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Generalized vs. fractional: a comparative analysis
of Maxwell models applied to entangled polymer
solutions†

Robert Franz Schmidt, *a Horst Henning Winterb and Michael Gradzielski *a

Fractional viscoelastic models provide an excellent description of rheological data for polymer systems

with power-law behaviour. However, the physical interpretation of their model parameters, which carry

fractional units of time, often remains elusive. We show that for poly(ethylene oxide) (PEO) solutions, the

fractional Maxwell model (FMM) requires much fewer model parameters than the classical generalized

Maxwell model for a good description of the data and that it can be applied consistently to solutions

with varying degrees of viscoelasticity. Despite their fractional units, the parameters exhibit scaling laws

similar to classical parameters as a function of polymer concentration.

1 Introduction

Polymer solutions are ubiquitous as rheological modifiers in
paints, coatings, cosmetics and drug delivery systems.1–5

Poly(ethylene oxide) (PEO) is of particular importance and is
widely used in biomedical applications due to its exceptional
biocompatibility.6–8 Obtaining a thorough understanding of
the viscoelastic properties of polymer solutions, which stem
from polymer chain entanglements,9–12 is imperative to evalu-
ate their performance in various applications.

To obtain a better understanding of a material’s viscoelastic
properties, mathematical models based on characteristic para-
meters are fitted to the data. The extracted parameters can be
related to microstructural relaxation processes and can be
compared across samples to reveal differences. Obtaining a
model description also allows to make predictions for a material’s
behaviour. Classical viscoelastic models comprise arrangements of
elastic springs and viscous dashpots.13 They predict exponential
behaviour for the relaxation modulus G(t) with discrete relaxation
times, a situation that is typically well obeyed by wormlike micellar
solutions that may just exhibit one characteristic relaxation time.14

Many real materials with a broad range of relevant micro-
structural length and time scales, e.g. entangled polymer solu-
tions, often exhibit distinctive power-law behaviour in relaxation
and oscillation tests.15,16 Examples include cells,17,18 tissue,19

biopolymer networks,20 gluten gels,21 or food products.22

Modelling such power-law behaviour with sums of exponen-
tials, as predicted by traditional spring-dashpot models, is an
ill-posed problem, especially when using a very large number of
springs and dashpots.23–25 Instead, empirical mathematical
models can be fitted to the data, but their parameters may lack
physical meaning since they are not derived from constitutive
equations. An alternative approach is the use of fractional
viscoelastic models, which incorporate fractional derivatives
into their constitutive equations. The corresponding model
element is known as a spring-pot, referencing its ability to
interpolate between a spring and a dashpot.26,27 Its constitutive
equation is given by

s tð Þ ¼ V
da

dta
g tð Þ; (1)

where s(t) is the stress and g(t) is the strain, da/dta is the Caputo
fractional derivative,28 and 0 r a r 1 is the fractional expo-
nent. The spring-pot produces a response consisting of a single
power law, which corresponds to the behaviour of critical
gels.29 It can be shown that the behaviour of the spring-pot
can be realised by an infinite ladder arrangement of classical
springs and dashpots.26,30 V has units of Pa sa and lies some-
where between a viscosity (units Pa s) and a modulus (units Pa).
Since its physical interpretation is not straightforward, it is
referred to as a quasi-property. It is descriptive of the magni-
tude of the spring-pot’s resistance against deformation and can
be associated with the material’s firmness.31–35
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Bagley and Torvik showed that Rouse’s theory of dilute
polymer solutions in the transition region can be related to a
fractional constitutive equation with a power of 1/2.36,37 They
thus provided a theoretical basis for the hitherto empirical
fractional viscoelastic models. Later, they developed parameter
constraints under which fractional derivative viscoelastic models
yield a nonnegative rate of energy dissipation and nonnegative
internal work, providing further thermodynamic justification for
the application of fractional viscoelastic models.38 Wharmby and
Bagley later showed that any fractional exponent between 0 and 1
can be rationalized by demonstrating that the order of the
fractional derivative is directly related to the scaling of the under-
lying spectrum of relaxation times.39 A marked difference between
the fractional derivative formalism and classical models such as
the Rouse model is that the latter provide a discrete spectrum
anchored by a rigidly defined slowest relaxation mode. Fractional
models, on the other hand, have inherently continuous spectra.
Thus, fractional models cannot strictly reproduce the predictions
of classical models in a mathematical sense.

Spring-pots can be combined with classical springs and
dashpots as well as with other spring-pots to form viscoelastic
models that can describe complex rheological behaviour with a
minimal number of parameters. Introducing fractional deriva-
tive operators into rheological constitutive equations automa-
tically leads to power-law predictions for material functions.40

Fractional viscoelastic models have been demonstrated to
accurately describe a wide range of real materials, including
Xanthan gum,41,42 starch gels,43 starch/polypropylene blends,44

various liquid foods,45 and polyacrylamide gels.46 Using frac-
tional models can greatly reduce the number of parameters
needed for an accurate description of experimental data.47–52

The recent review articles by Bonfanti et al.15 and Song et al.53

provide a good overview of various fractional models and their
applications.

In the present article, we demonstrate the advantages of
describing entangled PEO solutions, as an example for viscoe-
lastic polymer solutions with variable degree of entanglement,
using the fractional Maxwell model (FMM) as opposed to the
classical generalized Maxwell model (GMM). We proceed to
study the behaviour of the fractional model parameters as a
function of polymer concentration and molecular weight (Mw),
thereby systematically varying the viscoelastic properties.

2 Viscoelastic models
2.1 The generalized Maxwell model

The classical Maxwell model is one of the simplest viscoelastic
models, consisting of a spring and a dashpot connected in
series. In the generalized Maxwell model (GMM), N Maxwell
elements are connected in parallel.13,54 Each Maxwell element
is associated with an exponential relaxation process with a
characteristic relaxation time. A schematic representation
of the GMM is shown Fig. 1. The relaxation modulus G(t) and
storage/loss moduli G0, G00 of the GMM with N modes are

given by

G tð Þ ¼
XN
i¼1

gi exp �
t

ti

� �
(2)

and

G0 oð Þ ¼
XN
i¼1

gi
o2ti2

1þ o2ti2
(3)

G00 oð Þ ¼
XN
i¼1

gi
oti

1þ o2ti2
; (4)

where ti and gi are the relaxation time and strength of the i-th
mode, respectively. The set of relaxation times and strengths
motivates the representation of viscoelasticity as a relaxation
spectrum H(t).13,55–57 The GMM yields a set of discrete relaxa-
tion times and strengths, which can be written in a continuous
form as

H tð Þ ¼
XN
i¼1

gid t� tið Þ; (5)

where d is the delta function. H(t) is the kernel of several
rheological functions, including

G tð Þ ¼
ðtmax

0

H tð Þ exp �t=tð Þdt
t

(6)

G0 oð Þ ¼
ðtmax

0

H tð Þ o2t2

1þ o2t2
dt
t

(7)

G00 oð Þ ¼
ðtmax

0

H tð Þ ot
1þ o2t2

dt
t
; (8)

where tmax is the longest relaxation time. As a consequence,
if H(t) is known, all linear viscoelastic material functions can
be calculated. However, inferring H(t) from G0 and G00 is a
mathematically ill-posed problem. There have been numerous
publications in the past concerning approaches for determin-
ing H(t) from oscillatory shear data.25,58–68 These approaches
differ in terms of the employed algorithms, and all have
strengths and weaknesses.58

One particular example is the parsimonious modelling
approach. Here, H(t) is determined from fitting G0, G00 with
the GMM of the least possible number of relaxation modes.25

Fig. 1 Sketches of the generalized Maxwell model (GMM), and the frac-
tional Maxwell model (FMM).
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The resulting discrete relaxation spectrum can then be numeri-
cally converted into a continuous spectrum.55

2.2 The fractional Maxwell model

In analogy to the classical Maxwell model, the fractional
Maxwell model (FMM) connects two spring-pots in series.
A schematic representation of the FMM is shown in Fig. 1.
The FMM is governed by two fractional exponents, 0 r bo ar 1.
Note that by definition, a 4 b. If both exponents were equal,
the FMM would reduce to a single spring-pot. The more elastic
spring-pot with the lower exponent b determines the short-
time/high-frequency behaviour, G(t - 0) B t�b, G0(o - N) B
ob and the more viscous spring-pot with the higher exponent a
determines the long-time/low-frequency behaviour, G(t - N)
B t�a, G0(o - 0) B oa.15 For b = 0 and a = 1, the classical
Maxwell model is retrieved. The constitutive equation is
given by

s tð Þ þ V

G

� �
da�b

dta�b
s tð Þ ¼ V

da

dta
g tð Þ (9)

The relaxation modulus and storage/loss moduli are given by:15

G tð Þ ¼ Gt�bEa�b;1�b �
G

V
ta�b

� �
(10)

and

G0 oð Þ ¼
Gob
� �2�Voa cos ap=2ð Þ þ Voað Þ2�Gob cos bp=2ð Þ

Voað Þ2þ Gobð Þ2þ2Voa �Gob cos a� bð Þp=2ð Þ
(11)

G00 oð Þ ¼
Gob
� �2�Voa sin ap=2ð Þ þ Voað Þ2�Gob sin bp=2ð Þ

Voað Þ2þ Gobð Þ2þ2Voa �Gob cos a� bð Þp=2ð Þ
;

(12)

respectively. Ea,b(z) is the two-parameter Mittag–Leffler function
(MLF). The MLF, which is capable of interpolating between
exponential and power-law behaviour, appears frequently in
fractional calculus and is given by

Ea;b zð Þ ¼
X1
k¼0

zk

G bþ akð Þ; a4 0; b 2 R; z 2 C: (13)

More details about the MLF and its limiting behaviour can be
found in ref. 69–71. In this paper, the MLF was evaluated
numerically in MATLAB.72,73

In contrast to the GMM, the FMM intrinsically predicts a
continuous relaxation spectrum, meaning it implies an infinite
number of relaxation modes. The relaxation time spectrum of
the FMM is given by:74

H tð Þ ¼ 1

p
t�b

VG2 sin pað Þta�b þ V2G sin pbð Þ
G2t2 a�bð Þ þ 2VGta�b cos p a� bð Þ½ � þ V2

: (14)

for t - 0 and t - N, it is straightforward to verify that

H t! 0ð Þ � G sin pbð Þ
p

t�b (15)

and

H t!1ð Þ � V sin pað Þ
p

t�a; (16)

respectively, as long as 0 o b o a o 1. All FMM material
functions, as well as their limiting behaviour are summarized
in Table S1 in the ESI.†

As seen from eqn (16), H(t) does not decay to zero, but a
small yet finite relaxation contribution remains, even at very
large times. Real materials with finite length scales have a
longest and a shortest relaxation time. At times larger than the
longest relaxation time, exponential relaxation is expected. The
FMM can therefore only describe real materials in a finite time
range. The long-time limiting behaviour of the FMM also leads
to a diverging zero-shear viscosity (see ESI†), which does not
correspond to the behaviour expected and observed for
entangled polymer solutions. The FMM can nonetheless be
useful for the description of such materials in a finite experi-
mental time/frequency window, as we will demonstrate in this
paper. A continuous increase of viscosity towards very low shear
rates, without reaching a zero-shear viscosity plateau, has been
reported for other materials, such as Xanthan gum solutions42

and liquid crystalline polymers.75

We can distinguish two sub-variants of the FMM. In the case
that b = 0 and 0 o a o 1, one spring-pot becomes a regular
spring. This variant is known as the fractional Maxwell solid
(FMS).53 The FMS is useful for describing viscoelastic solids
with a plateau modulus. It is therefore not applicable to the
polymer solutions studied in this paper. In the FMS, the quasi-
property G becomes a regular modulus G and the low-t limiting
behaviour of H(t) changes to

H t! 0ð Þ � G2 sin pað Þ
Vp

ta: (17)

conversely, in the case that 0 o b o 1 and a = 1, one spring-pot
becomes a regular dashpot. This variant is known as the
fractional Maxwell liquid (FML), which is useful for describing
viscoelastic liquids. In the FML, V becomes a regular viscosity Z
and the high-t limiting behaviour of H(t) changes to

H t!1ð Þ � Z2 sin pbð Þ
Gp

t� 2�bð Þ: (18)

The FML has a finite zero-shear viscosity, corresponding to the
parameter Z.76,77

The behaviour of the FMM for a = 0.75 and b = 0.25 is shown
in Fig. 2 for different values of V and G. In Fig. 2A and B, we see
that V only influences the low frequency behaviour, which is
governed by the a-spring pot. The opposite is true for G.
Looking at eqn (15) and (16) and at Fig. 2B and D sheds light
on the physical interpretation of the quasi-properties. With
increasing V, a whole section of the relaxation spectrum is
shifted upwards, as indicated by the black arrows. This means
that in contrast to normal viscosities and moduli, V acts on a
large range of relaxation times simultaneously.

Without reference to fractional viscoelasticity, expressions
equivalent to (15) and (16) have been used previously in
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literature to describe relaxation spectra. An example is the
empirical ‘dual asymptote model’ or ‘dual power law model’
by Winter and Mours,78 who proposed it as a continuous
approximation of GMM spectra for some polymeric fluids.
It was chosen, for instance, to describe the spectra of sulfonic
acid ionomer dispersions.79 It is given by:

Hd:a tð Þ ¼ Hi

t
li

� �� nlþnuð Þ

t
li

� ��nu
þ t

li

� ��nl ; (19)

where Hi and li are the values of Hd.a(t) and t at the intersection
point of the two power-laws and nl and nu are the two power-law
exponents, with nl o nu equivalent to b and a. The relaxation
spectrum of the FMM differs from the dual asymptote model in
that it predicts a peak around the intersection of the two power
laws, which gets more pronounced as b approaches 0 and as
the difference a � b increases (Fig. 3). The peak derives from
the fact that for a- 1 and b - 0, the FMM transitions into the
regular Maxwell model, whose relaxation time spectrum con-
sists of an infinitely narrow peak at t = Z/G with a height of G,
where Z and G are the viscosity of the dashpot and the modulus
of the spring, respectively. While the presence of the peak
makes sense conceptually, the question remains whether there
are real materials that show two power law regions, as well as a
peak in their relaxation spectra. The dual asymptote model was
developed empirically out of necessity to describe GMM relaxa-
tion time spectra that showed two power law regions, a low
exponent region at short times and a high exponent region
at longer relaxation times. The FMM goes one step further in
that it connects the same behaviour to a constitutive equation

and encompasses a continuous transition to the classical
Maxwell model.

2.3 Non-dimensional FMM

The constitutive equation of the FMM, eqn (9), can be made
dimensionless by introducing t̃ = t/tc and ~s = s/Gc. Here, tc and
Gc are a characteristic time and characteristic modulus, respec-
tively. By setting26

tc ¼
V

G

� � 1
a�b

; Gc ¼
Ga

Vb

� � 1
a�b

; (20)

the dimensionless constitutive equation becomes

~sþ da�b

d~ta�b
~s ¼ da

d~ta
g: (21)

it is easy to verify, that (tc, Gc) corresponds to the intersection
point of the limiting power laws of |G*(o)|, as demonstrated by
the black cross in Fig. S1 in the ESI.† Note that eqn (20) and (21)
are only defined if a 4 b. All FMM material functions can be
written either in terms of V and G or in terms of tc and Gc. Both
formulations are mathematically equivalent, but the latter
circumvents the need for parameters with units containing
fractional dimensions of time. However, despite their elusive
dimensions, the original parameters V and G are more readily
comparable to the traditional model parameters, viscosity and
modulus, since they also describe the magnitude of the corres-
ponding spring-pot’s response.

3 Experimental
3.1 Sample preparation

Aqueous semi-dilute solutions of high-Mw poly(ethylene oxide)
(PEO) were prepared gravimetrically by adding the appropriate
masses of PEO to a 4 mL glass vial. PEO with average molecular
weights Mw of 1000, 2000 and 4000 kDa were used, each
obtained from Sigma-Aldrich. The PEO concentrations c were
1, 2, 3 and 4 wt%. The 1 wt% solutions of 1000 kDa and

Fig. 2 Behaviour of the FMM for a = 0.75 and b = 0.25: G0 and G00 (A) and
H(t) (B) for varying V and constant G. G0 and G00 (C) and H(t) (D) for varying
G and constant V. V is in units of Pa s0.75 and G in units of Pa s0.25.

Fig. 3 Relaxation time spectra of the FMM (full lines) and the dual
asymptote model (broken lines) for (A) constant a and decreasing b and
(B) constant b and increasing a. In all cases, V ¼ 1 Pa sa and G ¼ 1 Pa sb.
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2000 kDa were too low viscous to yield reliable rheological data
and were therefore not considered further in this paper. Per
concentration, three samples were prepared by dissolving the
polymer in Milli-Q water containing a low concentration of
polystyrene particles with one of three different diameters (192,
109 or 69 nm with concentrations of 0.003, 0.01 and 0.04 w/v%,
respectively), yielding a total of 30 samples. The polystyrene
particles were originally added to allow for dynamic light
scattering microrheology experiments, as shown in ref. 80.
They do not interfere with the macroscopic oscillatory rheology
experiments (see ESI,† Fig. S3) and were therefore not consid-
ered any further in this paper. The samples were stirred using a
magnetic stirrer until a homogeneous solution was obtained,
which required up to 1–2 days depending on c and Mw.

Polymer solutions can be divided into several regimes
depending on their concentration. Ideally dilute (I), semi-
dilute non-entangled (II), semi-dilute entangled (III) and con-
centrated (IV).81,82 The regions are separated by three critical
concentrations, the overlap concentration c* (I - II), the
critical entanglement concentration ce (II - III) and c‡ (III -
IV). Different physics govern the viscoelastic behaviour of each
region. According to simple estimations shown in the ESI,† the
solutions studied here should fall into either the semi-dilute
entangled (III) or the concentrated (IV) regimes, as shown in
Table 1.

3.2 Rheology

Oscillatory shear experiments were performed on an MCR 502
WESP temperature-controlled rheometer from Anton Paar
(Graz, Austria) in strain-imposed mode using a cone and plate
measuring system with a 50 mm diameter and a cone angle of
11. The gap width is fixed at 101 mm. The temperature was kept
fixed at 25 1C for all measurements. In two successive frequency
sweeps, the oscillation frequency was varied between 0.1 and
100 rad s�1 first in increasing and then decreasing order to
check for hysteresis effects. Since no significant differences
between both sweeps were found, only the first of the two
sweeps was considered further. The strain amplitude was kept
fixed at 5%. This value lies well within the linear viscoelastic
regime, as demonstrated by amplitude sweeps that can be
found in the ESI† (Fig. S2). For some samples, additional steady
shear experiments were performed. The shear rate was varied
between 0.1 and 100 rad s�1 first in order of increasing shear
rates and then in order of decreasing shear rates. Since no
significant hysteresis effects were observed, only the increasing
order data were considered further.

3.3 Fitting viscoelastic models

Viscoelastic models were fitted using the lmfit package in
Python, which utilizes a non-linear least-squares optimization
routine.83 Model functions were written to return a one-
dimensional array containing G0 and G00, so both the real and
the imaginary parts are fitted at the same time. The minimized
quantity is given by:

w2 ¼
XM
i¼1

G
0data
i � G

0model
i

G
0data
i

� �2

þ G
00data
i � G

00model
i

G
00data
i

� �2

; (22)

where dividing by G
0data
i and G

00data
i ensures that all data points

are considered equally. i = 1. . .M corresponds to the individual
frequencies.

4 Results
4.1 Comparison of GMM versus FMM

To compare the quality of describing experimental data by the
GMM and FMM, frequency sweeps were performed on a
collection of PEO solutions with varying c and Mw. To demon-
strate the differences of the GMM and FMM, we shall focus on a
3 wt% solution of 4000 kDa PEO. The G0, G00 data were fitted
with the GMM with an increasing number of modes, N = 1. . .9,
as well as with the FMM. In addition, the parsimonious
spectrum was determined using the IRIS rheology software.78,84

The fits for the GMM with N = 1. . .4 and for the remaining models
are shown in Fig. 4A together with the residuals in B. The residual
is defined as

residuali ¼
G
0data
i � G

0model
i

G
0data
i

� �2

þ G
00data
i � G

00model
i

G
00data
i

� �2

: (23)

when a small number of modes is used, the GMM, which predicts
G0Bo2 and G00Bo scaling for o- 0, struggles to reproduce the
weak frequency dependence of G0 and G00 seen in the data. At least
4 modes, meaning 8 parameters are necessary for a reasonable
description of the data, but there are still marked oscillations in
the model data. The parsimonious model yields a very good
description with N = 6 modes and 12 parameters. In comparison,
the FMM achieves an excellent description of similar quality over
the whole frequency range with only 4 parameters. The advantage
of the FMM is particularly pronounced for highly viscoelastic
solutions, where G0 and G00 show only weak dependence on
frequency. Looking at the residuals in Fig. 4B, the FMM performs
almost as good as the parsimonious model, which has many more
parameters. That this is a general observation is demonstrated in
Fig. S5 (ESI†), showing the fit residuals for the less stiff 1000 and
2000 kDa PEO solutions at 3 wt%.

Another advantage of the FMM becomes clear when the
fitted functions are extended to frequencies below and above
the measured (and fitted) range, as shown in Fig. 4C. The
parsimonious model predicts a second crossover of G0 and
G00 at low frequencies, for which there is no evidence based on
the data. This indicates that the GMM can only ever describe
the behaviour in a specified range but does not allow for

Table 1 Expected concentration regimes for the PEO solutions studied in
this paper. Samples marked with an asterisk were not considered further
due to being too low viscous

Mw

c

1 wt% 2 wt% 3 wt% 4 wt%

1000 kDa II* III III III
2000 kDa II* III III IV
4000 kDa III IV IV IV
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predictions outside that range. In contrast, the FMM prediction
is smoother and looks much more realistic. The four model
parameters of the FMM thus encode the rheological behaviour of
the sample over a very wide range, exceeding the experimental one.

To quantify the fit quality, the chi-square statistic w2,
eqn (22), is shown in Fig. 4D as a function of the number of
model parameters. For the GMM-type models, w2 decreases
exponentially with the number of model parameters until a
limiting value, D, is reached, which can be associated with the
noise level of the data.55 The spectrum with the lowest number
of model parameters that reaches a fit error close to D is the
parsimonious spectrum. The FMM reaches a fit error much
lower than GMM-4 with half the number of fit parameters.

The relaxation times ti and strengths gi of the GMM fits
with increasing number of modes are shown in Fig. 4E. The
relaxation time spectrum widens as the number of modes is
increased until it spans from around 10�2 s to 102 s, which
roughly corresponds to the inverse of the measured frequency
range. This indicates that the determined spectrum merely
reflects the time scale of the experiment, but the individual
parameters do not hold any particular meaning. The FMM on
the other hand intrinsically predicts a continuous relaxation
time spectrum. The continuous spectrum is always lower than
the individual values of the GMM, because the same mechan-
ical response is spread out over an infinitely large number of
relaxation modes.

The predictions for the relaxation modulus G(t), as calcu-
lated from eqn (2) and (10) for the GMM and FMM, respectively,
are shown in Fig. 4F. The predictions are similar in the

intermediate time range that corresponds to the measured
frequency range. Differences arise in the limiting behaviour.
The GMM quickly approaches a constant plateau value for
times t shorter than the shortest relaxation time. The plateau

is given by the sum of all relaxation strengths, G t! 0ð Þ ¼
PN
i¼0

gi.

At times longer than the longest relaxation time (demonstrated
by the dotted lines in Fig. 4E and F), G(t) decays exponentially.
The FMM on the other hand predicts power-law behaviour in
both limits. Accordingly, the FMM is typically the much more
realistic description, as it is less bound to reflect the artefacts
seen in the GMM arising from the limited experimental window
and the intrinsically assumed exponential relaxation.

The scenario that stress relaxation follows a power law until
it decays exponentially beyond a longest relaxation time is given
by the Rouse model, which explains the dynamics of unen-
tangled polymers.37,81 In the Rouse model, stress relaxation
follows a Bt�1/2 power law at intermediate times and decays
exponentially for t 4 tr, where tr is the Rouse time, corres-
ponding to the relaxation on the scale of the entire chain.81

4.2 Scaling of FMM parameters

Having established the conceptual advantages of using the
FMM over classical viscoelastic models, we now apply this
model to a range of PEO solutions with varying viscoelasticity
with a focus on the behaviour of the fit parameters as a
function of concentration and Mw. The studied PEO solutions
range from rather low viscous solutions for the short PEO

Fig. 4 (A) Fits of GMM-N with increasing number of modes N = 1 to N = 4, the parsimonious model and the FMM for a 4000 kDa, 3 wt% PEO solution.
Only every second data point is shown to improve lucidity. Solid and broken lines indicate G0 and G00 respectively. (B) Fit residuals. (C) The fit parameters of
the parsimonious and FMM models are used to predict G0 and G00 outside of the data range. (D) The fit error w2 as a function of the number of model
parameters. (E) Relaxation time spectra determined from GMM fits with an increasing number of modes, as well as the FMM spectrum calculated from
eqn (14). (F) Predictions for the relaxation modulus calculated using eqn (2) for GMM and using eqn (10) for the FMM. The dotted lines indicate the longest
relaxation time of each spectrum. The colour code in (E) and (F) is the same as in (A).
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chains and low concentrations to stiffer gel-like materials for
high Mw and high concentrations. At each Mw and concen-
tration, three measurements on three separately prepared
samples were performed (see Section 3.1) in order to obtain
statistically robust data.

For the 1000 and 2000 kDa polymers, the determined values
for a were very close to 1 in all cases, meaning the corres-
ponding spring-pot reduces to a regular dashpot. The fit was
therefore repeated with the a-parameter fixed to 1. This parti-
cular variant of the FMM is referred to as the fractional Maxwell
liquid (FML).53 The fits for one of three sets of samples are
shown in Fig. 5A–C, the remaining fits are shown in the ESI.†
There is excellent agreement between model and data in all
cases for not too low values of G0 and G00 (as here simply the
limits of reliability of the experimental data are reached). The
determined fractional exponents, a and b, from the three
samples were averaged and are plotted as a function of polymer
concentration in Fig. 5D and E. For 1000 and 2000 kDa, b shows
close to no dependence on concentration and has an average
value of 0.41 and 0.36 for 1000 and 2000 kDa, respectively. This
means that the behaviour of all 1000 and 2000 kDa solutions
are well-described by a model consisting of a dashpot and a
rather elastic spring-pot in series. For 4000 kDa, the situation is
quite different, because both a and b decrease systematically
with concentration. In this case, the model elements become
more elastic in nature to capture the behaviour of the higher
concentrated, more gel-like solutions. Looking at the Mw

dependence, one sees almost no change between the 1000 and
2000 kDa samples but a rather large jump in behaviour when
going to the 4000 kDa samples. The more distinct changes in a
and b seen for the 4000 kDa samples indicate that different
physics are governing these samples. This is mirrored in
Table 1, where the higher concentrated 4000 kDa samples were
predicted to be in the concentrated regime (IV) as opposed to
the semi-dilute entangled regime (III). Within the semi-dilute
entangled regime, the exponents remain largely unchanged.

The variation of the quasi-properties V and G is shown in
Fig. 5F and G. Note that the physical units of V and G change
with a and b, respectively, as indicated by the dashed arrows
in Fig. 5F and G. Plotting a quasi-property with varying units
on the same ordinate is strictly speaking not meaningful.
However, doing so reveals that, similar to the classical model
parameters zero-shear viscosity and shear modulus, they
show power law scaling with concentration. They therefore
behave as if they were regular material constants. The scaling
exponents are shown in relation to the fractional exponent of
the corresponding spring-pot in Fig. 5H. The more viscosity-
like quasi-property V, generally shows a stronger dependence
on concentration than the more modulus-like property G.
All scaling exponents are intermediate between the expected
exponents for the classical shear modulus (Bc2.3) and zero-
shear viscosity (Bc4.7) of entangled polymer solutions in y-
solvents.81 There is a roughly linear correlation between the
scaling exponent and the fractional exponent of the corres-
ponding spring-pot, as indicated by the linear fit in Fig. 5H.
This means that the quasi-properties of the fractional model

scale in a way directly related to the classical predictions of
polymer theory.

The arithmetic mean of the two fractional exponents
(Fig. 5I), m = (a + b)/2 can help classify the overall nature of
the sample. If m = 0, both spring-pots are springs and the
sample is a pure solid. If m = 1, both spring-pots are dashpots
and the sample is a pure liquid. We therefore propose that for
0 o m o 0.5, the sample can be classified as a viscoelastic solid
and for 0.5 o m o 1 as a viscoelastic liquid. As shown in Fig. 5I,
according to this framework, all 1000 and 2000 kDa samples
can be classified as viscoelastic liquids. For 4000 kDa, m dips
below 0.5 for c Z 2 wt%, indicating that a more profound
change in the rheological behaviour is taking place, i.e. the
samples change to behave like a viscoelastic solid. The char-
acteristic time and modulus tc and Gc, are shown in Fig. 5J and
K, respectively. Interestingly, tc is almost constant for 4000 kDa
PEO, while for 1000 and 2000 kDa it increases substantially
with increasing concentration. Similarly, the concentration
dependence of Gc is much higher for the 4000 kDa samples
than for the two shorter polymers. It is important to keep in
mind that tc corresponds to the intersection of the limiting
power laws of |G*(o)| and is not strictly the same as a structural
relaxation time. The quantities tc and Gc are unique to frac-
tional models that show power law scaling. The product Zc =
tcGc defines a characteristic viscosity Zc whose physical mean-
ing is a priori not known. As mentioned in Section 4.1, the zero-
shear viscosity diverges for the FMM if ao 1. For the case of the
FML, i.e., when a = 1, the model yields a finite zero-shear
viscosity and it is easy to verify that: Z = Z0 = Zc.53,76,77 In steady-
shear experiments, we found that the viscosity of all samples
approaches a plateau towards low shear rates, confirming the
existence of a finite zero-shear viscosity (see Fig. S6, ESI†). In
Fig. 6 we show the ratios V=Z0 and Zc/Z0, as well as a for one of
the three samples sets. As expected, both ratios are very close to
1 for the less viscous samples, where a = 1. For the stiffer 4000
kDa samples, both ratios drop significantly below 1, as a also
decreases. In all cases, Zc=Z0 4V=Z0. A reason for this discre-
pancy might arise from the fact that for these very viscous
samples, the value of Z0, estimated from a cross model fit (see
ESI†), is inaccurate because the plateau is not yet fully reached
in the experiment range.

4.3 Analysis of relaxation spectra

Fractional viscoelastic models are intrinsically associated with
continuous relaxation time spectra. After obtaining the FMM
parameters from fitting G0, G00 data, the continuous spectra can
be calculated analytically using eqn (14). This is a great advan-
tage over classical models, because it circumvents the need to
first determine a discrete spectrum and numerically convert it
into a continuous one.55

The PEO spectra were calculated from the averaged FMM
parameters and are shown in Fig. 5L–N. The spectra for the
1000 and 2000 kDa polymers look generically similar, irrespec-
tive of concentration. FML spectra exhibit Bt�(2�b) scaling for
t - N as opposed to Bt�a in the FMM case, because
the sin(ap/2) term in eqn (14) vanishes for a = 1. For 1000

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

1 
Se

pt
em

be
r 

20
24

. D
ow

nl
oa

de
d 

on
 7

/1
9/

20
25

 1
:0

0:
40

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm00749b


This journal is © The Royal Society of Chemistry 2024 Soft Matter, 2024, 20, 7914–7925 |  7921

Fig. 5 (A)–(C) G0, G00 data of one set of PEO solutions fitted with the FML and FMM. Only every second data point is shown to increase lucidity. (D)–(G)
Results for fitted parameters averaged over the three data sets. (H) The scaling exponents of V and G exhibit a roughly linear dependence on the
fractional exponents. The grey area shows the 95% confidence interval of the linear fit. (I) The arithmetic mean of the two fractional exponents elucidates
whether the sample can be classified as a viscoelastic solid or liquid. (J) Characteristic time tc. (K) Characteristic modulus Gc. (L)–(N) Relaxation spectra
calculated via eqn (14) using the averaged fit parameters.
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and 2000 kDa, an increase in concentration leads to a diagonal
shift of the spectra towards higher values of H(t) and longer
relaxation times, indicating that no significant change of the
dynamics of the system occurs. In the case of 4000 kDa, the
shape of the spectra changes significantly with concentration,
which is mirrored in the stronger variation of a and b. This can
be explained such that the slower dynamics at large t are
affected much more than the faster dynamics at small t. Faster
dynamics generally take place on a smaller length scale. In the
case of our polymer solutions, the fast dynamics include the
movement of isolated polymer segments or dangling chain
ends. These local processes are largely unaffected by an increas-
ing concentration of polymer but only happen more frequently,
explaining why H(t) is shifted upward. Slower dynamics, taking
place on a much larger length scale, include entanglement and
disentanglement and an overall reorganization of the structure.
These processes are closely related to the elastic properties and
change considerably if the concentration is increased, explain-
ing why the variation of H(t) at large t is much stronger.

4.4 Time-concentration superposition

The identical shape of the relaxation spectra seen in Fig. 5L–N
motivates collapsing all the corresponding G0, G00 data sets
onto one master curve. Since the curves belong to solutions
of varying concentration, this procedure is known as time-
concentration superposition (TCS). TCS refers to shifting rheo-
logical spectra in both the horizontal and vertical direction with
respect to a reference curve to obtain a single master curve.85–87

We can define the horizontal and vertical shift factors ac and bc

such that

G
0
shiftðo; cÞ ¼ bcG

0
ref aco; crefð Þ (24)

and

G
00
shiftðo; cÞ ¼ bcG

00
ref aco; crefð Þ; (25)

where cref is an arbitrary reference concentration. TCS assumes
that all relaxation modes show the same dependence on
concentration:

ac = ti(c)/ti(cref) (26)

and

bc = gi(c)/gi(cref). (27)

However, this is not generally true, because, e.g., in the case of
polymer solutions the fast Rouse dynamics show a different
concentration dependence than the terminal reptation dyna-
mics.81 For that reason, superposition can only be achieved
either in the Rouse regime or in the terminal regime.86 The
horizontal shift factor is determined first by shifting the loss
tangent, tan d = G00/G0, in the horizontal direction to align with
the loss tangent of a reference curve. Afterwards, G0 and G00 are
shifted in the vertical direction to match the values of the
reference curve (for details about the shifting procedure refer to
the ESI†). For all Mw, the respective 2 wt% solution was chosen
as the reference sample.

The shifted curves for one of the three sample sets are
shown in Fig. 7. The plots for the remaining samples can be
found in the ESI.† The shifted curves, as seen in Fig. 7B, D
and F match very well in the case of the two lower molecular

Fig. 6 Ratio of the more viscosity-like quasi-property V (or Z in the FML
case) and the characteristic viscosity Zc to the measured zero-shear
viscosity Z0 (from steady shear experiments), as well as the ratio of
the characteristic viscosity Zc to Z0. The fractional exponent a is also
shown. Both ratios are very close to unity when a = 1. Deviations appear
for a o 1.

Fig. 7 Time-concentration superposition results for different PEO sam-
ples. Firstly, horizontal shifts are obtained by shifting the loss tangents (left
column). Secondly, vertical shifts are obtained by shifting G0, G00 (right
column). (A) and (B) 1000 kDa, (C) and (D) 2000 kDa, (E) and (F) 4000 kDa.
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weights, corresponding to the cases where a and b show little
variation with concentration. For 4000 kDa, superposition is
still decent, but considerably worse than in the other two cases,
providing further evidence that the rheological properties of the
longer chain polymer solutions are governed by other physics.

The shift factors ac and bc were determined for all three sets
of samples and their averages are shown in Fig. 8. The deter-
mined shift factors scale as power laws with concentration. The
scaling exponents are between 3.40 and 4.46 for ac and between
1.03 and 1.57 for bc. The vertical shift factor, bc is a measure of
the scaled plateau modulus and is therefore expected to scale as
Bf3n/3n�1 E f2.3 for polymers in good solvents (n = 0.588),
where n is the Flory exponent.81,86 The scaling exponents found
here are significantly smaller than 2.3, meaning that our
polymer solutions are less dependent on concentration than
expected for entangled polymer solutions. However, the num-
ber of shift factors per Mw is rather small (2 for 1000 and
2000 kDa and 3 for 4000 kDa), so more experiments would be
needed to draw a final conclusion.

5 Conclusions

We have shown that the fractional Maxwell model (FMM) yields
an excellent description of the frequency-dependent rheology of
PEO solutions. In general, the FMM leads to better descriptions
with substantially fewer model parameters compared to the
classical, generalized Maxwell model (GMM). The FMM has
been successfully applied to solutions of PEO of varying Mw and
concentration, ranging from low viscous solutions to hydrogel-
like materials. The quasi-properties V and G show power-law
scaling as a function of polymer concentration with exponents
intermediate between those expected for the shear modulus
and the zero-shear viscosity of polymer solutions. Continuous
relaxation spectra can be calculated analytically from the FMM-
parameters.

As a particular finding, we observed that upon increasing
the polymer concentration of 1000 and 2000 kDa PEO, the
spectra do not change in shape but are only shifted, indicating
that the overall nature of the samples remains unchanged.

In those samples, the rheological spectra from various concen-
trations could be merged into a master curve using the concept
of time-concentration superposition (TCS). In the case of
4000 kDa, more profound changes are taking place as the
solution transitions form a viscoelastic liquid to a viscoelastic
solid. Here, TCS shows larger errors.

In summary, it can be stated that the FMM is a very suitable
model of describing the viscoelastic properties of entangled
polymer solutions over an extended frequency range in a
reliable way and allows us to gain good insights into the
relaxation mechanisms of such systems.
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70 M. A. Özarslan and B. Yılmaz, J. Inequal. Appl., 2014,
2014, 85.

71 H. J. Haubold, A. M. Mathai and R. K. Saxena, J. Appl. Math.,
2011, 2011, 298628.

72 R. Garrappa, The Mittag-Leffler function, 2015, https://www.
mathworks.com/matlabcentral/fileexchange/48154-the-mittag-
leffler-function.

73 R. Garrappa, SIAM J. Numer. Anal., 2015, 53, 1350–1369.
74 A. Stankiewicz, Polymers, 2023, 15, 3552.
75 S. M. Guskey and H. H. Winter, J. Rheol., 1991, 35,

1191–1207.
76 J. D. J. Rathinaraj, B. Keshavarz and G. H. McKinley, Phys.

Fluids, 2022, 34, 033106.
77 J. D. J. Rathinaraj, J. Hendricks, G. H. McKinley and

C. Clasen, J. Non-Newtonian Fluid Mech., 2022, 301, 104744.
78 H. H. Winter and M. Mours, Rheol. Acta, 2006, 45, 331–338.

79 S. Khandavalli, J. H. Park, H. H. Winter, D. J. Myers, M. Ulsh
and S. A. Mauger, Macromolecules, 2023, 56, 6988–7005.

80 R. F. Schmidt, H. Kiefer, R. Dalgliesh, M. Gradzielski and
R. R. Netz, Nano Lett., 2024, 24, 4758–4765.

81 M. Rubinstein and R. H. Colby, Polymer Physics, Oxford
University Press, London, England, 2003.

82 W. W. Graessley, Polymer, 1980, 21, 258–262.
83 M. Newville, T. Stensitzki, D. B. Allen and A. Ingargiola,

LMFIT: Non-Linear Least-Square Minimization and Curve-
Fitting for Python, 2014, DOI: 10.5281/ZENODO.1699739.

84 L. Poh, E. Narimissa, M. H. Wagner and H. H. Winter, Rheol.
Acta, 2022, 61, 259–269.
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