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The vertex model of epithelia describes the apical surface of a tissue as a tiling of polygonal cells, with a
mechanical energy governed by deviations in cell shape from preferred, or target, area, Ap, and
perimeter, Pg. The model exhibits a rigidity transition driven by geometric incompatibility as tuned by the
target shape index, py = Py/+v/4y. For py > p.(6) = 8v/3 & 3.72, with p«(6) the perimeter of a regular
hexagon of unit area, a cell can simultaneously attain both the preferred area and preferred perimeter.
As a result, the tissue is in a mechanically soft compatible state, with zero shear and Young's moduli. For
pPo < p«(6), it is geometrically impossible for any cell to realize the preferred area and perimeter
simultaneously, and the tissue is in an incompatible rigid solid state. Using a mean-field approach, we
present a complete analytical calculation of the linear elastic moduli of an ordered vertex model. We
analyze a relaxation step that includes non-affine deformations, leading to a softer response than
previously reported. The origin of the vanishing shear and Young's moduli in the compatible state is the
presence of zero-energy deformations of cell shape. The bulk modulus exhibits a jump discontinuity at
the transition and can be lower in the rigid state than in the fluid-like state. The Poisson’s ratio can

Received 5th December 2022,
Accepted 24th March 2023

DOI: 10.1039/d2sm01580¢c
become negative which lowers the bulk and Young's moduli. Our work provides a unified treatment of

rsc.li/soft-matter-journal linear elasticity for the vertex model and demonstrates that this linear response is protocol-dependent.
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Many biological processes, such as morphogenesis,' ™ wound
healing,”® and cancer metastasis,”'® require coordinated
motion and shape changes of many cells. An important open
question in biology is how the large scale mechanics of bio-
logical tissue emerges from the properties of individual cells,
which are in turn governed by force-generating proteins within
the cytoskeleton and adhesion molecules between cells."'™*?
Many theoretical models have been proposed to describe dense
epithelia, single layers of very tightly packed cells."*"® Among
these, vertex models, originally developed from models of soap
films,'® have proven a powerful starting point for capturing the
mechanical properties of epithelia. The vertex model describes
the apical surface of a confluent tissue as a polygonal tiling
of the plane (Fig. 1a)."®** Each polygon represents a cell, each
edge a cell-cell junction, and each vertex a multicellular
junction. Each cell’s mechanics are controlled by multiple
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bio-mechanical processes that were proposed to be effectively
described by a mechanical energy determined by deviations of
their area and perimeter from preferred values. These preferred
values encode bio-mechanical properties such as cadherin
molecules concentration, apical ring-contractiliy and more.
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Fig. 1 The vertex model for epithelia. (a) The apical surface of an epithe-
lium is modeled by a polygonal tiling, with each polygon representing a
cell. (b) Vertex model phase diagram in the po, r plane. Within the blue
region cells are unstable and collapse. Within the green region the tissue is
in an incompatible state, with neither preferred perimeter nor area
achieved, and the ground state is a regular hexagonal lattice. The tissue
acts like a solid in response to shear. Within the yellow region both
preferred perimeter and area are achieved and cells have a degenerate
ground state and the tissue has zero shear modulus. The cell shapes show
example energy minima, where a cell may elongate, increase its pointiness
using the angle ¢, or increasing its shear tilt angle 0 as described in ref. 25,
in order to increase its perimeter while maintaining unit area.
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Force balance via energy minimization then determines the
position of the vertices and thus the shape of cells in the tissue.
Topological rearrangements resulting in cell intercalation, cell
division and motility have also been incorporated, and the
model has been highly successful in capturing a range of
biological processes, such as tissue growth,>* wound healing,”
and tissue organization.>"

It has been shown that vertex models exhibit a transition
between a fluid-like state and a solid-like state where cells are
jammed and unable to rearrange (Fig. 1b). This rigidity transition
occurs at constant cell density and is driven by both active
processes, such as fluctuations in cell-edge tension and cell
motility,>* *2¢° as well as by geometric constraints.*" Recent
work by us and others has shown that even in the absence of
fluctuations and topological rearrangements, vertex models exhibit
a rigidity transition associated with geometrical frustration.>>=*>>
In the rigid or incompatible state cells are unable to achieve the
target values of area and perimeter and the system is under finite
tension, with a unique gapped ground state. In the soft or
compatible state, cells achieve both target area and perimeter
and the ground state has zero energy. Due to the underconstrained
nature of the vertex model, however, the liquid ground state is
degenerate as for a given n-sided polygon there are many shapes
that preserve area and perimeter. This allows the system to
accommodate small shear deformations by finding a new zero
energy shape, resulting in vanishing shear modulus.

The linear elastic response of an ordered hexagonal vertex
model to external deformations has been examined through
calculations of the shear and bulk moduli.****?* Staple
et al.*>* evaluated the elastic moduli and first demonstrated
the vanishing of the shear modulus in the compatible state.
More recently, we showed that the vanishing of both shear and
Young moduli in the soft regime stems from the degeneracy of
the compatible ground states, which allows the deformed tissue
to spontaneously shear to a new compatible ground state to
accommodate the external deformation.”® We additionally dis-
covered that the response is highly singular at the critical point,
with breakdown of linear elasticity and anomalous coupling
between compression and shear, as quantified by the develop-
ment of a new elastic constant.”®

The above studies only allow for affine deformations of
the cells. This approximation can be viewed as appropriate
for determining the short-time response of the vertex model to
strain. The vertex model has, however, additional degrees of
freedom and can relax stress by moving vertices in a non-affine
way. Murisic et al.®>® incorporated these effects by considering
the hexagonal lattice as the union of two sub-lattices with a
microscopic shift between them and found that the shear
modulus is 2/3 softer than previously reported. Tong et al.’®
used simulations to measure the shear storage modulus and
viscosity in both ordered and disordered model tissues.

In this paper, we expand upon previous work by incorporat-
ing simple non-affine deformations. Using a mean field model
for a hexagonal lattice, we derive analytic expressions for all the
linear elastic moduli of the tissue, and verify these results using
simulations. We show that, away from the critical point, the
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elastic constants of a regular VM satisfy the standard relations
of two-dimensional elasticity of isotropic solids. Despite this
Hookean relationship, the mechanical linear response exhibits
robust non-affine contributions that can significantly reduce
the elastic constants, as known to happen in amorphous
solids.**” For instance, the bulk modulus can be softer in
the rigid state than in the soft fluid-like state and jumps
discontinuously across the solid to fluid transition. We high-
light several novel behaviors of vertex model elasticity, such as
negative Poisson’s ratio and a softening of the tissue as the
ratio of area to perimeter stiffness increases. We verify our
analytical results using numerical vertex model simulations of
a regular tissue.

The remainder of the paper is organized as follows. In
Section 1 we state the vertex model simulation and deformation
protocol to extract various elastic constants. In Section 2 we
introduce the VM and its mean-field implementation used in
the present work, and present a new derivation of the ground
states that allows us to quantify the degeneracy of the compa-
tible regime. In Section 3, after highlighting the distinction
between the affine and non-affine deformations allowed in our
model, we present results for all the elastic constants. We
conclude in Section 4 with a brief discussion.

1 Vertex model: simulation and
deformation protocol
1.1 The vertex model of epithelia

The vertex model describes cells in a confluent tissue as
polygons of area A, and perimeter P, (Fig. 1a). The tissue energy
is written as

1 1
Eusie =5 9 K(ds = A) +3 TP + ; AyLg, (1)
o o if

where « labels individual cells and (jj) indexes edges connecting
vertices 7 and j. The first term embodies the energy cost of cell
area deformations, with K the area elasticity and 4,, the pre-
ferred or target area. The second term represents active contrac-
tility and elasticity of the cytoskeleton, with I" the contractility.
The third term represents interfacial energy between neighbor-
ing cells, with L; the length of edge ij and A; the associated
tension controlled by the interplay of cell-cell adhesion and
cortex contractility. The tension can become negative when
adhesion overcomes contractile surface forces.

The mechanical force on vertex i with position x; is given
6Etissue
0x;
minimize the energy. This can be described quasi-statically by
requiring force balance at each time-step, or dynamically by
assuming that vertices relax according to overdamped
dynamics where viscous drag balances the mechanical forces:
. 0x;
N

As the network relaxes, edges may shorten and cells may
shrink, resulting in topological rearrangements that reconfigure

by F;=— . The tissue rearranges vertices to locally

= F;, with y a friction coefficient.
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the network. In T1 transitions, also known as cell-cell intercala-
tions, a junction between two cells shrinks to a point and a new
edge is formed, causing two originally neighboring cells to lose
contact and two previously unconnected cells to form a new
interface. T1 transitions allow the tissue to relax shear stresses
through cell rearrangements rather than cell elongation. A T2
transition, also known as cell extrusion, occurs as a cell shrinks
to zero area and is replaced by a single vertex. The mechanical
state of the tissue is controlled by both topological rearrange-
ments driven by active processes and geometric frustration. Both
types of processes can drive transitions between rigid and fluid
states. Here we neglect topological rearrangements to focus on
the role of geometry.

We further simplify the model by assuming that all cells
have the same preferred area A,, = A, and all edges have the
same tension A4; = /. The interfacial energy can then be written

1
in terms of the cell perimeter, Y AL; = EZAPO(, where the
() o

[ . . .
factor of 5 arises because the interfacial energy of each edge is

shared by two cells. The tissue energy can then be recast in
the form

1 1
Eiswe =5 ) K(dy = 40)* +5 ) T (P, = Po)'+Eo,  (2)
o o

A, . .
where Py = T the preferred perimeter, and E, is a constant

term obtained from completing the square. Since we care about
the gradient of energy and not the absolute value, we discard E,
in the following.

Finally, we work in dimensionless units by normalizing the
energy with K4,> and lengths with /4. The dimensionless
tissue energy is then given by

1 1
Etissue ZEZ([M* 1)2+§Z"(Pv *PO)Z, (3)

where a, = A,/Ao, p» = P,//Ao, r = TIKA, is the rigidity ratio,
and py = Py / VAo is the target shape index of the cell.

1.2 Deformation protocol

To numerically obtain the elastic moduli, we simulate the
mechanical response of the vertex model under different defor-
mations using a tissue of 4 hexagonal cells in a periodic box of
lengths L,(0) and L,(0), and area A(0) = L,(0)L,(0) determined by
energy minimisation, and implemented in the Surface Evolver
software.?® For the incompatible regime, the ground state is a
regular hexagonal cell. For the compatible regime, while the
ground state is degenerate, we use a hexagon with 120° angles
between edges and with the edge lengths determined by energy
minimisation. First, we use an intermediate rigidity ratio of
r=0.1, and test the response across a range of preferred values
of the shape index, from p, = 0 to p, = 4.6, covering both the
compatible and incompatible regimes.

To calculate the shear modulus, we deform the ground state
(Fig. 2 top-left) by applying an initially affine deformation to
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Fig. 2 Strain protocols for measuring elastic moduli of the vertex model.
(top, middle, bottom) From the ground state, the periodic box lengths and
vertex positions are transformed and constrained according to an affine
transformation, shown by the arrows. From the constrained state, the
system is relaxed according to tissue-scale or box constrained. (Top) The
shear modulus is calculated by applying a shear transformation to the box.
In the constrained state, every edge has the same tension, producing a net
force on the vertices, hence this is not a force-balanced state. After
relaxation, forces are balanced through a non-affine transformation on
the vertices. During relaxation the box size is fixed. (Middle) The bulk
modulus is calculated by applying an isotropic expansion to the box and
vertices. During relaxation the box size is fixed. (Bottom) The Young's
modulus and Poisson'’s ratio are calculated by applying a uniaxial strain to
the box and vertices. During relaxation the height of the box may change
and vertices may move.

vertices and the boundaries: x,(g) = (1 + &/2)x0), y{e) = (1 + &/2)'y{0),
and Lye) = (1 + &/2)L(0) and Ly(¢) = (1 + &/2) 'L,(0), where ¢ = 0.001
(Fig. 2 top-middle). We then allow the vertex positions to relax
to an energy minima (Fig. 2 top-middle), and record the change
in tissue energy OF before and after the deformation. The shear
. . . 1 28FE
modulus is then numerically estimated by G = a0 &2

In the ground state of the incompatible regime, cell edges
are under tension and meet at 120° angles. After the initial
affine deformation, the angles change and the tissue is no
longer in a force-balanced configuration (Fig. 2 top-middle). As
we allow the tissue to relax, it responds with a non-affine
deformation; vertices which are of the same y-coordinate alter-
nate between moving left and moving right during relaxation,
returning the angles between edges to a stable 120° configu-
ration (Fig. 2 top-right). Such a deformation cannot be
described by a single affine transformation, but by two affine
transformations applied to different subsets of vertices.**

To demonstrate the importance of this relaxation step, we
report the response to two types of deformation protocols:
(i) “constrained” deformations which are obtained where
after deformation of the bounding box the cell vertices are
not allowed to move to minimise the energy of the tissue, and

This journal is © The Royal Society of Chemistry 2023
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Fig. 3 Non-affine deformations allow for a softer mechanical response.
(@) Shear modulus G, (b) bulk modulus K, (c) Young's modulus Y, and
(d) Poisson'’s ratio v against target shape index pq for a rigidity ratior = 0.1.
The constrained values represent elastic moduli where vertices are con-
strained by the given deformation. The relaxed values lines represent the
moduli allowing for non-affine deformations, where vertices may relax,
subject to the boundary conditions. Dots represent simulated values. Lines
represent analytic values. Shaded regions show the range of possible
values in the constrained case, depending on the initial shape of the cells.

(ii) “relaxed” deformations where the vertices are allowed to
adjust their position to achieve force balance and the global
tissue shape remains controlled by the geometry of the
deformed box. Note that in the compatible regime the relaxed
state can also be achieved by allowing the tissue to change its
shape,®® and the resulting linear elastic constants are the same.
For an intermediate rigidity ratio r = 0.1, we find that the
shear modulus decreases as p, increases and becomes zero at
the transition to the compatible regime. In particular, the
relaxation step allows cells to decrease their perimeter, and
thus energy, resulting in a relaxed shear modulus that is softer
than in the constrained case (Fig. 3a). In the compatible
regime, the tissue is initially under no tension since the
preferred perimeter is achieved. Upon straining the tissue,
the perimeter increases and tissue energy increases. The larger
the initial perimeter, the higher the change, resulting in con-
strained shear modulus that increases with p,. When the tissue
is able to relax, the vertices move to reduce the perimeter until
the preferred perimeter is achieved again, allowing for the net
energy to remain constant, leading to a zero shear modulus.
To calculate the bulk modulus, we apply the isotropic

I I

transformation x;(g) = (1 + €)2x;(0), yi(e) = (1 + ¢)2y;(0), and
I I

L.(¢e) = (1+¢)2L(0) and Ly(¢) = (1+¢)2L,(0), where & =

0.001, such that A(e) = (1 + ¢)A(0). During the relaxation step,

we allow the vertices to move, with the box lengths fixed. The

1 28F
bulk modulus is then given by K = 0) 36—2
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In the incompatible regime, force balance requires a con-
stant 120° angle between edges, thus the tissue expands
isotropically. We find that the bulk modulus increases as the
target shape index p, increases, and is equal between the
relaxed and constrained cases (Fig. 3b).

In the compatible regime, the deformation initially
increases the perimeter. During the relaxation step, the tissue
responds in a non-affine way to restore its perimeter to its
preferred value and so energy change only arises from the area
term and we have a bulk modulus K = 1. Interestingly, this is
lower than the bulk modulus in the incompatible regime just
before the transition and thus, there is a discontinuity in the
bulk modulus as p, changes. In contrast, the constrained case
is unable to relax the cells perimeters and so has a higher bulk
modulus and does not exhibit the discontinuity (Fig. 3b).

Next, we apply a uniaxial deformation to calculate the
Young’s modulus and Poisson’s ratio: x{¢) = (1 + &)x;(0) and
Ly(e) = (1 + ¢)L,(0) (Fig. 1c). We then allow the vertex positions
and box height L(¢) to relax to minimise energy. The Young’s

1
4(0)
(Ly(e) — L,(0)) /Ly(0)
(Lx(a) - LV(O))/LY(O)
Poison’s ratio is equivalent to that in 2D elasticity and therefore
its values are limited between —1 < v < 1. The extreme case
v = 1 corresponds to incompressible solid, analogous to the
case of v34 = 0.5 for incompressible 3D solids.

Again, the tissue undergoes a similar non-affine relaxation
as under shear strain, reducing the shear modulus compared to
the constrained case (Fig. 3c). In this case, though, we find that
the Young’s modulus is non-monotonic. For p, close to zero,
the Young’s modulus increases as p, increases. For higher p,,
increasing p, further decreases the Young’s modulus towards
zero at the transition point, after which the Young’s modulus is
zero. However, in the constrained case the Young’s modulus
increases after the transition point due to the increased bulk
and shear moduli. Interestingly, the Poisson’s ratio begins
negative for small p, and increases towards a value of 1 as p,
increases, before remaining 1 in the compatible regime
(Fig. 3c). In the constrained case, the Poisson’s ratio is actually
lower than in the relaxed case for small p,, in particular, in the
compatible case the Poisson’s ratio decreases as p, increases
while for a relaxed tissue it remains 1.

This phenomena highlights the counter-intuitive nature
of VM mechanics. In classical elasticity v = 1 corresponds to
incompressible solids, commonly considered as very stiff.
Here we find that the tissue approaches v = 1 for higher values
of p, corresponding to compatible tissue with floppy response.
This seeming contradiction is resolved by noting that in this
limit cells can accommodate rest area and perimeter simulta-
neously and therefore upon deformation their area remains
intact, just as in incompressible solids.

The simulations highlight the complex mechanical beha-
viour of the vertex model to applied tissue-level strains, both in
its elastic moduli and the vertex-level non-affine deformations
while relaxing the energy. The non-affine relaxation step allows

25
modulus is given by Y = e and the Poisson’s ratio by

Note that this definition of the

Soft Matter, 2023,19, 3080-3091 | 3083
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the tissue to reduce its elastic moduli in the compatible regime.
In particular, while the shear and Young’s moduli are zero at
the transition point, increasing p, increases the moduli in the
constrained case, while they remain zero in the relaxed case.
However, the simulations do not give an intuitive understand-
ing for why the bulk modulus is discontinuous, or why we can
get a negative Poisson’s ratio. Thus, in the remainder of the
paper, we develop a mean-field theory of the vertex model that
can account for non-affine relaxation of the tissue under strain
to derive analytic expressions for the elastic moduli and under-
stand the source of the complex phenomena mentioned above.

2 Vertex model: mean-field theory and
ground states
2.1 Mean-field theory of vertex model

To understand the numerical results, we construct a mean-field
theory by assuming that all cells responds equally. In this case
the tissue energy is just Eyssue = NE and one can simply consider
the energy E of a single cell, given by

E= a1 +50—m)* (@)

2

Each cell consists of horizontal edges of length /; and
diagonal edges of length I,, with ¢ the angle between horizontal
and diagonal edges (Fig. 4a). This parameterization captures
the behavior of the tissue observed in our numerical simula-
tions, where it is the angle between edges that changes during
relaxation. Although cells have additional degrees of freedom,
the description in terms of these three degrees of freedom is
sufficient to capture the ground states of the tissue VM, and the
response of the tissue under shear and bulk deformations in
simulations (Fig. 2). To both examine the ground states and the
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Fig. 4 Shape parameterization of the vertex model and ground states.
(a) Schematic of the vertex model and cell shape parametrization. Cells are
defined by the lattice height h, width w, and angle between edges ¢.
(b) The ground state in the solid state is a regular hexagonal lattice, with
¢ = 2n/3. (c) The ground state used in the soft state with ¢ > 2n/3. (d—f)
Cell area (d), cell perimeter (e), and edge tension (f) vs. target shape index
po for various values of the rigidity ratio r. Dots represent simulated values,
lines are the analytical results.
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response to deformation, it is convenient to parametrize each
cell in terms of the height 2 and width w, as shown in Fig. 4a,
given by

h=2lsing, w=1I —I,coso. (5)

Each cell then contributes an area a = wh to the tissue. We
stress that the angle ¢ is distinct from the shear tilt angle 0
introduced previously in ref. 25, where cells may tilt or untilt in
order to change their perimeter. While the shapes obtained
from an initial regular hexagon by varying the shear tilt angle 0
correspond to affine deformations of the hexagon, those para-
metrized by ¢ generally correspond to non-affine deformations
of the regular hexagon. Inverting eqn (5), we obtain

1
h=w+ Eh cot ¢, (6)

b= %h csc . (7)

Cell area and perimeter can then be written as

a = hw, (8)
p = 2w + hf($), )
where
oy 24 cosd
f(o) = Tsng (10)

resulting in an energy

1 1 .
E= z(hw 1)+ 5r(2w + hf (¢) — po)*. (11)
This form makes it evident that the VM energy is undercon-
strained as area and perimeter do not uniquely determine
cell shape.

2.2 Ground states

The ground state configurations are obtained by minimizing
the energy with respect to the cell width w, height 4, and angle
¢ and are solutions of the three coupled equations

g% — hrf! () @ + W () — po) = 0, (12)

OE
O =l — 1) + o ($) 2w+ W () ~p) =0, (13)
% = h(hw — 1) + 2r(2w + hf (¢) — po) = 0. (14)

As shown in previous work, we find a transition at p, = p-
between two distinct states. For a regular lattice of n-sided
polygons p. is given by the isoperimetric value p.(n) =
Véntan(n/n), with p,(6) = /8v3 ~3.72. The isoperimetric
inequality p > p.(n) provides a lower bound on the perimeter
of a regular n-sided polygon for given area.*® For p, > p«(n) the
cell is in a geometrically compatible regime, where both pre-
ferred area and perimeter may be achieved, and the tissue has
zero shear modulus®*?"**%° (Fig. 1b). For p, < p«(n) the cell is

This journal is © The Royal Society of Chemistry 2023
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in an incompatible regime, where both preferred area and
perimeter cannot be simultaneously satisfied, and the tissue
behaves like a solid by resisting shear deformation.**?%3%:32
The corresponding ground state of the tissue is a lattice of
identical hexagonal cells (Fig. 1b). As p, is further lowered the
cell may become unstable and collapse to zero area and
perimeter (Fig. 1b). Additionally, in a small range of parameters
near the collapsing region more exotic ground states exist, with
mixed lattices of square and octagonal, or dodecahedral and
triangular cells providing lower energy than hexagonal cells.>

2.2.1 Compatible state, p, > p«(6). For p, > p«(6) eqn (12)
are identically solved by 4w = 1 and p = 2w + hf($) = p,, and the
zero ground state energy vanishes (Fig. 4c-e). We refer to this
situation as the compatible state. The ground state configu-
ration is a family of 6-sided polygons parametrized by the angle
¢, with

po o +\/po* — 8f ()

Y@ (15)
- Do + V P02 - 8f((/5) (16)
4 )

where both roots are acceptable solutions for a given value of ¢,
corresponding to either tall and thin or short and wide cells. It
is evident from eqn (15) and (16) that such a solution exists

provided p,® > 8f(¢). The function f(¢) has a minimum at ¢ =

2 (2 . 31

?n, with f <Tn) = /3 corresponding to py = 2234 = p,(6). At
this value of p, there is a single zero energy solution that
corresponds to a hexagon of unit area. For p, > p« there is

degenerate continuum of zero energy solutions corresponding

to deformed hexagons of unit area, perimeter p, and ¢ €

[%Tt, ¢m(po)} with ¢, determined by p,> = 8f(¢m) (Fig. 4c).

There exist many other parameterizations that can give ground
state shapes in the compatible regime, for example, cells
becoming tall and thin, cells decreasing the angle ¢ to increase
their perimeter, or cells tilting as in ref. 25.

2.2.2 Incompatible state, p, < p«(6). For p, < p- the cell
cannot simultaneously realize the target area and perimeter.
We refer to this situation as the incompatible state. Eqn (12)

2
requires f'(¢) = 0, with solution ¢ = ?TE, such that f(¢) = v/3. An

intuitive explanation for this fixed angle is that all edges are

under identical tension, and so by force balance a junction of

three edges must have equally spaced angles. Eqn (13) and (14)

then imply that v/34 = 2w. This gives a perimeter p = 4w and
2

area a = —w? = p*>/8+/3, which means that the cells are reg-

V3

ular hexagons in the incompatible state (Fig. 4b).
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We can combine eqn (13) and (14) to obtain a cubic equation
for the perimeter

4 2 4
3 rp — 2ps D
e — P, -0

with p? = 8+/3 and a = p*/p.”. The cubic equation can be solved
perturbatively in the limit of low and high rigidity ratio r.
At low rigidity ratio, ie., r « 1/p.>, we find

17)

p=p.—p’ (M>r +0(r),

. (18)

a=1 —p*(l%>r+0(r2). (19)
The cell remains close in shape to a hexagon of unit area, with a
reduction of the perimeter relative to the value p- (Fig. 4d and
e). The tension, given by 2r(p—po) =2r(p. — po) + O(?),
decreases monotonically as p, increases and vanishes at p, =
p~, where the cell reaches the compatible state and is under no
tension (Fig. 4f). If p, becomes too small, the stable configu-
ration collapses to a point with zero area and perimeter
(Fig. 1b).

For high rigidity ratio, i.e., r > 1/p<*, the perimeter and area
can be expanded in inverse powers of r, with the result

2po pot\1 1
= — |1 - |- — 20
P m+ﬁ< Mr+0ﬂ’ (20)
2 2 2
po- | 4po po\1 1
a:E—Fpﬁ ( _[7_*2)1__‘—0(1’_2) (21)

In this limit the cell shape index is close to the target shape
. . . 4 ?
index (Fig. 4d and e). The tension 2r(p — pg) = L;’(] - 1%) +
D+ D+
1
O(I—) is nonmonotonic in p,, increasing from almost no

tension at p, = 0 before decreasing as p, approaches p-
(Fig. 4f). As the rigidity ratio increases the tension saturates

4 2
%(1 —%)7 which has a maximum value of

to the value 5
B

%

234~ 0414 at po = 8/V/3 ~2.149 (Fig. 4d). For p, < 0,
the cell collapses to a point with zero area and perimeter
(Fig. 4b).

Finally, we note that when topological transitions are
allowed, tissues may also unjam and undergo a solid-to-liquid
phase transition when cell rearrangements cost zero energy. In
disordered realizations of the VM, the unjamming transition
occurs at p, & 3.81, a value close to, but slightly larger than
p+(5).%° Intuitively, for the tissue to rearrange in a T1 transition
with zero energy barrier, two hexagonal cells must momentarily
lose an edge and become pentagons while still maintaining
their preferred perimeter and area. Cell motility can further
promote fluidity and lower the transition point.>®
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3 Mechanical response of the vertex
model
3.1 Deformations protocol

It is evident from eqn (11) that area and perimeter (or equiva-
lently height and width of the box shown in Fig. 4a) do not
uniquely specify a polygonal shape. In the compatible regime
there is a family of zero energy shapes corresponding to either
tilted polygonal shapes obtained by affine deformations or non-
affinely deformed polygons parametrized by the angle ¢. In the
incompatible regime, if only affine deformations are allowed,
both the ground state and each deformed state are unique for
fixed area and perimeter. Allowing non-affine deformations
introduces, however, additional degrees of freedom that can
lower the energy for a given set of parameters.

In the following we examine the response of a tissue initially
in a ground state to an externally imposed strain. The deforma-
tion is imposed globally on the tissue by changing the shape of
the bounding box. Such a deformation uniformly changes the
shape of the cells and generally results in a state where indivi-
dual vertices are no longer force balanced (Fig. 2 top-middle). We
will refer to this state as the “constrained” deformed state. Due
to the presence of hidden degrees of freedom the system can,
however, lower its energy and relax a state of local force balance.
In the compatible regime this relaxation can occur via motion of
the vertices that correspond to non-affine deformations (Fig. 2
top-right). In the compatible regime the relaxation can occur
either via non-affine deformations with fixed box shape or
through a global tilting of the tissue, which entails affine cell
deformations, as in Hernandez et al?® The elastic constants
measured in the “relaxed” state of the compatible regime are the
same for the two relaxation protocols.

Operationally, constrained deformations are achieved by
first fixing either the cell height, width, or both, and then
transforming the vertices according to the given deformation,
as done in Staple et al.”> We prevent spontaneous tilting of the
tissue, which can be used to soften the mechanical response
using only affine deformations in the compatible regime.*

We next evaluate the various elastic moduli of the vertex
model. As we will see below, a new result of our work is that in
the incompatible regime cells can find new deformed states by
relaxing through non-affine deformations (Fig. 2), resulting in a
softer response than obtained in previous studies®* (Fig. 3).

3.2 Shear modulus

To calculate the shear modulus of the tissue, we apply an area-
preserving pure shear deformation, corresponding to w —
w(l + ¢/2) and h — h(1 + ¢/2)", with ¢ the strain. We allow
for a non-affine deformation to relax the tissue by minimising
energy with respect to the angle ¢ for each value of strain
(Fig. 4). The shear modulus is defined as

(22)

As area is preserved under pure shear, we only need to consider
the energy cost due to changes in perimeter.
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3.2.1 Compatible State, p, > p-. In the compatible case,
cells can accommodate shear and maintain their area and
perimeter at the target values a = 1 and p = p, by changing
shape, i.e., by adjusting the angle ¢ to a value other than 2m/3.
The perimeter of the deformed cell is given by p(e,¢) = 2w(1 + ¢/2) +
hf($)/(1 + ¢/2). The cell can maintain p = p, by deforming to a new
compatible ground state corresponding to an angle ¢* given by the
solution of p(e,¢p*) = po. Clearly the energy remains zero, demon-
strating that the shear deformation cost no energy and

G =0, (23)

for all rigidity ratios and p, > p- (Fig. 5a). This of course only
holds up to a maximum value of strain determined by the angle
¢m(po)- Beyond this value the fluid-like compatible tissue
stiffens and acquires a finite shear modulus, as mentioned by
ref. 41, and recently by ref. 40.

However, if the shape of the cell is constrained then applying
a shear transformation could increase the perimeter. To calcu-
late the shear modulus under an affine transformation, we must
consider the changes to the cell perimeter from its initial
configuration. The shear modulus is defined by

1 (0 ap\?
o d (asz“’ -m+(3)

and since for ¢ = 0 we have a = 1 and p = p, this simplifies to

_ (oY
Gaffine =7 (E)

Since an affine transformation also changes the angle between
the edges, we must consider the effect of the transformation on
each edge when calculating the change in perimeter. The length
of the two edges shown in Fig. 4a change as

10%E
702 ) (24)
&=0

Gafﬁne =

(25)

e=0

&
h(e) = h(0)(1+3), (26)
a . 0.5 b .
4
_08 040 08 «
2 ERN- 3%
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Fig. 5 Elastic moduli of the vertex model. (a) Shear modulus, (b) bulk
modulus, (c) Young's modulus, and (d) Poisson’s ratio against target shape
index po and rigidity ratio r.
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and

1

2 -2 D)
h() :12(0)((1 +3) cost g+ (1+3) sin’ ¢)2, 27)
with first derivatives
oh 1
E - Ell (0)7 (28)
and
& e\ 3
1+2)cos?¢gp— (1+=2) sin®¢
oL 1
12 (1 a2, L8 -2, \2
+§> cos ¢+< +§> sin” ¢
Thus
ol _ 2 )
5| = 11(0) +25(0)(cos § —sin’ ) (30)
=0
and
Gatine = r(1(0) + 25(0) (cos ¢ — sin® ). (31)

The cell angle ¢ defines a family of solutions with
V3 < f(¢) < pi/8, as does the choice between the + branch
in our solution for cell height and, and so we obtain a range of
values of the constrained shear modulus, and thus Young’s
modulus and Poisson’s ratio, as ¢ is varied. We find that as p,
is increased, the minimum shear modulus in the constrained
case remains 0 while the maximum possible shear modulus
increases (Fig. 3a).

3.2.2 Incompatible case, p, < p-. In the incompatible case
cell edges are under uniform tension. By force balance, this

2
implies that the angle between edges remains ¢ = TTE even under

small deformations at the tissue scale. The ground state configu-
ration is a regular hexagon with perimeter p = 2w 4 v/3h. Using
eqn (25) and the relations for height and width in terms of the

1 1
erimeter, 1 = ——=p and w = —p, we obtain
P 2\/§p 4]7
r(p —po)p
G=——"T". 32
4a (32)

In the rigid, incompatible state the shear modulus is a mono-
tonically increasing function of r and vanishes at the transition
Do = p~ (Fig. 3a and 5a), in agreement with earlier results.*>* The
non-affine deformations of the relaxed tissue allow for a softer
response of the tissue, with the shear modulus being a factor of
3/2 stiffer when only considering vertices constrained by the
affine shear strain,*>*! as confirmed by simulations (Fig. 3a).

For small rigidity ratio (r « 1/p<*), we can expand G in
powers of r, with the result

1

G = gpe(p. —po)r + o(r?). (33)
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The opposite limit of large rigidity ratio (r » 1/p<*) yields

1 o’ 1, , 502l 1
— (1= 2= ) 0= ).
G 2( . P-é(p ) I’+O 2

Px B (34)

3.3 Bulk modulus
To calculate the bulk modulus, we change the area a — a(1 + ¢)

1 1
by rescaling the height 7 — h(1 + ¢)2 and width w — w(1 +¢)2,
and allow the angle ¢ to vary to minimize the deformation
energy. The bulk modulus is then given by

()
=- min E , (35)
ade?\ ¢ om0
with
’E &p Op
52 =4 +r(p p0)832 +r(a> . (36)

To evaluate this expression we need to consider separately the
compatible and incompatible states.

3.3.1 Compatible state, p, > p-. We have previously shown
that in the compatible case the angle ¢ can adjust to maintain a

fixed cell perimeter under small deformations. Thus % =0
7 le=0
&p o
and 22| = 0, and the bulk modulus is simply
=0
K=1, (37)

for all r and p, > p- (Fig. 3b and 5b).
By contrast, if we allow for only affine deformations then the

|
perimeter expands isotropically p(e) = (1 +¢)2p(0). In this case

o _1 >p 1 g
Ol 2 =l I I
e =0 2[7(0) and 882 o0 4]7(0), gving  a bulk modulus
equal to
1,
Katﬁne =1+ Zl‘po s (38)

which can be significantly higher than the non-affine result for high
r, emphasising the need to consider non-affine displacements

(Fig. 2).
3.3.2 Incompatible state, p, < p~. In the incompatible state

C e . 2n
for py < p~ the angle that minimizes energy remains ¢ = 3 for

small perturbations to cell height and width to ensure tension
balance at the cell vertices. The cell then expands isotropically,

|
such that p(g) = (1 + ¢)2p(0), resulting in a bulk modulus

1
K = a+—rppo, (39)

4a

shown in Fig. 3b and 5b. We note that as p, approaches the
critical value p«(6) from below, the bulk modulus has the value

. 1 . .
lim,,—,-K =1+ er*z. On the other hand, in the compatible

regime K = 1. Thus the bulk modulus exhibits a jump disconti-
nuity at the critical point separating compatible and
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incompatible states. In contrast, if vertex positions are fixed by
uniform dilation without relaxation, the bulk modulus is con-

tinuous and higher in the compatible region (Fig. 3b).
In the limit of low rigidity ratio (r « 1/p.*), we find

1 2

K=1 +Zp*(3p0 —2p)r+ O(r?). (40)
The bulk modulus increases with p, up to the critical value, at
which point it discontinuously jumps to 1 for all p, > p-,

2
independent of r. Interestingly, for py < P the bulk modulus

of the incompatible solid is lower than that of the compatible
fluid, suggesting that contractility can actually reduce the bulk
stiffness of the tissue. Additionally, increasing the rigidity ratio
further reduces the bulk modulus for low p,.

In the limit of high rigidity ratio (r > 1/p.%), we find

1 3pd 1 1
[g:_*z _— = — .
4 r+(2p*2 3 +0 p

Thus the bulk modulus increases with the rigidity ratio.

We find that for low p, the bulk modulus can be significantly
lower in the rigid than in the fluid state, which can affect the
rate of spreading monolayers.”” This is due to the fact that at
small p, cells have a smaller area while the energy required to
deform the cell is proportional to the square of the area change.
Therefore it costs more energy to strain a single cell than to
strain two cells with half the area, similar to the reduction in
effective stiffness obtained when springs are placed in series.

The bulk modulus is also a non-monotonic function of the
rigidity ratio. For small r the bulk modulus decreases with
r as the size of the cell decreases, reaching a minimum near
r=2/p.> ~ 0.144 before increasing linearly in r for high r, due to
the growing contribution from the perimeter elasticity.

(41)

3.4 Young’s modulus and poisson’s ratio

Next we calculate the Young’s modulus and Poisson’s ratio
(Fig. 2 bottom row) by stretching the width of the cell w — w(1 +
¢) while allowing the cell height /4 and angle ¢ free to minimize
the energy. The Young’s modulus is defined as

1 &
E 42
a&sz( 1/? ) o (42)
and the Poisson’s ratio as
y_,l@_,y% (43)
T hde how

To evaluate Y and v we use the relationship between the linear
% and v = gig which have been
shown to hold away from the critical point.

3.4.1 Compatible state, p, > p-. In the compatible state,
the ground state degeneracy allows the cell to achieve the target
shape index and area for small strain by reducing cell height
and finding values of the angle ¢ different from 2n/3, i.e., by
changing its shape, with no energetic cost. As a result for p, >

p» we find

elastic constants, Y =
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Y=0, v=1, (44)

for all r (Fig. 3¢, d and 5¢, d). When constrained to affine only
deformations, the Young’s modulus can take a range of values
from zero to a maximum value which increases with p,, due to
the increasing shear modulus. Similarly, the Poisson’s can
range from a maximum of 1 to a minimum value which
decreases with p,.

3.4.2 Incompatible case, p, < p-. It has been shown that
away from the critical point the elastic constants of the VM satisfy

the familiar relation of linear elasticity of isotropic solids.”> We
4KG K—-G
can therefore use the relations Y = XiG and v = XiG to
evaluate Y and v in the incompatible regime, with the result
rp (4(12 + rppo)
Y=0p-—-p)—F—— 45
0= PO G ) (45)
2rp(p — po)
=1-——-— 46
v 4a* + rp? (46)

We find that the Young’s modulus is a non-monotonic function of
both target shape index and rigidity ratio (Fig. 3c and 5c). The
nonmonotonicity with p, is most pronounced at intermediate
values of r, where at small p, the Young’s modulus increases,
rather than decrease, with increasing po.

At both high and low rigidity ratio, the Poisson’s ratio
remains close to 1 for all p,, indicating that the cell preserves
its area under deformations (Fig. 3d and 5d). At intermediate
values of the rigidity ratio and small p,, the nonmonotonicity of
the Young’s modulus results in a negative Poisson’s ratio,
which indicates that a tissue stretched in the x-direction, also
expands in the y-direction.

In comparison to the constrained response, we find that the
relaxed response gives a softer Young’s modulus for all rigidity
ratio and target shape index values, since the shear modulus is

2
also softer by a factor of 3 (Fig. 3c). Similarly, the Poisson’s ratio

is higher in the compatible state for all p, < p« (Fig. 3d).
In the limit of low rigidity ratio (r « 1/p<®), the Young’s
modulus and Poisson’s ratio are given by

Y = p.(p. — po)r + O(1?), (47)

1
v=1+ P (po — p)r+ O(?), (48)
showing that when p, is increased towards the critical point
from the solid side (po — p- ) the Young’s modulus vanishes
and the Poisson’s ratio increases towards 1.

In the limit of high rigidity ratio (r « 1/p.*), we obtain

approximate expression by expanding in 1/r as

Y:Z(I%) +o( ) (49)
V:1—4-(])i77*_4p()2)%+0(ri2>. (50)

The Young’s modulus also has a maximum value of 2 at p, =0
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3.5 Origin of negative Poisson’s ratio

We can understand why certain cell parameters give a positive
or negative Poisson’s ratio by looking at how the energy
gradient with respect to cell height changes as we change the

cell width. The gradient g—f can be thought of as the effective
h

force acting on the height of the cell, given by

E
OF _ w(hw — 1) + \/§r(2w +V/3h fpo).

o (51)

In the ground state, this will be zero. Then, if we vary the cell
width but keep the height fixed we can measure the change in
force as

O*E

Dwh 1+2V3r.

= 2hw — (52)
When this value is positive, then as cell width is increased, the
effective force acting on cell height increases and so the cell
height will decrease as it relaxes to the energy minimum.
Consequently, the sign of this value is the same sign as the
Poisson’s ratio.

The second term 2+v/3r comes from the perimeter contribu-
tion in the VM and accounts for energy changes due to
perimeter elasticity. Since p > p,, the cell is under tension
and the perimeter term aims to shrink the cell. Increasing the
width further increases the perimeter and so tension increases,
providing more force to shrink the cell. Thus, the perimeter
elasticity always acts to shrink the cell and contributes to a
positive Poisson’s ratio.

The first term, 27w — 1 = 2a — 1, represents the energy
change due to area elasticity. We can write this as 2w(h — 1/2w),
which we can think of as an spring like force with stiffness 2w
and target height 1/2w. As width increases, the height becomes
closer to the target height, reducing the strain. At the same time,
the effective stiffness 2w increases, increasing the pressure. Thus
there is a trade off between less restoring force on the cell area
versus increased effectiveness of changes in cell height. The net
effect on whether this increases or decreases the perimeter

1
depends on the size of the cell area: when cell area a < 5 the

area term acts to increase cell height when width is increased,

1
and for a > 5 the area term reduces the cell height.

For high rigidity ratio, the perimeter term dominates and
so an increase in cell width leads to a reduction in cell height.
For low rigidity ratio, the area term dominates and the cell area
is close to 1 (Fig. 4d), thus an increase in cell width reduces the
area pressure and cell height decreases. However, in the inter-
mediate regime for low p, cell area is small, meaning the area
term acts to increase cell width, and the area contribution and
perimeter contributions are of comparable size, resulting in
negative Poisson’s ratio.

We can calculate the transition to a negative Poisson’s ratio
exactly at p, = 0, which corresponds to the situation where the
contribution to cell edge tension from cortical contractility and
cell-cell adhesion precisely balance. In this limit the equation
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for the ground state perimeter, eqn (17), becomes

. *4 -2 *2
p<p2 I %) =0, (53)
with solution
1
p=p\[1 =52, (54)
L,
a= |1 =3P ), (55)

for r < 2/p> ~ 0.144. For r > 2/p.” the cell is unstable and
collapses to zero area. We can calculate whether cell height
increases or decreases when width is increased by calculating

. . OF
how the effective force on the height, A
Substituting our formula for area we find

changes with width.

O’E 3
1-mp2=1-6V3r,

ohow 4 (56)

4
where we have used p,2 = 8y/3. Thus for r > gp*z ~ 0.096 and

Po = 0 the tissue has a negative Poisson’s ratio.

4 Conclusions

In this paper we studied the linear response of the 2D vertex
model by calculating the shear modulus, bulk modulus,
Young’s modulus and Poisson’s ratio, using a mean-field
approach that allows for a class of non-affine deformations,
which agree well with numerical simulations. We also provide
approximate expressions in the limit of high and low rigidity
ratio. Our calculations match previous results showing a rigidity
transition controlled by purely geometric effects and tuned by
the target shape index p,.

For cells in the incompatible case, p, < p« & 3.772, the
tissue has a finite shear modulus which decreases with p,. For
cells in the compatible case, p, > p», the shear modulus
becomes zero for all p,. However, when the tissue is con-
strained by the deformation, we find a stiffer mechanical
response to shear in the incompatible case, and the compatible
case can have a finite shear modulus, which depends on the
initial configuration of the cells, and that increases with p,.

The bulk modulus of the tissue increases with p, in the
incompatible regime, and then has a jump discontinuity at p, =
p~, where it changes from a larger value in the solid state to a
value of 1 in the fluid state. In the incompatible case, cells
perimeters increase upon isotropic expansion of the tissue, but
in the compatible regime cells can change shape to preserve
their perimeter under small changes in area. However, this
discontinuity is not observed when the tissue is constrained.
We also find that in the incompatible regime, the bulk modulus
can decrease below 1 for small rigidity ratio. This indicates that
cell contractility can reduce the stiffness of the tissue, resulting
in a larger bulk modulus in the “soft” phase than in the
“solid” phase.
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Under uniaxial strain, we find the Young’s modulus of the
tissue can be non-monotonic with respect to p,, initially
increasing and then decreasing towards zero in the incompa-
tible case. The Poisson’s ratio can become negative for small p,
and intermediate rigidity ratio, as cells can reduce their energy
more by increasing their area through an orthogonal expan-
sion, than by reducing their perimeter. Within the compatible
regime, the tissue has zero Young’s modulus and Poisson’s
ratio equal to one. However, when only constrained deforma-
tions are allowed the tissue can have a finite Young’s modulus
in the compatible regime, similar to the shear modulus.

Our results highlight the complex linear elastic behaviour
that can arise from the simplest version of the vertex model due
to its underconstrained nature. For simplicity, we have assumed
that cells are regularly arranged and that we only have small
strains. This analysis might be most applicable in tissues with a
regular crystalline structure, such as the Drosophila pupal wing?
However, it would be interesting to extend our calculations to the
case of disordered cell networks. Additionally, we highlight the
importance of allowing for unconstrained degrees of freedom, in
this case non-affine deformations, to relax the system and give a
softer mechanical response to strain. The constrained case may
be thought of as the short-time response of the tissue to strain,
and the relaxed case as the long-time limit.

Finally, we note that the emergence of rigidity observed in
this work draws a direct link with the rigidity of mechanical
frames and granular models, where mechanical stability occurs
at critical coordination number, or at finite strains, and are
normally accompanied by a discontinuous jump in the bulk
modulus. Nevertheless, the results of our work shows that
geometric incompatibility is a crucial ingredient that has to
be taken into account for an estimation of the critical coordina-
tion number, and is left for a future work.****

In conclusion, our work demonstrates that the vertex model,
thought of as a collection of geometric constraints rather than a
reference ground state structure, can engender interesting
linear mechanical responses. The linear response exhibits a
strong non-affine contribution under uniaxial compression and
shear, as well as a negative Poisson’s ratio. Typically, these two
phenomena in crystalline solids require special lattice con-
structions, whereas in the vertex model exotic mechanical
response can be achieved by tuning the relative competition
between area and perimeter constraints via r and geometric
compatibility via p,.
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