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y on the flow of water-based
ternary hybrid nanomaterials on a stretchable
curved sheet

W. Shinwari, *a T. Hayat,a Z. Abbasb and S. Momanic

Nanomaterials are quite promising in electronic cooling systems, heat exchangers, engine lubricants, brake

liquids, shock absorbers, radiators, etc. Therefore, the study of heat transfer characteristics on the flow of

trihybrid nanofluids on an exponentially stretched curved surface is developed. Purpose: In this study,

trihybrid nanofluid is taken into consideration, which is composed of Fe3O4, Ag and Cu as nanoparticles and

water as the basefluid. Heat generation and magnetic field impacts are addressed. Based on these

assumptions, the governing partial differential equations were reduced to a favorable set of ordinary

differential equations using adequate transformations. Formulation: The highly nonlinear coupled system of

equations was numerically solved using the shooting method with the Runge–Kutta–Fehlberg technique.

Findings: Trihybrid nanofluids improve the thermal performance of fluid when compared with other fluids

such as hybrid nanofluids, nanofluids, and basefluids. The trihybrid nanofluid is efficient in heat transfer

phenomenon and has a significant impact on the overall performance of a system, including cooling

systems, heat exchangers, electronics, and many industrial processes. Graphical representation for the

physical variables of the fluid velocity and temperature is discussed. The local Nusselt number and skin

friction coefficient are computed and analyzed. A magnetic field decreases the velocity but escalates the

temperature. The Nusselt number decreases for larger solid volume fractions. Novelty: The Tiwari and Das

model for hybrid nanofluid extended for trihybrid nanoparticles has not been investigated previously. Heat

transfer examination on the flow of trihybrid nanomaterials on exponentially curved stretching sheets

considering magnetism force and heat generation consequence has not yet been studied.
1. Introduction

Heat transfer during ow is involved in numerous engineering
applications such as glass bre, plastic lm drawing, chemical
engineering plants, and copper wire annealing. The fundamental
concept of heat transfer is based on the argument that heat is
transmitted either to remove or to add energy to the system once
it has been formed. In view of these investigations, the exami-
nation of the power lawmodel for a laminar heat transfer owwas
analyzed by Acrivos et al.1 Steady owwith Newtonian heating was
explored by Salleh et al.2 Xu and Liao3 studied heat transfer for the
ow of non-Newtonian liquids. The impact on the MHD ow and
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heat transfer subject to the slip condition across a moving at
plate was deliberated by Ellahi et al.4 They also examined the
effects of entropy generations and numerically solved the
boundary layer ow using the bvp4c Matlab technique. Khan
et al.5 mathematically formulated viscoelastic ow and heat
transfer across an exponentially stretched surface. A mixed
convection boundary layer ow caused by a stretching vertical
sheet was examined by Ishak et al.6 Bhattacharyya7 worked on the
heat transfer in a ow using an exponentially contracting sheet.
Numerical studies on the transfer ow have been addressed by
numerous researchers (see ref. 8–10).

Numerous industrial, technological, and manufacturing
processes depend on the uid ow involving the curved stretched
sheets. A few applications include paper production, hot rolling,
polymer extrusion, and glass-ber production. Sajid et al.11 re-
ported viscous uid ow resulting from a curved stretching sheet.
They found similar solutions for the boundary value problem
using the Runge–Kutta approach. Numerous features of ow and
T. Hayat is Professor at Department of Mathematics, Quaid-I-
Azam University 45320, Islamabad 44000, Pakistan.
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heat transmission processes by curved stretchable sheets have
been examined by Naveed et al.12 Ahmed et al.13 addressed
a numerical study of a mixed convective ow over an exponen-
tially stretched curved sheet. An overview of the hydromagnetic
ow on a curved stretched sheet with heat transfer was reported
by Abbas et al.14 A second-grade uid ow with Stefan blowing
effect for curved stretched sheets was studied by Punith Gowda15

Khan et al.16 published a theoretical analysis on heat transfer in
CNTs-water nanouid on curved surfaces. Flow induced by
a curved sheet with a heated, exponentially stretching velocity was
addressed by Wahid and colleagues.17 Radiative CNT-based
hybrid MHD ow over a curved surface with slippage and
convective heating was explored by Ali et al.18

Basically, a nanouid (NF) is a suspension of solid nanosized
particles (1–100 nm) in traditional baseliquids. Applications of
nanoparticles are found in various engineering and industrial
processes, such as electronics cooling facilities, heat exchangers,
solar collectors, and air conditioning process. These materials are
employed to enhance the heat transfer and thermal decomposi-
tion capabilities. Nanoparticles may exist in different forms such
as carbides, carbon nanotubes, metal oxides, andmetals nitrides.
The baseuids may include engine oil, ethylene glycol, kerosene
oil, and water. Problems of theMHDnanouid with radiation and
heat source/sink effects were previously investigated by Mohana
and Kumar.19 Numerical investigations on magnetic nanouids
with thermal radiation effects using a stretching sheet were
carried out by Kumar and Kumar.20 Another new category of
nanouids with advanced thermophysical properties is called
hybrid nanomaterials. These comprise different nanoparticles
suspended in a liquid base. In order to increase the thermal
conductivity in various heat transport systems, such as automo-
bile radiators, generator cooling, engines, building heating, and
biomedicine, hybrid nanouids have been introduced. Further-
more Ullah21 constructed a numerical investigation of the MHD
ow of hybrid nanouids. Ahmed et al.22 examined nonlinear
radiation and chemical reaction effects for the (Cu–CuO)/NaAlg
hybrid nanouid by a stretchable surface. Lu et al.23 considered
hybrid nanoliquid coatings with nonlinear radiation and entropy
generation in the ow on a curved stretching sheet. Model-based
comparison of unstable hybrid nanouid ow with particle shape
effects in magnetohydrodynamics has been reported by Chu
et al.24 Sadiq et al.25 examined hybrid nanomaterials with variable
properties for the Darcy–Forchheimer–Brinkman porous space.
Jana et al.26 performed an analysis on thermal conductivity
enhancement through hybrid NF. Numerical analysis of 3D MHD
hybrid nanomaterials was performed by Devi and Devi.27 Nadeem
et al.28 studied the ow of hybrid nanoparticles on a permeable
nonlinear stretching curved sheet. Nabwey and Mahdy29 exam-
ined the transient MHD ow for hybrid nanomaterial (Fe3O4–Ag).
The chemical reaction and heat generation of a Ag–CuO/ water
hybrid nanouid over a stretchable surface with rotation was
investigated by Hayat and Nadeem.30 Increased thermal potential
Z. Abbas is Professor at Department of Mathematics, The Islamia
University of Bahawalpur, Bahawalpur 63100, Pakistan.
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of Maxwell hybrid NF due to the stretched sheet in addition to
kerosene oil, silver, and graphene oxide was studied by Ahmad
et al.31 Trihybrid nanouids are considered an expansion of
a hybrid nanouids, which may include three distinct nano-
particles in typical liquids either in combined or dispersed forms.
Haneef et al.32 highlighted themodel (THNF) for theMaxwell uid
and initiated the solution of heat and mass transfer for trihybrid
Al2O3, TiO2 and SiO2, and monohybrid nanomaterials. With the
help of nanoparticles TiO2, Al2O3 and SiO2 suspended in water,
the ternary NF were studied for heat transfer ow using
a stretched sheet in Manjunatha et al.33 The stability analysis of
trihybrid nanouids distributed through a water-ethylene glycol
mixture was reported in one attempt.34 Hasnain and Abid35

investigated the ow problem of heat transfer in 3D ternary
hybrid NF using water and motor oil as base uids in both
nonlinear and linear stretching sheets. Sohail and Zahar36

demonstrated thermal increases for trihybrid nanomaterials in
a mixture of pseudo-plastic uid using the FEM method. Various
attempts on trihybrid nanouids have been attempted in previous
studies.37–42 Furthermore, Sparrow et al.43 employed a technique
for solving the non-similar problems. Raees et al.44 inspected the
results for the mixed convection ow of the magnetized second-
grade nanouid in this direction. Patil et al.45 developed solu-
tions for 2D double-diffusive mixed convection ows across
a porous exponentially stretching sheet. The Darcy–Forchheimer–
Brinkman model was used to examine Casson uid ow by Far-
ooq et al.46 Ray et al.47 proposed a solution for the mixed
convection ow of an Eyring–Powell material. Homotopy analysis
was employed.

Trihybrids nanouids have wide applications in industrial
and engineering elds, including the cooling system, heat
exchangers, automobile radiators, and biomedicine. The aim of
this study was to investigate the effects of a water-based trihy-
brid nanouid on an exponentially curved stretching sheet.
Additionally, our work is an expansion of many previous
studies. The Tiwari and Das model for hybrid nanouid is
further expanded for trihybrid nanouid to obtain a better heat
conductor than hybrid nanouid. This is a new study aer the
inclusion of MHD and heat generation.

This communication addresses the following objectives and
points.

(1) Comparative study of the MHD ow of trihybrid nano-
particles (Fe3O4, Ag, and Cu) in water as a base uid.

(2) Trihybrid nanouid (thnf) is modeled for ow on a curved
stretched surface.

(3) A numerical approach named the RK Fehlberg method
was employed for local similar solution development.

(4) The ow by an exponentially stretched sheet was examined.
(5) The local Nusselt number and skin friction coefficient

were examined in addition to velocity and temperature.
(6) Streamline analysis was sketched for various parameters.
S. Momani is Professor at Nonlinear Dynamics Research Center
(NDRC), Ajman University, Ajman, United Arab Emirates.
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Fig. 1 Flow diagram.48
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2. Mathematical formulation

A two-dimensional steady ow of trihybrid nanomaterials on
a curved stretching surface was considered. The curved surface
with a radius of curvature R was stretched. Here s was directed
along the ow and r at any point on the surface normal to the

tangent (see Fig. 1). Stretching velocity being u ¼ U0e
s
l , in which

U0 acts as a reference velocity. A magnetic eld of constant
strength B0 along r was exerted. The magnetic Reynolds number
is low and the consequently induced magnetic eld was negli-
gible. Heat generation and ohmic heating were observed. The
following fundamental equations of trihybrid NF are provided
using previous assumptions and boundary layer
approximations:11–18

v

vr
ððrþ RÞvÞ þ R

vu

vs
¼ 0; (1)

u2

rþ R
¼ 1

rthnf

vp

vr
; (2)
Table 1 Novelty of the present study

Ref. no 5 13
Exponentially stretching curved sheet No Yes
Trihybrid uid No No
Numerical solution Yes Yes
Magnetic eld No Yes
Heat generation No No

Table 2 Physical properties of thermodynamics for trihybrid nanopartic

Properties

Density
Viscosity

Thermal conductivity

Electric conductivity

Heat capacity

© 2023 The Author(s). Published by the Royal Society of Chemistry
v
vu

vr
þ uR

rþ R

vu

vs
þ uv

rþ R
¼ � 1

rthnf

R

rþ R

vp

vs

þmthnf

rthnf

 
v2u

vr2
þ 1

rþ R

vu

vr
� u

ðrþ RÞ2
!

� sthnf

rthnf
B2

0u

9>>>>=
>>>>;
; (3)

v
vT

vr
þ uR

rþ R

vT

vs
¼ kthnf�

rcp
�
thnf

�
v2T

vr2
þ 1

rþ R

vT

vr

�
þ sthnf�

rcp
�
thnf

B2
0u

2

þ Q0�
rcp
�
thnf

ðT � TNÞ:

(4)

In the above expressions u and v stand for velocity components
in s− and r− directions, respectively, and Q0 (>0), the heat gener-
ation coefficient. Additionally (rcp)thnf, sthnf, mthnf, kthnf and rthnf

are heat capacity, electric conductivity, dynamic viscosity, thermal
conductivity, and density of trihybrid nanomaterials, respectively.

The conditions for this problem are expressed as

u ¼ uw ¼ U0e
s
l ; v ¼ 0; T ¼ Tw

0
@Tw ¼ TN þ T0e

A0s

2l

1
A

at r ¼ 0;

(5)

u/0;
vu

vr
/0; T/TN as r/N; (6)

where T indicates the uid temperature, A0 is the temperature
exponent, T0 is the reference temperature, and TN is the
ambient temperature (Tables 1–3).Here fi, ki, ri and si (i = 1 to
3) indicate the solid volume fractions, thermal conductivities,
density and electric conductivities of Fe3O4, Ag and Cu,
respectively.
32 48 52 Present
No No Yes Yes
Yes Yes No Yes
Yes Yes Yes Yes
Yes No No Yes
Yes Yes Yes Yes

les (thnf)49

Correlations

rthnf = (1 − f1){(1 − f2)[(1 − f3)rf + f3r3] + f2r2} + f1r1

mthnf ¼
mf

ð1� f1Þ2:5ð1� f2Þ2:5ð1� f3Þ2:5
kthnf

khnf
¼ k1 þ 2khnf � 2f1ðkhnf � k1Þ

k1 þ 2khnf þ f1ðkhnf � k1Þ ;
khnf

knf
¼ k2 þ 2khnf � 2f2ðknf � k2Þ

k2 þ 2khnf þ f2ðknf � k2Þ
knf

kf
¼ k3 þ 2kf � 2f3ðkf � k3Þ

k3 þ 2kf þ f3ðkf � k3Þ
sthnf

shnf
¼ s1 þ 2shnf � 2f1ðshnf � s1Þ

s1 þ 2shnf þ f1ðshnf � s1Þ ;
shnf

snf
¼ s2 þ 2snf � 2f2ðsnf � s2Þ

s2 þ 2snf þ f2ðsnf � s2Þ
snf

sf
¼ s3 þ 2sf � 2f3ðsf � s3Þ

s3 þ 2sf þ f3ðsf � s3Þ
(rcp)thnf = f1 (rcp)1 + f2 (rcp)2 + f3 (rcp)3 + (1 − f1 − f2 − f3) (rcp)f
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Table 3 Thermophysical values of baseliquid and nanoparticles50–52

Physical properties

Base uid Nanoparticles

H2O Fe3O4 (f1) Ag (f2) Cu (f3)

r (Kg m−3) 997.1 5180 10 500 8933
k (W mK−1) 0.613 9.7 429 401
Cp (J kg−1 K−1) 4179 670 235 385

9

Nanoscale Advances Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

6 
O

ct
ob

er
 2

02
3.

 D
ow

nl
oa

de
d 

on
 3

/1
0/

20
25

 6
:3

8:
59

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online
Considering the transformations53
u ¼ U0e
s
l
vf ðx; hÞ

vh
; v ¼ � R

rþ R

ffiffiffiffiffiffiffiffiffiffiffiffiffi
vfU0e

s
l

2l

s �
f ðx; hÞ þ 2x

vf ðx; hÞ
vx

þ h
vf ðx; hÞ

vh

�

p ¼ rfU
2
0 e

2s
l Pðx; hÞ; qðx; hÞ ¼ T � TN

T0e
A0s

2l

; T ¼ TN þ T0e
A0s

2l qðx; hÞ

h ¼
ffiffiffiffiffiffiffiffiffiffi
U0e

s
l

2vf l

s
r; x ¼ e

s
l

>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

; (7)

9

Eqn (1) is satised trivially and eqn (2)–(6) become

vP

vh
¼ rthnf

rf

1�
hþ K

ffiffiffi
x

p ��vf
vh

�2

; (8)
rf

rthnf

4K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p �Pþ rf

rthnf

2K�
hþ K

ffiffiffi
x

p �x32 vP
vx

þ

þ 2K�
hþ K

ffiffiffi
x

p �x32 vf
vx

v2f

vh2
� 2K

ffiffiffi
x

p�
hþ K

ffiffiffi
x

p ��vf
vh

�2

�

þ K
ffiffiffi
x

p
�
hþ K

ffiffiffi
x

p �2 f vfvhþ 2K�
hþ K

ffiffiffi
x

p �2x32 vfvx vf

vh
þ �

þnnf

nf

"
v3f

vh3
þ 1�

hþ K
ffiffiffi
x

p � v2f
vh2

� 1�
hþ K

ffiffiffi
x

p �2 v

v

kthnf

kf

 
v2q

vh2
þ 1�

hþ K
ffiffiffi
x

p � vq
vh

!
þ 2

�
rcp
�
f�

rcp
�
thn

¼ �
�
rcp
�
thnf�

rcp
�
f

Pr
K

ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � f vq
vh

þ
�
rcp
�
th�

rcp
�
f

�
�
rcp
�
thnf�

rcp
�
f

2K�
hþ K

ffiffiffi
x

p �x32 vf
vx

vq

vh
þ
�
rcp
�
thnf�

rcp
�
f

with boundary conditions

f ðx; 0Þ ¼ �2x vf
vx

ðx; 0Þ; vf

vh
ðx; 0

6252 | Nanoscale Adv., 2023, 5, 6249–6261
vf

vh
ðx;NÞ/0;

v2f

vh2
ðx;NÞ/0; qðx;NÞ/0 as h/N; (12)
where (rcp)f, sf, rf and kf are heat capacity, electric conductivity,
density, and thermal conductivity of the base uid, respectively,
K is the curvature parameter, l (>0) is the heat generation
parameter, Ec is the Eckert number, Pr is the Prandtl number,
andM is the magnetic parameter. These variables are dened as
rf

rthnf

K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � h vP
vh

¼ K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � f v2f
vh2

2K�
hþ K

ffiffiffi
x

p �x32 v2f

vxvh

vf

vh

K
ffiffiffi
x

p

hþ K
ffiffiffi
x

p �2 h
�
vf

vh

�2

f

h

#
� sthnf

sf

rf

rthnf

2M

x

vf

vh

>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

; (9)

f

1

x
Prlqþ 2

sthnf

sf

PrEcMx1�
A0

2

�
vf

vh

�2

nfA0Pr
K

ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � vf
vh

q

2K�
hþ K

ffiffiffi
x

p �x32 vq
vx

vf

vh
;

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

; (10)

Þ ¼ 1; qðx; 0Þ ¼ 1 at h ¼ 0; (11)

© 2023 The Author(s). Published by the Royal Society of Chemistry
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K ¼
ffiffiffiffiffiffiffiffi
U0

2vf l

r
R; l ¼ Q0l

U0

�
rcp
�
f

Ec ¼ U2
0

T0

�
cp
�
f

Pr ¼ nf
�
rcp
�
f

kf
; M ¼ sfB

2
0l

rfU0

9>>>>>=
>>>>>;
: (13)

To obtain local similar solutions the terms including the

derivative with respect to x

�
i:e:

vð$Þ
vx

¼ 0
�

are treated as zero in

eqn (8)–(12). The resulting equations become

P
0 ¼ rthnf

rf

1�
hþ K

ffiffiffi
x

p � f 02; (14)
rf

rthnf

4K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p �Pþ rf

rthnf

K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � hP0 ¼ K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � ff 00 � 2K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p �ðf 0Þ2 þ K
ffiffiffi
x

p
�
hþ K

ffiffiffi
x

p �2 ff 0

þ K
ffiffiffi
x

p
�
hþ K

ffiffiffi
x

p �2 hðf 0Þ2 þ nnf

nf

"
f
0 00 þ 1�

hþ K
ffiffiffi
x

p � f 00 � 1�
hþ K

ffiffiffi
x

p �2 f 0
#
� sthnf

sf

:
rf

rthnf

2M

x
f
0

9>>>>>=
>>>>>;
; (15)

kthnf

kf

 
q
0 þ 1�

hþ K
ffiffiffi
x

p � q0
!

þ
�
rcp
�
thnf�

rcp
�
f

Pr
K

ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � f q0 �
�
rcp
�
thnf�

rcp
�
f

A0Pr
K

ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � f 0qþ 2
sthnf

sf

PrEcMx1�
A0

2 ðf 0Þ2

þ2

�
rcp
�
f�

rcp
�
thnf

Prl
1

x
q ¼ 0

9>>>>>>=
>>>>>>;
; (16)

with
f ð0Þ ¼ 0; f
0ð0Þ ¼ 1; qð0Þ ¼ 1 at h ¼ 0;

0 00 (17)

f ðNÞ ¼ 0; f ðNÞ ¼ 0; qðNÞ ¼ 0 as h/N:

Neglecting the pressure terms from eqn (14) to (15) we obtain
f iv ¼ 1

A1

K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p � �3f 0f 00 � ff 00
0�þ 1

A1

K
ffiffiffi
x

p
�
hþ K

ffiffiffi
x

p �2 �3f 02 � ff 00
�
þ 1

A1

K
ffiffiffi
x

p
�
hþ K

ffiffiffi
x

p �3 ff 0

� 2�
hþ K

ffiffiffi
x

p � f 00 0 þ 1�
hþ K

ffiffiffi
x

p �2 f 00 � 1�
hþ K

ffiffiffi
x

p �3 f 0 þ 2M

x

A3

A1A2

 
f 00 þ 1�

hþ K
ffiffiffi
x

p � f 0
!
9>>>>>=
>>>>>;
; (18)

ffiffiffi ffiffiffip 9>
where (A1–A5) are

A1 ¼ nthnf

nf
; A2 ¼ rthnf

rf
; A3 ¼ sthnf

sf

; A4 ¼ kthnf

kf
;

A5 ¼
�
rcp
�
thnf�

rcp
�
f

:

(19)

Using the above equation eqn (16) we obtain ! p

q00 þ 1�

hþ K
ffiffiffi
x

p � q0 þ A5

A4

Pr
K�

hþ K

þ2
A3

A4

PrEcMx
1� A0

A2ðf 0Þ2 þ 2Pr
1

A4

l

x
q ¼

© 2023 The Author(s). Published by the Royal Society of Chemistry
The Nusselt number and the coefficient of skin friction are54

Nus ¼
sqw

kfðTw � TNÞ; Cf ¼ srs
rthnfu

2
w

; (21)

in which qw represents heat ux and srs the wall shear stress,
i.e.54

qw ¼ �kthnf
�
vT

vr

�
r¼0

; srs ¼ mf

�
vu

vr
� u

ðrþ RÞ
�

r¼0

: (22)

One can nally write as

NusðResÞ�1=2 ¼ �kthnf

kf
x
1
2 lnðxÞq0ð0Þ; (23)
x ffiffiffi
x

p � f q0 � A5

A4

PrA0

K x�
hþ K

ffiffiffi
x

p � f 0q
0

>>>>=
>>>>>;
: (20)
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CfðResÞ1=2 ¼ mthnf

mf

x�
1
2

2

�
f 00ð0Þ � 1

K
ffiffiffi
x

p
�
; (24)

in which, Res ¼ U0l
2nf

depicts the local Reynolds number.
3. Numerical procedure

Here, the shooting method in conjunction with the RK Fehlberg
technique viaMATLAB soware was used. The shootingmethod
transforms a boundary value problem into an initial value
problem by guessing one of the boundary conditions using
a numerical ordinary differential equations (ODEs) solver such
as the RK Fehlberg method. The RK Fehlberg method, oen
referred to as the RK45 method, is a variant of the RK numerical
integration technique. This is a method specically designed to
solve ODEs while adjusting the step size. This method has many
advantages for solving initial value problems (IVPs) when both
accuracy and efficiency are important. It also does not require
manual adjustment of the parameters and provides adaptive
step size control, which improves efficiency. The method is
employed to solve dimensionless equations, i.e., eqn (18) and
(20), while taking into account the boundary conditions given in
eqn (17). Firstly, we convert the boundary value system into
a rst-order ODE system by assuming.

yð1Þ ¼ f ðhÞ; yð2Þ ¼ f
0ðhÞ; yð3Þ ¼ f 00ðhÞ; yð4Þ ¼ f 00

0ðhÞ
yð5Þ ¼ qðhÞ; yð6Þ ¼ q

0ðhÞ

)
;

(25)

We obtain
2
6666666666664

y
0ð1Þ
y
0ð2Þ
y
0ð3Þ
y
0ð4Þ
y
0ð5Þ
y
0ð6Þ

3
7777777777775
¼

2
666666666666666666666666666666666666666664

1

A1

K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p �
8>>>>><
>>>>>:

ð3yð2Þyð3Þ � yð1Þ

�2 1�
hþ K

ffiffiffi
x

p � yð4Þ þ 1�
hþ K

ffiffiffi
x

p �2 yð3Þ � �
h

� 1�
hþ K

ffiffiffi
x

p � yð6Þ � 2

A4x
P

þA5

A4

K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p �A0Pryð2Þyð5Þ � 2
A3

A4

PrEcMx
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For the above system the initial conditions are as follows:2
6666666666664

yð1Þ
yð2Þ
yð3Þ
yð4Þ
yð5Þ
yð6Þ

3
7777777777775
¼

2
6666666666664

0

1

uð1Þ
uð2Þ
1

uð3Þ

3
7777777777775
: (27)

Here appropriate values are assumed for the initial conditions.

u(1) = f′′, u(2) = f′′′, u(3) = q′ (28)

These are unknowns followed by the RK Fehlberg technique.
4. Analysis

Analysis of Fe3O4, Ag and Cu nanoparticles with water as a base
uid under the behavior of emerging parameters including
magnetic parameter M, curvature parameter K, Eckert number
Ec, heat generation parameter l, temperature exponent A0,
Prandtl number Pr and x are shown graphically in Fig. 2–12. The
mathematical system of the equations was computed numeri-
cally. The stretching sheet behavior was observed using graphs.
Furthermore, Fig. 13 and 14 show how the rate of heat transfer
and surface drag force vary for the pertinent parameters. Table 4
indicates the validity and accuracy of the numerical results of
the heat transfer coefficient for various values of Pr. The results
were compared with those of Bidin and Nazar55 and Khan et al.53

and were found to be in good agreement. Clearly, it is observed
yð2Þ
yð3Þ
yð4Þ

yð4ÞÞ þ 1�
hþ K

ffiffiffi
x

p � ð3yð2Þyð2Þ � yð1Þyð3ÞÞ

þ 1�
hþ K

ffiffiffi
x

p �2 yð1Þyð2Þ

9>>>>>=
>>>>>;

1

þ K
ffiffiffi
x

p �3 yð2Þ þ 2
M

x

A3

A1A2

 
yð3Þ þ yð2Þ�

hþ K
ffiffiffi
x

p �
!
yð6Þ

rlyð5Þ � A5

A4

K
ffiffiffi
x

p�
hþ K

ffiffiffi
x

p �Pryð1Þyð6Þ
�

1� A0

2

�
yð2Þyð2Þ:

3
777777777777777777777777777777777777777775

; (26)
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Fig. 2 Comparison of the three different fluids for velocity.

Fig. 3 Magnetic parameter against velocity.

Fig. 4 Curvature parameter against velocity.

Paper Nanoscale Advances

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

6 
O

ct
ob

er
 2

02
3.

 D
ow

nl
oa

de
d 

on
 3

/1
0/

20
25

 6
:3

8:
59

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online
that as Pr increases, the values of the heat transfer coefficient
also increases.
Fig. 5 Similarity variable against velocity.
4.1. Velocity

Fig. 2 depicts the comparison of trihybrid nanouid, hybrid
nanouid, and nanouid for the velocity eld. Here, dotted
lines show how the behavior of the stretching sheet is affected
by nanoparticles, dashed lines correspond to hybrid nano-
particles, and the solid lines are related to the trihybrid nano-
particles. Here, the velocity of the trihybrid nanouid is lower
than that of other materials containing nanoparticles. Fig. 3
shows that the velocity and related layer thickness decrease
upon improvementM. Clearly, an increase in the magnetic eld
acts as a resistance to uid velocity and is associated with the
production of Lorentz forces, which results in the decline of
uid velocity. As shown in Fig. 4, the ow velocity for all the
types of nanouids was noticeably increased as the curvature
parameter for the curved stretching surface increases.
© 2023 The Author(s). Published by the Royal Society of Chemistry
Physically, the curvature parameter is inversely proportional to
the kinematic viscosity of the baseuid. Hence, for the higher
estimation of the curvature parameter, the radius of the sheet
also increases due to which fewer particles stick to the surface.
Hence, low resistance leads to higher velocity. For the curved
surface, the velocity is the highest for K = 1.0. The velocity eld
against the similarity variable x is shown in Fig. 5. Velocity
enhances for higher x.
4.2. Temperature

A comparison between trihybrid, hybrid, and nanouids atM =

0.1, Ec = 0.5, l = 0.01, K = 1 and Pr = 6.2 is illustrated in Fig. 6.
The results revealed that the temperature of the hybrid nano-
uid and nanouid declines much faster than that of the tri-
hybrid nanouid. This means that the uid temperature was
enhanced by addingmore nanoparticles to the baseuid. This is
due to the fact that the addition of nanomaterials to the base-
uid enhances the thermal conductivity of the uid, causing the
Nanoscale Adv., 2023, 5, 6249–6261 | 6255
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Fig. 6 Comparison of the three different fluids for temperature.

Fig. 7 Magnetic parameter against temperature.

Fig. 8 Eckert number against temperature.

Fig. 9 Heat generation parameter against temperature.

Fig. 10 Curvature parameter against temperature.

6256 | Nanoscale Adv., 2023, 5, 6249–6261

Nanoscale Advances Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

6 
O

ct
ob

er
 2

02
3.

 D
ow

nl
oa

de
d 

on
 3

/1
0/

20
25

 6
:3

8:
59

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online
temperature to increase. The relationship between temperature
and the magnetic variable is interpreted in Fig. 7. The temper-
ature eld grows gradually as the values of the magnetic
parameter increase. Physically, when M increases the Lorentz
force produces more resistance between uid particles, which
improves the temperature. Fig. 8 illustrates how the Eckert
number affects the thermal eld. The Eckert number is physi-
cally specied as the ratio of kinetic energy to the thermal
enthalpy difference. Thus, an increase in temperature for tri-
hybrid nanouid correlates to the progressive behavior of the
Eckert number. Fig. 9 illustrates how a heat generation
parameter affects the temperature. Physically, the uid experi-
ences the improved heat transfer from the surface for higher
values of l. Thus, an increment in l gives rise to q(h) as well as
thermal layer thickness. Fig. 10 shows the plot of q(h) against K
for the trihybrid nanouid. In this gure, the temperature and
thermal layer thickness decay for higher values of K. Because
the curved surface reduces to the at surfaces when K becomes
© 2023 The Author(s). Published by the Royal Society of Chemistry
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Fig. 11 Temperature exponent against temperature.

Fig. 12 Similarity variable against temperature.

Fig. 13 Cf with M for diverse values of f.

Fig. 14 Nus
with M for diverse values of f.

Table 4 Comparative study of heat transfer coefficient −q′(0) with K
/ N, Ec = 0

Pr Bidin and Nazar55 Khan et al.53 Present study

1 0.9548 0.954895 0.95485
2 1.4714 1.471635 1.4717
3 1.8691 1.896354 1.8693
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larger. In this situation, the distance between nanoparticles is
growing due to the decline in the curved path, which results in
a decrease in the temperature of each nanoparticle. Fig. 11
demonstrates the effect of the temperature exponent on the
thermal eld. It was observed that the increase in the temper-
ature exponent enhances the thermal eld. This leads to
thickening in the thermal boundary layer. Similarly, the
behavior of the temperature and thermal boundary layer
thickness are improved by increasing x, as demonstrated in
Fig. 12.
4.3. Physical quantities of interest

Characteristics of the interesting parameters such as the
magnetic parameter with solid volume fraction (f) on Cf, and
Nus

for three different uids, such as, trihybrid nanouid,
hybrid nanouid, and nanouid are explored in this section.

4.3.1. Skin friction coefficient. Fig. 13 shows the surface
drag force against the magnetic parameter. It is demonstrated
© 2023 The Author(s). Published by the Royal Society of Chemistry
that the magnitude of the skin friction coefficient is enhanced
by increasing the values of M. Furthermore, the values of Cf are
reduced for the trihybrid nanouid, as compared to those for
the hybrid nanouid and nanouid.

4.3.2. Heat transfer rate. Fig. 14 shows the characteristics
of M and solid volume fraction on Nus

. Here, Nus
decreases with

M. Furthermore, the heat transfer rate is lower for the trihybrid
nanouid as compared to the hybrid nanouid and nanouid.
The heat transfer rate Nus

is reduced for the larger solid volume
fraction f.
Nanoscale Adv., 2023, 5, 6249–6261 | 6257
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Fig. 15 (a–c) Streamlines for diverse values of M. (d–f) Streamlines for diverse values of K.
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4.4. Streamlines

Streamlines are plotted in Fig. 15 to visualize the pattern of the
trihybrid (Fe3O4, Ag, and Cu) nanouid ow. Fig. 15(a)–(c)
6258 | Nanoscale Adv., 2023, 5, 6249–6261
shows how streamlines are drawn for various values of the
magnetic parameter M. An increase in the magnetic parameter
gives a remarkable shrinking effect for ow sketches.
Fig. 15(d)–(f) demonstrates how a useful shrink in the ow
© 2023 The Author(s). Published by the Royal Society of Chemistry
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diagrams is produced when the curvature parameter K is
increased. Additionally, for higher values of K, there are corre-
spondingly fewer disparities between the ow sketches of the
trihybrid nanouid.
5. Conclusions

In this study, the ow of the MHD trihybrid nanouid on an
exponentially stretchable curved sheet with magnetic eld and
heat generation effects was investigated. Nanoparticles, such as
Fe3O4, Ag, and Cu were mixed with water to form a trihybrid
nanouid. The shooting method using the Runge–Kutta–Fehl-
berg technique was employed to solve the problem. The results
were veried by making a comparison with the published work
in tabular form. The current problem can be extended to
different geometries for many practical applications in the
future. This study can be accomplished by using other New-
tonian and non-Newtonian uid models, including the
Oldroyd-B uid model, Casson uid model, andWalter's B uid
model. Moreover, this problem can be solved by other numer-
ical methods such as the nite difference method and the nite
element method. The key outcomes of this study are mentioned
below.

� The appearance of trihybrid nanoparticles causes
a decrease in the uid velocity along with the momentum
boundary layer thickness, whereas the temperature and thick-
ness of the thermal boundary layer are enhanced.

� The results showed that the trihybrid nanouid has better
thermal conductivity than the baseuid, nanouid, and hybrid
nanouid.

� The distribution of the temperature increases as the
magnetic eld grows, whereas the velocity eld decreases.

� Higher estimation of K yields an increase in velocity and
causes the temperature eld to decline.

� A higher temperature eld is developed by increasing the
heat generation parameter.

� The coefficient of skin friction and local Nusselt number
have decreasing effects for f and M.
Nomenclature
Symbols
u, v
© 2023 The Aut
Velocity components (m s−1)

h, x
 Similarity variables

r, s
 Curvilinear coordinates (m)

M
 Magnetic eld

R
 Radius of sheet (m)

Nus
Nusselt number

p
 Pressure (N m−2)

Cf
 Skin friction coefficient

T
 Fluid temperature (K)

Pr
 Prandtl number

TN
 Ambient temperature (K)

qw
 Heat ux (W m−2)

T0
 Reference temperature (K)

srs
 Shear stress (N m−2)
hor(s). Published by the Royal Society of Chemistry
(rC)f
 Heat capacity (J kg−1 K−1)

Ec
 Eckert number

n
 Kinematic viscosity (m2 s−1)

A0
 Temperature exponent

m
 Dynamic viscosity (kg m−1 s−1)

k
 Thermal conductivity (W m−1 K−1)

f
 Volume fraction (mol L−1)

s
 Electrical conductivity (kg−1 m−3 s3 A2)

r
 Density (kg m−3)

l
 Heat generation parameter

U0
 Reference velocity (m s−1)

K
 Curvature parameter
Subscripts
i = 1
 For Fe3O4 particles

i = 2
 For Ag particles

i = 3
 For Cu particles

thnf
 Trihybrid nanouid

hnf
 Hybrid nanouid

nf
 Nanouid

f
 Base uid
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