utilized
for each material in order to convert strain to absolute dis-
placement. Then, numerical integration was performed in
MATLAB using interpolant fitting between data points. In
some cases, linear regressions were used to approximate the
stress-displacement relation at the largest displacements. This
procedure is unlikely to affect the estimate of G by more than
a few percent. As fracture toughness goes as /G, small uncer-
tainties in G have negligible consequences for the conclusions
drawn from the resulting calculation of fracture toughness.
The stress-displacement curves used for integration in this
study can be found in the Supplemental Information. The
values for unit cell parameters, modulii, Poisson’s ratio and
estimated fracture toughness for all of the materials in this
study are compiled in Table S1.

In principle, any number of computational methods, for
example those based on density functional theory (DFT) or
molecular dynamics (MD), could be used [43, 44]. Some
different techniques for calculating ideal stress-strain curves
have been discussed before [45, 46], but small differences in
the estimation of G are not expected to inhibit the practicality
of using a consistent computational methodology to provide
engineering guidelines for fracture toughness.

3 Results

Ideal strength calculations were undertaken for TiC and TiN
using density functional theory (DFT) methods. In both cases,
shear stresses were applied to TiC and TiN along the (100)/
<011> slip system resulting in mode II fracture. These stress-
strain curves are shown in Fig. 2a. The ideal strength (i.e.
the maximum stress that the material can reach) is 32.5 GPa
for TiC and 29.8 GPa for TiN under these loading conditions.
The bond lengths demonstrating the response of bonds to
shear strain are shown in Fig. 2b. The discontinuity in bond
length at the point of maximum strain is indicative of frac-
ture. Crystallographically, the structures of TiC and TiN just
before fracture show the large shear deformation (Fig. 2c).
The corresponding structures at the point of failure are also
shown in Fig. 2c. We note that these DFT calculations likely
only approximate fracture behavior in that they capture the
energetics of material deformation leading up to a distinct
structural change (i.e. bond breaking). For example, in these
idealized simulations there may be energetic competition be-
tween fracture and structural phase transformations, but the
energy landscape is expected to be close enough to provide a
realistic estimate of the fracture energy regardless.

Using the integral stress-displacement method (Fig.1)
along the weakest crystallographic direction, we estimated
the fracture energy (per unit area) G from both our TiC and
TiN calculations and from several previously reported ideal
strength calculations [33, 34, 35, 36, 31, 32, 37, 30, 38, 39,
40, 41, 42] (stress—displacement curves shown in Figs. S1-21).
The estimate of G and bulk elastic properties found from DFT
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Figure 2. (a) Ideal stress-strain curves for TiC and TiN under shear conditions. (b) Bond length against shear strain of TiC and
TiN. (c) Lattice deformation in TiC and TiN as a result of applied shear stress right before failure and at the point of failure.

were used in Eq. 1 or 2 (depending on the mode of fracture) to
calculate lower-limit fracture toughness values. Comparisons
to experimental results are tabulated in Table S2. Surface
energies of relaxed structures were also calculated for several
materials and used to provide an additional estimation of G as
a point of comparison (Supplemental Note 2).

4 Discussion

Fracture toughness is an important limiting factor for device
implementation and lifetime. The desire for computational
materials design necessarily includes having estimates of frac-
ture toughness, K, that can be used for engineering purposes.
Herein, K is calculated from the fracture energy per unit area,
G, estimated from ideal strength calculations. The integral
stress-displacement method (Eq. 3 and Fig. 1) was applied to
the idealized case of fracture occurring on the weakest crystal-
lographic plane in order to consider the lower-limit of fracture
toughness in each material.

The physics of fracture on the atomic scale is the breaking
of and/or rearrangement of atomic bonds. While the loading
geometries and distribution of internal stresses within bulk

materials is vastly more complicated, computational materials
techniques (e.g. DFT or molecular dynamics) are well-suited
to investigate specified loading conditions on local atomic
structures. In particular, the "ideal" strength of crystalline
solids can be investigated, which is found from the stress-
strain behavior of a defect-free "perfect” crystal. The magni-
tude of the ideal strength depends on the loading geometry
and crystallographic direction. A pure tensile stress tends to
induce cleavage between atomic planes. Shear stress tends to
induce the formation of dislocations. Generally, ideal shear
strengths are lower than ideal tensile strengths, reflecting the
experimental evidence that dislocations govern deformation in
many crystals [12, 13]. Furthermore, for a particular applied
stress, certain crystallographic directions are stronger than
others. "Cleavage planes" are typically planes of high atomic
density that are the first to fracture in brittle materials. Ductile
fracture has additional complexities such as void nucleation
and coalescence [62]. Molecular dynamics calculations may
be more appropriate than DFT to probe fracture behavior at
this length scale, however the formalism developed here (Eq.
3) can still be used [63].

In general, crack propagation will depend on the local
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Figure 3. (a) Comparison between fracture toughness values measured experimentally for single crystals [23, 47, 48, 49, 50]
and those calculated using fracture energies estimated from the integral stress-displacement method. This calculation is an
estimate of the experimental fracture toughness in bulk materials using the idealized case where fracture occurs in the weakest
crystallographic direction and without consideration of any additional toughening mechanisms. Both mode I and mode 11
fracture toughness calculations are plotted (see Table S1). This plot demonstrates good agreement between single crystal
experiments and calculation for all materials except for tungsten due to the temperature dependent fracture behavior in tungsten
shown in panel b. (b) Temperature dependent behavior of the fracture toughness of single crystal tungsten[50]. Extending the
curve from Gumbsch et al.[50] to O K agrees well with our 0 K DFT calculation using the integral stress-displacement method.

stress state relative to crystal orientation near the crack tip.
Consequently, the weakest crystallographic plane may not
always be the preferential crack growth direction. This is
particularly relevant for bulk polycrystalline materials where
the relative orientation of adjacent grains can influence crack
propagation. Here, fracture toughness is calculated using the
fracture energy G estimated from the weakest crystallographic
direction in either shear and/or tensile loading. This is rep-
resentative of the idealized case of fracture occurring along
the weakest crystallographic plane, without crack deflection
or other toughening mechanisms present. This calculation of
K is thus expected to be a lower limit. While experimental
results for non-defective single crystal samples loaded in a
similar geometry are expected to be comparable in magnitude
to the calculated values, the calculation only provides a lower-
limit benchmark value for the experimental characterization
of fracture toughness in polycrystalline materials.

Agreement with single crystal experiments is demon-
strated in Figure 3. Here, our lower-limit fracture toughness
calculation appears to be a good predictor of the magnitude
of the experimental fracture toughness values for TiC, Si and

Bi,Tes. The close agreement with single crystal data is not
surprising since the DFT calculations are representative of 0
K conditions for a perfect single crystal. Toughening mech-
anisms (e.g. defects) introduced at higher temperatures or
polycrystalline conditions, which typically increase the effec-
tive value of G, are not taken into account and thus we would
expect our calculated fracture toughness values to be at the
lower bound of experimental work.

TiC has well-studied mechanical properties due to its high
melting point and high hardness making it valuable in high
temperature applications such as components for jet engines
and rocket nozzles [64]. The single crystal fracture toughness
(as determined by a Vickers indentation method) is reported
to be ~1.5 MPa y/m for a crack aligned in the [100] direc-
tion on the (001) plane, but can be as high as ~3.6 MPa /m
for other crystallographic orientations [23]. From the (100)/
<001> shear result (Fig.2) the calculated fracture toughness
is ~2.1 MPa y/m, which is in good agreement with these
experiments given the uncertainty of the experimental method
(~30%][23]) and the simple approach to estimating fracture
energy undertaken herein. It should also be noted that the
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Figure 4. Comparison of fracture toughness values measured experimentally for both polycrystalline and single crystalline
samples [47, 51, 52, 53, 54, 31, 55, 56, 57, 22, 23, 58, 59, 60, 48, 49, 50, 24, 25, 61] to those calculated using fracture energies
estimated from the integral stress-displacement method. All markers that lie above the black diagonal line have higher
experimental fracture toughness values than calculated fracture toughness values. Thus, while this approach captures the
magnitude of single crystal results very well (as seen in Figure 3), these calculations serve as a lower bound for polycrystalline

fracture toughness.

loading conditions realized experimentally may not be strictly
mode I or II, but can have mixed character. As illustrated in
Fig. 1, the area under the curve, G, can vary between the weak
and strong crystallographic directions. Thus, if a material
does not fracture along the weakest direction it is expected
that the fracture toughness would be greater.

The calculated fracture toughness of Si also showed good
agreement with single crystal experiments [48, 49]. Here,
our value of K = 0.82 is directly comparable to the values
K = 0.83[48], 0.95[48], and 0.91[49] MPa /m (determined
by different methods) for cracks propagating in the {111} and
{110} cleavage planes.

For the layered material Bi,Te;, which is relevant for
thermoelectric applications near room temperature [65], our
calculated fracture toughness (~ 0.02 MPa /m) corresponds
to the lower bound of the experimental value for a single
crystal (0.042 4 0.016 MPa /m [47]).

For tungsten single crystals it was initially surprising that
the calculated fracture toughness served as a lower-limit es-
timation of experimental values rather than a quantitative
prediction. However, this apparent discrepancy illustrates that
our methodology can be a starting point for more complex

analysis. Crucially, the DFT calculation is representative of
the material behavior at 0 K. It has been shown experimentally
that tungsten undergoes a ductile to brittle transition causing
the fracture toughness to decrease substantially with decreas-
ing temperature [50, 66]. This phenomena is fairly common
in other body-centered cubic (BCC) refractory metals[67],
whereas other structures can be less sensitive to changes in
temperature. Our estimation for the fracture toughness of
single crystal W is in better agreement with low temperature
measurements extrapolated to 0 K (see Figure 3b). Thus, this
method of estimating the lower-limit of fracture toughness is
likely to only be quantitatively predictive for single crystals
under certain conditions.

Given the good agreement with single crystal experiments
(Figure 3), we also demonstrate that our method provides
a lower-limit estimation for the fracture toughness of poly-
crystalline materials (Figure 4). Because fracture toughness
studies on polycrystalline materials are more common, we
were able to draw a larger comparison than in the single crys-
tal case. Even though experimental fracture toughness values
can vary drastically for the same material, the estimated K
provides a realistic lower bound for fracture toughness. Exper-
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imental values much larger than the estimated lower-limit are
likely due to additional toughening mechanisms not captured
by the present method, such as the effects of polycrystallinity
[68]. For example, polycrystalline experiments of fracture
toughness for TiC report values around 3.6 MPa v/m [23, 22].
Further efforts using alloying and introducing nanostructures
have been found to increase the fracture toughness of TiC to
~7 MPa y/m [64, 69]. Additionally, discrepancies between
experimental polycrystalline fracture toughness values for the
same material can be attributed to other sample characteristics
such as the grain size [70], or shortcomings in the measure-
ment methods themselves (e.g. the unreliability of the Vickers
indentation method for absolute values of fracture toughness
[71D).

Thin film TiN is incredibly useful for microelectronics
[72, 73, 74], corrosion protective coatings [75, 25], and energy
material applications [76, 77, 78]. These applications often
include high stress states that necessitate an understanding
of mechanical properties, including fracture behavior. Thin
film TiN has been reported experimentally to have a fracture
toughness of about 2.3-2.9 MPa /m [25, 24], in good agree-
ment with our lower-bound calculation of 1.98 MPa y/m. The
overall agreement between our calculations and experimental
values for TiC and TiN suggests that this method may work
well for other technical ceramics and semiconductors.

Given the particularly brittle nature of Bi, Tes, the fracture
toughness of polycrystalline samples can be ~10x higher
than the single crystal value due to crack blunting and deflec-
tion at grain boundaries. Particularly for highly anisotropic
materials, grain orientation can be expected to play a signifi-
cant role [51].

Additionally, it is important to note that many of the mate-
rials studied in this work were thermoelectric materials with
very limited experimental data regarding fracture toughness.
It must also be recognized that experimentally determining
fracture toughness often introduces significant errors, par-
ticularly when calculated using the very common Vickers
indentation method [79, 71]. Many of these measurements
have an associated error upwards of 30% or more, and experi-
mental details can greatly impact reported fracture toughness
measurements[79, 80]. Thus, in comparing calculated fracture
toughness values to experimental fracture toughness values,
it should be kept in mind that both are aptly estimations,
each with error associated. Relatively unreliable experimental
methods like the Vickers indentation method are commonly
used to characterize advanced brittle ceramics where more
thorough experimental tests are impractical or expensive[54].
For these materials, the computational method outlined in this
work can similarly provide an estimate of fracture toughness
that does not require the laborious synthesis of large numbers
of expensive materials.

Although the "ideal" strength of solids may not include de-
fects [81], it is still possible to investigate the effects of defect
structures on fracture toughness using this method [35, 33].
This is shown graphically in Supplemental Figure S22 where

the stress-displacement curves for a defect-free Bi,Tes crys-
tal is compared with that of a nanotwinned structure[33]. In
this case, the integral stress-displacement method revealed
that nanotwinning improved fracture toughness by a factor
of 2-4 relative to the defect free material. In general, com-
putational techniques may provide a unique insight into the
physics of fracture when point defects (e.g. vacancies or
atomic substitutions), dislocations or defect structures (like
grain boundaries) are included in the calculation. It has been
shown experimentally [82, 83, 84] that the presence of defects
can have varying degrees of impact on the fracture tough-
ness depending on factors such as dislocation structure, grain
boundary geometries, and defect pinning. The generality of
the integral stress-displacement method lends itself to esti-
mate fracture energies of various structures from the atomic
to the microstructural scale, extending beyond the lower-limit
estimation developed herein. Additionally, this method could
be applied to 1D and 2D materials [44], as they also have an
ideal strength. However only comparisons to bulk and thin
film materials were made here.

Lastly, it should be noted that the estimates of fracture
energy G found from slab calculations of surface energy and
from the integral stress-displacement method were not always
in agreement (Supplemental Note 2). The surface energy
found by the slab method is for a relaxed structure and does
not probe the continuous deformation of the material during
fracture. Thus, while further investigation is needed to under-
stand the discrepancy between the two methods, the integral
stress-displacement method (Fig. 1) has been demonstrated to
quantitatively agree with single crystal measurements, thereby
providing a lower-limit value for technologically-relevant ma-
terials.

5 Conclusions

Ideal strength calculations can provide insights into fracture
behavior at the atomic level. Using the proposed integral
stress-displacement method, the fracture energies obtained
from computational experiments of strain along weakest crys-
tallographic directions gives an estimate for the lower-limit
of fracture toughness. The results agree with single crystal
experimental reports and provide a basis for more involved
studies of fracture. The effects of defects like vacancies, inter-
stitials, dislocations and grain boundaries may also be investi-
gated within the framework of the integral stress-displacement
method. Although fracture is inherently complicated, real-
istic values of fracture toughness can be calculated that can
be used for computation based materials design [85], multi-
scale fracture models, or other engineering applications where
benchmark or comparative values of fracture toughness are
necessary. Since this work relies only on first principles, it
could be used to anticipate the fracture toughness of new
materials, allowing for bottom-up engineering towards the
development of next-generation technologies.
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