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reactions with convective flow†

Tetsuya Yamamoto, *a Koji Kubota, ab Yu Harabuchia and Hajime Ito ab

Deep understanding of reaction kinetics in mechanochemical conditions is crucial to further advance this

field of solid-state chemistry. However, a formidable challenge owing to the complexity of these systems, in

particular the kinetic effects of mechanical stress, makes this problem very complex. In this study, we

developed a scaling theory to understand the kinetics of mechanochemical reactions by considering

convective flows driven by applied mechanical stress, with the assumption that the product behaves as

a fluid with the applied mechanical stress in a ball mill. This theory predicts that the rates of

mechanochemical reactions are regulated by the dissolution of reactants in the product-rich phase

formed between two reactants, and that mechanical force-induced convective flows enhance reaction

rates by reducing the thickness of the product-rich phase. This scaling model provides a fundamental

approach to understanding the effect of mechanical stress on mechanochemical organic reactions in

ball milling.
Fig. 1 (a) Geometry of mechanochemical synthesis by ball milling.
Reactants (magenta and cyan) and a metal ball (gray) are placed in
Introduction

Recently, mechanochemical organic synthesis using ball
milling has attracted signicant attention as it provides a more
efficient, energy-saving, and environmentally-friendly alterna-
tive to conventional solution-based approaches using organic
solvents. In this approach, strong mechanical agitation by ball
milling grinds the reactants, reagents and catalysts, resulting in
highly efficient mechanochemical organic reactions (Fig. 1a).
Synthetic chemists have demonstrated that many organic
reactions can be performed efficiently under mechanochemical
conditions using ball milling.1–13 Oen, stronger mechanical
inputs accelerate these reactions.14 However, the effects of
mechanical force on microscopic (molecular) and macroscopic
(solid-particle) processes under mechanochemical reaction
conditions are not well understood.15 To further advance the
eld of mechanochemical synthesis, a theoretical under-
standing of the force-dependent reaction kinetics in mechano-
chemical organic transformations is crucial.

To understand the effects of mechanical force on reaction
kinetics, a separate discussion of the microscale processes at
the molecular level and the macroscale processes in the phys-
ical mixing of a reaction mixture is important.15 At the molec-
ular level, the applied mechanical force can directly activate the
starting materials and catalysts, thereby decreasing the
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required activation energy of the reactions. It is probably the
case of the reaction of polymeric compounds, where macro-
scopic mechanical stresses can be transmitted due to their large
size (∼10–100 nm).15–21 In contrast, how the mechanical force
activates the reactions of small molecules remains unclear,14

except in a single molecule type experimental system designed
to apply mechanical force to a pair of reactant molecules by
using cantilever22 or simply by applying mechanical stress to
crystals.23,24

In the ball-milling reaction of small molecules, the
mechanical force can also affect the macroscale mixing
processes and accelerate mechanochemical reactions.14,25,26 The
a chamber. The synthesis is performed by shaking the chamber.
Mechanical forces are applied to the reactants due to the collision
between the ball and reactants and/or between reactants. (b). Mech-
anochemical reactions happen at the interface between the reactants.
This produces the product-rich phase (green) at the interface between
the two reactant solids (cyan and magenta). A small volume of solvent
added to the system acts as plasticizer of the product-rich phase. The
applied mechanical stress drives shear flow in the product-rich phase.
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molecular dynamics simulations have revealed that the plas-
ticity of the colliding solid reactant particles probably play a key
role in the mixing of reactants.25,26 This may be somewhat
analogous to early molecular dynamics simulations that
showed that the mechanical force larger than the critical
loading is necessary to adhere two solid particles.27,28 However,
these molecular dynamics simulations treat the mixing of
reactant molecules at the early time scale before mechano-
chemical reactions occur. Mechanochemical reactions lead to
the formation of a product-rich phase at the interface between
the two reactant-rich solid phases (Fig. 1b). We have recently
shown that the kinetics of mechanochemical reactions is
regulated by the dissolution of the reactant molecules into the
product-rich phase.29 Interestingly, the addition of a small
volume of solvent oen increases the reactivity of solid reac-
tants.30 This is probably because the solvent wets the surfaces of
reactant solids and acts as plasticizer of the product-rich phase
produced there. If it is the case, the applied mechanical force
drives the plastic convective ows in the product-rich phase
(Fig. 1b). Motivated by these insights, we formulate a scaling
theory for the kinetics of mechanochemical reactions by
considering the convective ows as well as the diffusive ows
(uxes) of reactant and product molecules.

The convective ows are average motion of molecules driven
by applied stress (via the development of the gradient of
hydrostatic pressure), while the diffusive ows (uxes) are
relative motion of different molecular species driven by
concentration gradient (via the development of the gradient of
osmotic pressure).31 Our theory predicts that for cases in which
the reaction is diffusion-limited, the convective ows accelerate
the reaction. This is because the convective ows decrease the
Fig. 2 (a) Coordinate system set at the interface between the reactants
product-rich phase (green) where the reactant–reactant interface was lo
Volume fraction profile of A (magenta) and B (cyan). The volume fraction
phase diagram of B and product AB [reproduced from Fig. 4a in ref. 29]. T
In this region, the system is separated into a liquid region with the volume
of the volume fraction of reactant B at the temperature. The binodal lines
a uniform liquid in the region labeled as “L” and is a uniform solid in the reg
the volume fraction at the binodal lines are jB1 z 0 and jB2 z 1.

RSC Mechanochem.
thickness of the product-rich phase and thus increase the
concentration gradient of the reactants, accelerating the diffu-
sive ow of reactants. In contrast, for cases in which the reac-
tion is rate-limited, where the reaction rate is determined by the
local concentration (rather than the concentration gradient) of
the reactants, the convective ows do not accelerate the reac-
tion. This is because the convective ows do not change the
local concentration of the reactants.
Mechanochemical reaction without
convection

We previously reported a detailed calculation of the reaction
kinetics of solid reactants without applied mechanical force.29

We here reformulate it in a simple scaling theory. This theory
predicts the kinetics of the chemical reaction A + B / AB
between reactant molecules A and B, which form distinct solid
phases at the initial condition, see Fig. 2a. We set the coordinate
system, in which the x–y plane (z = 0) is located at the interface
between A and B at the initial condition and thus the z axis is
normal to this interface. The reaction system is characterized by
the volume fractions of reactant A, jA(z), reactant B, jB(z), and
product AB, jAB(z). The volume fraction jB(z) of the reactant B is
dened as

jB(z) = vBcB(z), (1)

where cB and vB are the concentration and volume of reactant B,
respectively. The volume fractions, jA(z) and jAB(z), are dened
in similar manners. For simplicity, we treat cases in which (1)
the thermodynamic properties, such as the volume per
A and B. The x–y plane (z = 0) is set at the middle of the layer of the
cated at the initial condition. The z-axis is normal to the interface. (b)
of B is symmetric with the volume fraction of A at z = 0. (c) Miscibility
he region labeled as L + S is delineated by the binodal lines (cyan lines).
fraction jB1 and a solid region with the volume fraction jB2: the values
cross with the line of jB = 1 at the melting temperature. The system is
ion labeled as “S”. We treat the low temperature, at which the values of

© 2024 The Author(s). Published by the Royal Society of Chemistry
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Fig. 3 Reaction rate S, defined by the volume of products produced
per unit time and unit area (at the reactant–reactant interface, z = 0),
as a function of time as evaluated using eqn (6) and (7) (double loga-
rithm). The calculations were performed for the volume fraction jB1 =
0.004 (green), 0.01 (solid black), and 0.02 (orange). The broken black
line is the reaction rate for cases in which both reactants and products
are liquid. We rescaled time t with a rescaling factor s to make both
axes dimensionless although there is no characteristic time scale, see
eqn (6). The rescaling factor s is arbitrary and acts as the unit of time.
This treatment is consistent because the reaction rate S is also rescaled
by s−1/2. The short black line indicates the slope of −1/2.
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molecule, melting point, latent heat, heat capacity, as well as
the diffusion constant of the reactants A and B are symmetric;
(2) the reaction is diffusion-limited; (3) the system is incom-
pressible, jA(z) + jB(z) + jAB(z) = 1; (4) the volume per product
AB molecule is the sum of the volume per molecule of A and B;
and (5) the changes in the volume per molecule upon phase
transition and mixing are negligible. With these assumptions,
(1) the volume fractions of A and B are symmetric with respect to
the x–y plane, and (2) reactant A does not penetrate the B-rich
region (z > 0) and vice versa, see Fig. 2b. We thus analyze only
the volume fraction jB(z) of the reactant B in z > 0, where the
volume fraction of the product is 1 − jB(z) because of the
incompressibility of the system. The incompressibility condi-
tion approximately represents the fact that the system is lled
with reactants and products, in contrast to the reactions in
a dilute solution. This treatment neglects small changes of
volume per molecule by applied force due to the elastic defor-
mation of solids.

The chemical reaction occurs at the interface between the A-
rich and B-rich phases. A product-rich phase is thus produced
between these reactant-rich phases. For cases in which the
reactant B and the product AB do not form a eutectic, the
product molecules are excluded from the B-rich phase to
stabilize their solid state, see also Fig. 2c. The volume fraction
jB of reactant B thus cannot take the values between the two
binodal values jB1 and jB2 (phase separation), see Fig. 2b.31,32

The volume fraction jB follows the diffusion equation31

v

vt
jBðzÞ ¼ DB

v2

vz2
PðjBÞvB
kBT

; (2)

where P(jB) is the osmotic pressure. kB is the Boltzmann
constant and T is the absolute temperature. The boundary
conditions to impose the solution of eqn (2) are (1) jB = 0 at z =
0, because the reaction is diffusion-limited, and (2) jB = 1 for
z / N. Eqn (2) implies that the osmotic pressure P(jB), rather
than the volume fraction jB, are continuous across the system.
Because of the instability of phase separation discussed above,
the volume fraction jB jumps between jB1 and jB2, see
Fig. 2b.29,33,34 The consistency of the jump and eqn (2) is also
discussed in Sec. S1 in ESI.† Indeed, the osmotic pressure is
equal at the two binodal values, jB1 and jB2, and this ensures the
continuity of the osmotic pressure as well as the continuity of the
chemical potential (local equilibrium). The jump in the volume
fraction jB denes the interface between the product-rich and
reactant-rich phases and the position z = h(t) of this interface.

In the limit of low temperature, the two binodal values have
asymptotic limits jB1 z 0 and jB2 z 1. In the product-rich
phase, 0 < z < h(t), the volume fraction jB is thus much
smaller than unity and the osmotic pressure follows the van't

Hoff's law,
PvB
kBT

zjB. The diffusive ux JB

�
¼ �DB

vjB

vz

�
rep-

resented by the volume of B molecules passing through a unit
area per unit time, is proportional to the concentration gradient
(volume fraction gradient) of these molecules

JB ¼ �DB

jB1

hðtÞ; (3)
© 2024 The Author(s). Published by the Royal Society of Chemistry
where we assumed that the volume fraction prole is approxi-
mately linear. The reactant B molecules are transported from
the interface between the reactant B-rich and product-rich
phases. The volume fractions at the reactant–product inter-
face are xed at the binodal values jB1 (z0) and jB2 (z1), the
position h(t) of the reactant–product interface shis as the
number of B molecules decreases due to ux

d

dt
hðtÞ ¼ �JB: (4)

From eqn (3) and (4), the position h(t) of the reactant–product
interface can be derived in the form

hðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2DBjB1t

p
: (5)

In diffusion-limited reactions, the reaction rate S (dened by
the volume of products produced per unit time and unit area) is
equal to the ux of reactant molecules, S=−JB. By using eqn (3)
and (5), the reaction rate is derived as the form

S ¼ a

ffiffiffiffiffiffiffi
DB

pt

r
(6)

with

a ¼
ffiffiffiffiffiffiffiffiffiffiffi
p

2
jB1

r
: (7)

Eqn (6) and (7) are indeed equal to the asymptotic form of the
reaction rate derived by using the mean eld theory.29 Eqn (6)
predicts that the rate of reactions between solid reactants is
smaller than the rate of reactions between liquid reactants by
the factor of a, see also the solid and broken black lines in
Fig. 3. jB1 is the volume fraction of reactant molecules dissolved
in the product-rich phase, implying that the mechanochemical
RSC Mechanochem.
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reactions of solid reactants are regulated by the dissolution of
reactants in the product-rich phase, see the solid lines in Fig. 3.
The rate of reactions between the solid reactants decreases with
time because the thickness h(t) of the product-rich phase
increases with time, which decreases the concentration
gradient of the reactant molecules, see eqn (3) and (5).
Mechanochemical reaction with
convection

Now we consider the contribution of the mechanical stress st,
applied by balls in the direction normal to the interface, as an
extension of the scaling theory developed in the previous
section. We use a cylindrical coordinate system, with which the
position in the system is represented by the radial coordinate r,
the azimuthal angle f, and z, see Fig. 4. The cross section
normal to the z-axis is assumed to be circular with radius r0,
which corresponds to the grain size of A and B. We treat cases in
which the length scale of the system in the radial direction is
larger than the thickness of the product-rich phase, r0 [ h(t).
The thin lm geometry of the system allows us to decouple the
force balance in the lateral and normal directions. The applied
mechanical stress is balanced with the hydrostatic pressure and
the gradient of hydrostatic pressure drives convective shear ow
in the product-rich phase (the lubrication approximation).31,32

The details of the lubrication approximation is also
Fig. 4 Cylindrical coordinate system used to represent the velocity
field in the product-rich phase. The plane z= 0 is located at themiddle
of the product-rich phase, where the interface between the reactants
A and B is located at the initial condition. The reactant–reactant
interface is assumed to be circular with radius r0, which corresponds to
the grain size of A and B. Themechanical stress st is applied normal to
the interface.

RSC Mechanochem.
summarized in Sec. S2 in the ESI.† The convective ow in the
product-rich phase can be analyzed by the Stokes equation:

� v

vr
pðrÞ þ v

vz
srz ¼ 0; (8)

which represents the balance of the forces due to the hydro-
static pressure p(r) and the forces due to the mechanical stress.
The hydrostatic pressure p(r) is determined by the incompres-
sibility condition:

1

r

v

vr
ðrvrÞ þ v

vz
vz ¼ 0; (9)

where vr and vz are the r- and z-components of the velocity eld,
respectively. The boundary conditions for solving eqn (8) and (9)
are vr = 0 and vz = −V(t) at z = h(t) (the non-slipping boundary

condition)31,32 and
v

vz
vr ¼ 0 and vz = 0 at z = 0 (because of the

symmetry of the system). This approach is effective for the time
scale in which the thickness of the product-rich phase becomes
larger than the molecular length scale.

The constitutive relationship between the stress srz and the
velocity eld depends on the rheological properties of the reac-
tants and products. For simplicity, we treat the reactant-rich solid
phase as a rigid-body and the product-rich phase as a viscous
uid with the scale of the mechanical stress applied by the balls.
The latter assumption is motivated by the fact that a small
volume of solvent added to the system can act as a plasticizer for
the product-rich phase.33 In such cases, the deformation of the
reactant-rich phase is negligible and eqn (8) and (9) are only
effective in the product-rich phase, 0 < z < h(t), where

srz ¼ hAB

v

vz
vr; (10)

where hAB is the viscosity of the product-rich phase. Because the
volume fraction of solvent added to the system as well as that of
the reactants are small, we assume that the solvent only acts as
a plasticizer of the product, but the viscosity of the product-rich
phase is mostly determined by the product.

By using eqn (8)–(10) with the forementioned boundary
conditions, the velocity eld is derived in the forms

vr ¼ 1

2hAB

�
� v

vr
pðrÞ

��
h2ðtÞ � z2

�
(11)

vz ¼ 1

2hAB

�
1

r

v

vr

�
r
v

vr
pðrÞ

���
h2ðtÞz� 1

3
z3
�

(12)

(Fig. 5). The boundary condition, vz = −V(t) at z = h(t), leads to
the form

1

r

v

vr

�
r
v

vr
pðrÞ

�
¼ �3hABVðtÞ

h3ðtÞ ; (13)

where V(t) is the time evolution of the thickness h(t) of the product-
rich phase due to the appliedmechanical stress. By integrating eqn
(13), the hydrostatic pressure p(r) is derived in the form

pðrÞ ¼ 3

4

hABVðtÞ
h3ðtÞ

�
r0

2 � r2
�
: (14)
© 2024 The Author(s). Published by the Royal Society of Chemistry
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Fig. 5 Vector plot of the velocity field in the product-rich phase, see
eqn (11) and (12). The direction of the arrows represents the direction
of the flow at the position and the color of the arrows represents the
magnitude of the flow (see the legend).

Fig. 6 (a) Thickness h(t) of the product-rich phase and (b) reaction rate
S(t) as functions of time, as evaluated by using eqn (17) and (21),
respectively (double logarithm). The numerical calculations were
performed for st/s0 = 0.0 (black), 0.2 (cyan), 1.0 (brown), and 5.0
(magenta) and for the volume fraction jB1 = 0.01. The time scale s0
(=r0

2/DB) was used to rescale time and reaction rate in dimensionless
values. The short black line in (a) and (b) indicates the slopes of 1/2 and
−1/2, respectively.
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The hydrostatic pressure of the product-rich phase is balanced
with the applied mechanical stress st,

st ¼ 1

pr02

ðr0
0

2pr dr pðrÞ ¼ 3

8

hABVðtÞ
h3ðtÞ r0

2: (15)

Eqn (15) represents the time evolution V(t) of the thickness of
the product-rich phase with the applied mechanical stress
st.

With the contribution of the applied mechanical stress, the
time evolution of the thickness h(t) of the product-rich phase
has the form

d

dt
hðtÞ ¼ �JB � VðtÞ ¼ DB

jB1

hðtÞ �
8

3

st

hABr0
2
h3ðtÞ: (16)

For constant applied mechanical stress st, by using eqn (16),
the thickness h(t) is derived as follows (Fig. 6a):

hðtÞ ¼ hs

�
tanh

2t

ss

�1
2

; (17)

where

hs ¼ r0

�
s0

st

�1
4

jB1

1
4 (18)

ss ¼ r0
2

DB

�
s0

st

�1
2

jB1

1
2; (19)

The scale s0 of the mechanical stress applied by the balls has
the form

s0 ¼ 3

8
DB

hAB

r02
: (20)

The reaction rate is equal to the ux of reactant molecules,
S = −JB, and thus has the form
© 2024 The Author(s). Published by the Royal Society of Chemistry
S ¼ Ss

ðtanhð2t=ssÞÞ
1
2

(21)

with

Ss ¼ DB

r0
jB1

3
4

�
st

s0

�1
4

; (22)

see Fig. 6b and 7. The dissolution of the reactant molecules into
the product-rich phase and the contribution of the applied
mechanical stress are taken into account in eqn (22) via jB1 and
st, respectively.

In the short time scale, t < ss, eqn (21) has an asymptotic
form, which is equal to eqn (6). This implies that the applied
mechanical stress st does not accelerate the mechanochemical
reaction in this time scale, see Fig. 6b. In the long time scale, t >
ss, the reaction rate is constant, S = Ss. In contrast to the case
without applied mechanical stress, the reaction rate continues
to decrease with time, see the black and brown lines in Fig. 6b.
The constant reaction rate results from the fact that the diffu-
sive ux JB of reactant B is balanced by the convection ow V(t)
in this time scale. This keeps the thickness of the product-rich
phase constant, h(t) = hs, see Fig. 6a. The time scale ss of the
crossover decreases with increasing applied mechanical stress
st, see eqn (19). The reaction rate Ss at the steady state thus
RSC Mechanochem.
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Fig. 7 Reaction rate Ss for the steady state as a function of the applied
mechanical stress st/s0, as evaluated using eqn (20). The short black
line indicates the slop of 1/4.

Fig. 8 Volume fraction profile for the case of rate-limited reactions.
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increases with applied mechanical stress st, see the cyan,
brown, and magenta lines in Fig. 6.

Our theory predicts that the convective ows decrease the
thickness of the product-rich phase and thus increase the
concentration gradient of the reactants. One may wonder where
the mass in the product-rich phase has gone. The ow eld in
the product-rich phase is directed in the radial direction, see
Fig. 5 and eqn (11). The mass in the product-rich phase is own
out from the region between the reactant A- and B-rich phases,
0 < r < r0. The volume of molecules own out from this region
per unit time is

d

dt
Vex ¼ 2pr0

ðhðtÞ
0

dz vrðr ¼ r0; zÞ ¼ 8p

3

st

hAB

h3ðtÞ; (23)

which is indeed equal to the volume of molecules that decrease
in the region per unit time, the second term of eqn (16) multi-
plied by the area pr0

2 of the region. Our theory thus is effective
for cases in which the chamber has enough space so that
molecules in the product-rich phase can own out.
Contribution of convective flows and
dissolution to rate-limited reactions

Finally, we consider whether convective ows accelerate mech-
anochemical reactions for cases in which the reactions are rate-
limited. In the case of rate-limited reactions, the volume frac-
tion is uniform in the reactant- and product-rich phases and is
given by the equilibrium condition, in which the osmotic
pressure as well as the chemical potentials of each of the reac-
tants are uniform over the entire system, see Fig. 8. If the
reactant-rich phase is a rigid-body solid and the product-rich
phase is a viscous liquid, as was assumed in the previous
section, the applied mechanical stress drives the convective
ows in the product-rich phase. However, because the compo-
sition of the product-rich phase is uniform, the convective ows
do not change the volume fraction and thus do not affect the
reaction rate.

Because the convective ows do not affect the reaction rate in
the rate-limited regime, we here analyze the reaction rate for st
RSC Mechanochem.
= 0. The time evolution of the thickness h(t) of the product-rich
phase is given by the form

ð1� jA1 � jB1Þ
d

dt
hðtÞ ¼ 2kjA1jB1hðtÞ þ 2kjA2jB2ðL0 � hðtÞÞ

(24)

The right-hand side of eqn (24) is the reaction rate S, dened as
the volume of converted reactant B per unit time. The rst and
second terms in the right side of eqn (24) are the reaction rates
in the product-rich and two reactant-rich phases, respectively. k
is the rate constant. L0 is the system size. jA1 and jB1 are the
volume fractions of reactant A and B in the product-rich phase,
respectively (jA1 = jB1 due to the assumed symmetry of reac-
tants). jB2 (z1) and jA2 are the volume fractions of reactant A
and B in the reactant B-rich phase, respectively. Eqn (24) is
effective only for h(t) < L, where the product-rich phase coexists
with the reactant-rich phases. For the case of h(t) = L0, the
product-rich phase no longer coexists with the reactant-rich
phases and thus the mechanochemical reaction follows
simple second-order kinetics,

L0

d

dt
jAB ¼ kL0jAjB: (25)

The right-hand side of eqn (25) is the reaction rate S for
h(t) = L0.

Eqn (24) leads to the thickness h(t) in the form

hðtÞ
L0

¼ jA2

jB1
2 � jA2

0
BB@e

2ðjB1
2�jA2Þkt

1�2jB1 � 1

1
CCA (26)

for t < sc and h(t)= L for t > sc. The crossover time sc is derived as

ksc ¼ 1� 2jB1

2
�
jB1

2 � jA2

� logjB1
2

jA2

; (27)
© 2024 The Author(s). Published by the Royal Society of Chemistry
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Fig. 10 Applied mechanical force decreases the thickness of the
product-rich phase, which enhances the fluxes of reactants.
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by using the limiting condition of the coexistence, h(sc) = L0.
The reaction rate is derived as

S

2kL0

¼ jA2 e

2ðjB1
2�jA2Þkt

1�2jB1 (28)

for t < sc, and

S

2kL0

¼ jB1
2

�
1þ 1

2
kjB1ðt� scÞ

�2 (29)

for t > sc. Eqn (28) is derived by substituting eqn (26) into the
right-hand side of eqn (24). To derive eqn (29), we rst derive the
volume fraction jAB of the products by solving eqn (25) with the
incompressibility condition, jA + jB + jAB = 1, and the
symmetry jA = jB of reactants, and then substitute the result
into the right-hand side of eqn (25).

Eqn (28) and (29) predict that the reaction rate S decreases
with time for cases in which the volume fraction jA1 of reactants
is very small, jB1 < jA2

1/2 (blue line in Fig. 9). In contrast, for
cases in which the volume fraction jA1 is relatively large, jB1 >
jA2

1/2, the reaction rate S increases with time for t < sc and then
decreases steeply for t > sc (red line in Fig. 9). Therefore, the
kinetics of the mechanochemical reactions change dramatically
depending on the volume fractions of reactant molecules dis-
solved into the product-rich phases, jB1 and jA1, and the other
reactant-rich phase jA2, see Fig. 9.
Discussion

We have constructed a scaling theory of the kinetics of mech-
anochemical reactions by taking into account the convection
driven by the applied mechanical stress in an extension of our
previous theory of mechanochemical reactions.29 The latter
theory predicts that a product-rich phase is produced between
the reactant-rich phases and that the increase in the product-
rich phase governs the time evolution of the reaction rate.
Our theory predicts that the applied mechanical stress accel-
erates the mechanochemical reaction by suppressing the
Fig. 9 Reaction rate as functions of time t for jB1 = 1.0 × 10−2 (red
lines) and 1.0× 10−5 (blue lines) in the rate-limited regime. The volume
fraction jA2 was fixed at 1.0 × 10−8. We used eqn (28) and (29) for the
calculations.

© 2024 The Author(s). Published by the Royal Society of Chemistry
increase in the thickness of the product-rich phase for cases in
which the reaction is diffusion-limited, see Fig. 10. The accel-
eration does not happen for cases in which the mechano-
chemical reaction is rate-limited because the volume fraction is
uniform in the product-rich phase. Although we treated cases in
which the reactant-rich phase is a rigid-body and the product-
rich phase is a viscous uid, eqn (8) can be used to study the
dependence of the reaction rate on the rheological properties of
these materials if the constitutive relationship between the
shear stress srz and the strain rate (or strain) for the reactants
and products are determined. When both reactants and prod-
ucts are viscous uids, the convective ow driven by the applied
mechanical stress accelerates the mechanochemical reaction by
increasing the area of the interface at which the reaction occurs.
However, we do not treat such a case here because it is a widely
known effect.

For simplicity, we studied the reactions in two asymptotic
regimes—diffusion- and rate-limited reactions. It is instructive
to discuss the conditions under which such asymptotic reac-
tions happen. In general, the time evolution of the volume
fraction is determined by both diffusion and reaction:

0 ¼ DA

v2

vz2
jA � kjAjB: (30)

In the diffusion-limited regime, the rst term in eqn (30)
(diffusion) is smaller than that of the second term (reaction
rate) for −h(t) < z < h(t). This condition is satised if
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA=ðkjB1Þ

p
\hðtÞ, where we used

v2jA

vz2
z

jA1

h2ðtÞ and kjAjB z

kjA1jB1, see the orange area in Fig. 11. In the rate-limited
reaction, the entire system is at the thermodynamic equilib-
rium and thus (i) jA = jA1 for 0 < z < h(t) and (ii) jA = jA2 for z >
h(t), see Fig. 8. The rst condition corresponds to cases in which
the rst term in eqn (30) is larger than the second term for 0 < z

< h(t) and thus is satised for
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA=ðkjB1Þ

p
. hðtÞ. To evaluate

the second condition, we derive the volume fraction of reactant
A in the reactant B-rich phase,

jA ¼ jA2 e
�

ffiffiffiffiffi
k
DA

q
ðz�hðtÞÞ (31)

by solving eqn (30) with jB z 1 for z > h(t) and jA = jA2 at z =
h(t). The equilibrium condition jA = jA2 is satised for the
entire reactant-rich phase, z > h(t), when the size of the reactant-
RSC Mechanochem.
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Fig. 11 The diagram of reaction regimes with respect to the thickness
of the product-rich phase h(t) and the size of the system L(t). The

reaction is diffusion-limited for hðtÞ. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA=ðkjB1Þ

p
(orange) and rate-

limited for hðtÞ\ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA=ðkjB1Þ

p
and L� hðtÞ\ ffiffiffiffiffiffiffiffiffiffiffi

DA=k
p

(purple). There is

a marginal regime for hðtÞ\ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA=ðkjB1Þ

p
and L� hðtÞ. ffiffiffiffiffiffiffiffiffiffiffi

DA=k
p

(brown). The entire system is converted to the product at h(t) = L. The
trajectory of the system is shown for st = 0 (light blue) and st s
0 (yellow) schematically.

Table 1 Estimated values of parameters used in our theory. The
diffusion constant was estimated using the Stokes–Einstein relation-
shipDB = kBT/(6phABa), where the molecular size a of B is estimated to
be 1 nm. The applied mechanical stress was estimated by the
displacement (4 cm) and frequency (30 Hz) of oscillation as well as the
diameter (7 mm) and the mass (1.6 g) of the balls used in typical
experiments. We used the value of the dissolved volume fraction jB1 of
biphenyl estimated in our previous study22

Symbol Meaning Values

DBhAB Thermal force 2 × 10−13 [N]
st Applied mechanical stress 1 [kPa]
r0 Reactant grain size 1 [mm]
jB1 Reactant volume fraction 2 × 10−5
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rich phase L(t)− h(t) is relatively small, LðtÞ � hðtÞ\ ffiffiffiffiffiffiffiffiffiffiffi
DA=k

p
, see

the purple area in Fig. 11.
The above regime analysis implies that our asymptotic

analysis does not cover the case in which hðtÞ\ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA=ðkjB1Þ

p
and LðtÞ � hðtÞ. ffiffiffiffiffiffiffiffiffiffiffi

DA=k
p

, see the brown area in Fig. 11. In this
marginal regime, the product-rich phase is at the thermody-
namic equilibrium, while the reactant A penetrates the B-rich

phase only by the distance
ffiffiffiffiffiffiffiffiffiffiffi
DA=k

p
, see eqn (31). The kinetic

equation of the reaction thus has the form:

ð1� jA1 � jB1Þ
d

dt
hðtÞ ¼ 2kjA1jB1hðtÞ þ 2k

ffiffiffiffiffiffiffi
DA

k

r
jA2jB2; (32)

where the right side of eqn (32) is the reaction rate S. By solving
eqn (29), the reaction rate is derived as the form

S

2k
¼ jA2

ffiffiffiffiffiffiffiffiffi
DA

k

r
e
2kjB1

2t

1�2jB1 ; (33)

where we used the symmetry of the reactants, jA1= jB1, and jB2

z 1. Eqn (33) implies that the reaction rate increases with time,
regardless of the extent of the dissolution of the reactants into
the product-rich phase, in contrast to the rate-limited reaction
regime, see also eqn (28).

The above argument showed that the reaction regime is
determined by the thickness h(t) of the product-rich phase and
the thickness of the system L(t), see Fig. 11. Without the
applied mechanical stress, the thickness h(t) of the product-
rich phase increased with time, while the thickness of the
system L(t) is constant L0. If the thickness L(t) is relatively
large, the reaction starts from the marginal regime and shows
crossover to the diffusion-limited regime, see the light blue
line in Fig. 11. With the convective ow driven by the applied
mechanical stress st, the thickness h(t) of the product-rich
phase increases with time, while the size L(t) of the system
decreases with time

d

dt
LðtÞ ¼ �8

3

st

hABr0
2
h3ðtÞ: (34)
RSC Mechanochem.
This implies that if the mechanical stress that drives the
convective ow is relatively large, the reaction crossovers to the
rate-limited regime, instead of the diffusion-limited regime, see
the yellow line in Fig. 11. The convective ow can accelerate
mechanochemical reactions also by converting the crossover of
regimes.

The characteristic stress s0 and time ss are important quantity
predicted by our theory, see eqn (19) and (20). By using experi-
mental parameters shown in Table 1, the characteristic stress s0
is estimated as 8 × 10−8 Pa, which is much smaller than esti-
mated value of applied stress, 1 kPa. This implies that the effect
of the applied stress is signicant. The ratio ss/hAB of the time
scale to the viscosity hAB is estimated as 0.2 Pa−1. This implies
that even when the viscosity of the product-rich phase is as large
as 5, the time scale ss is reasonably small∼1 s. Mechanical forces
are applied many times during an experiment. The effect of
mechanical forces is additive because the reaction rate depends
only on the thickness of the product-rich phase, see eqn (16). The
reaction acceleration is probably effective if the experimental
time scale is larger than the time scale ss.

Our present theory is by no means complete because
a couple of mechanical effects are not taken into account in this
theory: rst, solid reactants and catalysts are ground by applied
mechanical stress. This increases the area of the interface at
which the mechanochemical reaction occurs. The physics
behind the breaking of solid reactants during the kneading
process is very different from that of our present theory, and its
contribution to the kinetics of the mechanochemical reaction
will be discussed elsewhere. Second, the shear stress applied to
the solid components in the system modulates the stability of
the solid state of these components. When the stress st is
applied normal to the interface between the reactant-rich and
product-rich phases, the shear stress generated by the convec-
tive ows is

srz ¼ st

4h

r02
r; (35)

see eqn (11), which is small for cases in which the aspect ratio
h/r0 of the system is small. Third, the incompressibility
condition is only an approximation, particularly for solids.
The state equations of the reactants and products, and thus
additional assumptions, are necessary to treat the nite
© 2024 The Author(s). Published by the Royal Society of Chemistry
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compressibility. Evaluating the compressive and shear
stresses is worth studying in the future to bridge the gap
between the macroscopic experimental parameters and the
molecular-level understanding of the reactions. Forth, the
forces are applied to the reactants and products by the oscil-
lation of balls. The viscoelasticity and/or inertia may be
signicant depending on the materials properties of reactants
and products and can be taken into account in an extension of
our theory. Finally, recent simulations showed that the
anisotropy due to the crystal surfaces plays an important role
in the mixing of reactants.26 Our present scaling theory
provides an important step to understand the mechanism of
the force-driven acceleration of mechanochemical reactions
using ball milling.
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Insights into mechanochemical reactions at the molecular
level: simulated indentations of aspirin and meloxicam
crystals, Chem. Sci., 2019, 10, 2924–2929.
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