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One-dimensional Lieb superlattices: from the
discrete to the continuum limit†

Dylan Jones,a Marcin Mucha-Kruczynski, a Adelina Ilie *a and Lucian Covaci *b,c

The Lieb lattice is one of the simplest lattices that exhibits both linear Dirac-like and flat topological elec-

tronic bands. We propose to further tailor its electronic properties through periodic 1D electrostatic

superlattices (SLs), which, in the long wavelength limit, were predicted to give rise to novel transport sig-

natures, such as the omnidirectional super-Klein tunnelling (SKT). By numerically modelling the electronic

structure at tight-binding level, we uncover the evolution of the Lieb SL band structure from the discrete

all the way to the continuum regime and build a comprehensive picture of the Lieb lattice under 1D

potentials. This approach allows us to also take into consideration the discrete lattice symmetry-breaking

that occurs at the well/barrier interfaces created by the 1D SL, whose consequences cannot be explored

using the previous low energy and long wavelength approaches. We find novel features in the band struc-

ture, among which are intersections of quadratic and flat bands, tilted Dirac cones, or series of additional

anisotropic Dirac cones at energies where the SKT is predicted. Our results show that the universal SKT is

absent when the lattice details are considered. Such features are relevant to experimental realizations of

electronic transport in Lieb 1D SL realized in artificial lattices or in real material systems like 2D covalent

organic/metal–organic frameworks and inorganic 2D solids.

1 Introduction

Systems that exhibit non-trivial band topology and flat bands
have become the focus of intense recent research. One such
system is the Lieb lattice, a two-dimensional (2D) depleted-
square lattice that supports a graphene-like conical dispersion
intersected by a flat band at zero energy. Although models
exhibiting flat bands were originally seen as theoretical toy
models, recent experimental developments in ultra cold
gases,1 photonics2–4 or artificial lattices5,6 make them a reality.
Associated with a large enhancement of the density of states
due to quenching of the kinetic energy, flat bands in the Lieb
lattice are expected to host many-body phenomena such as
superconductivity,7 ferromagnetism8 and topologically non-
trivial states.9 A well known example is the “magic” angle
twisted bilayer graphene, which showcases the importance of
band flatness and its topology in the appearance of correlated
states.10 Similarly, it was shown that the flat band realised in
the Lieb lattice can sustain robust superconductivity due to its
non-trivial quantum metric.7,11

Experimental and theoretical works have shown that the
electronic properties of electronic systems can be tailored by
the application of periodic potentials. For example, when a
one-dimensional periodic (1D) potential is applied to gra-
phene, additional Dirac cones are created, flattened in the
direction perpendicular to the direction of the applied poten-
tial, enabling tunable anisotropy of the group velocity.12–14

Such periodic potentials can be applied through top-down pat-
terned gating, with wavelength as low as 50 nm (ref. 14 and 15)
or through bottom-up self-assembly of macromolecules on top
of van der Waals materials, with wavelengths as low as
3–5 nm.16–18

Analytical models predict the existence of super-Klein tun-
nelling (SKT) phenomena in the Lieb lattice (and other pseu-
dospin-1 systems) under a 1D periodic potential.19–21 Different
to the Klein tunneling in the graphene lattice (pseudospin-1/
2),22 the SKT state manifests as unity transmission probability
irrespective of the angle of incidence.23–26 This was recently
claimed to be demonstrated in a triangular phononic crystal27

by investigating transport across a singular potential barrier.
However, these predictions came with two important caveats:
(i) the potential’s lengthscale is very large compared to the
lattice constant (i.e. the long wavelength or the continuum
limit), and (ii) these systems do not require beyond nearest-
neighbour interactions to be described accurately. This limits
the applicability of the analytical predictions to a wider range
of experimentally realisable systems.
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The simplest approach towards describing the peculiar elec-
tronic properties of the Lieb lattice is based on a tight-binding
model with only nearest-neighbour site interactions. However,
both in artificial lattices and in a newer class of materials that
can possess a Lieb lattice structure, such as recently proposed
covalent–organic and metal–organic frameworks (COFs and
MOFs)9,28,29 or metal-inorganic frameworks,30–32 the presence
of additional next-nearest neighbour (NNN) hoppings dis-
perses the flat band and lattice distortions can easily give rise
to band gaps. Additionally, a finite spin–orbit interaction,
introduced by the presence of metallic atoms will give rise to
topological gaps in the band structure, resulting in topological
spin-Hall edge states that are protected from back-scattering.33

It is expected that these additional effects will strongly influence
many-body correlations predicted for the Lieb lattice flat bands.

In light of growing interest in experimental realizations of
the Lieb lattice, further tunability through (1D) periodic poten-
tials will become possible in the near future. Nevertheless, a
general description of the electronic properties of the Lieb
lattice under a periodic potential landscape is lacking.
Important aspects related to the lattice discreteness, band dis-
persion and distortion-induced gaps remain largely unex-
plored. Questions whether the universal nature of the SKT sur-
vives arise when the discreteness of the lattice has to be taken
into account.

Here, we numerically model the electronic structure of a
Lieb lattice under a 1D periodic potential (1D Lieb superlat-
tice). This approach is general, applicable to the description of
a range of systems from trapped cold atoms and artificial Lieb
lattices to solid-state realisations like recently synthesised (M-)
COFs, from the discrete (where the potential periodicity is on
the order of the lattice constant) to the continuum limit. Using
a tight-binding (TB) model permits the inclusion of next-
nearest neighbour interactions, an effective mass term, and
spin–orbit coupling, required to describe experimentally rele-
vant realisations of the Lieb lattice. Additionally, a tight-
binding description provides insights into discrete lattice sym-
metry-breaking effects at the well/barrier interfaces imposed
by the periodic potential and allows the identification of non-
trivial topological properties of the system.

We find that in both limits, i.e. the discrete (L ∼ a) and the
continuum (L ≫ a) limits, where L is the superlattice wave-
length and a is the Lieb lattice constant, the discreteness of
the lattice plays an important role in the resulting energy dis-
persion of the Lieb 1D superlattice. For example, tilted Dirac
cones, intersections of quadratic and flat bands and new Dirac
cones are found in the discrete limit. In the continuum limit,
when comparing to low-energy and long-wavelength approxi-
mations near the Dirac cone, although propagating states are
recovered, the SKT state is absent in the tight-binding simu-
lations. Instead, we uncover a sequence of anisotropic Dirac
cones, reminiscent of the behaviour of graphene under a peri-
odic 1D potential landscape showing a sequence of Dirac
cones with frequency dependent on the ratio L/a. Furthermore,
we find that a smooth interface gives rise to further localized
states that interfere with the propagating states, while the SKT

states are still absent, replaced by dispersive anisotropic Dirac
cones. We give a special attention to more complex Lieb lattice
models that take into account next-nearest neighbour (leading
to dispersive bands), imbalance in the on-site energies in the
unit cell (leading to band gap opening at the Dirac point) and
spin–orbit coupling terms (leading to topological band gaps).
With the addition of these terms, corresponding to realistic
and experimentally relevant realizations of the Lieb lattice, we
provide a comprehensive picture on their effect on the elec-
tronic properties of realistic 1D Lieb superlattices.

2 The discrete limit

Fig. 1a shows how we construct the tight-binding (TB) model
of the Lieb superlattice (SL). In this section we include nearest-
neighbour (NN) site interactions only and implement a
numerically sharp potential profile.

The pristine lattice unit cell is spanned by a1 and a2. In
each superlattice unit cell defined by the vectors l2 = a2 and
l1 = Na1, we set the onsite energies of L/2 pristine lattice unit
cells to zero, and the next L/2 cells to V0, as shown in Fig. 1a.
Here, L = Na is the wavelength of the 1D superlattice. We
restrict ourselves to the study of symmetric potentials, such
that the width of the well and barrier regions are Ww = Wb =
L/2. This forms the SL unit cell; we then apply periodic bound-
ary conditions. The used Lieb lattice TB model is shown expli-
citly in Methods. Fig. 1b shows the band structure of the pris-
tine Lieb lattice, which features the intersection of a perfectly
flat band with the Dirac-like cone at the high-symmetry M
point. One requirement of this intersection is the C4 rotational
symmetry of the system. This is reduced to a C2 symmetry fol-
lowing the application of the periodic potential as outlined in
Fig. 1a, which destroys this intersection. However, it also intro-
duces additional features to the band structure, which we
discuss now.

We show in Fig. 2a the pristine and SL first Brillouin zones
(BZs). The Y point located at (0, π/a) remains a high-symmetry
point, while the M and X points shift due to the SL periodicity.
This results in the folding of the pristine bands, which con-
tributes with new states at the Y point. Fig. 2b shows the low
energy bands of the Lieb SL near the Y point for L = 4a and
V0 = 0.2t.

In Fig. 2(c–e) we plot the band structures and BZ-integrated
density of states (DOS) for L = 4a, 32a and 50a respectively. A
continuous evolution of the band structures from L = 2a to L =
400a is shown in the ESI Video 1.† 34 There are now two flat
bands (FBs) at E = 0 and E = V0 (i.e. E/t = 0.2 in Fig. 2). These
arise from the destructive interference of wave functions in the
well and barrier regions and manifest as large peaks in the
DOS. The FBs are degenerate, with the total number,

NFB ¼ L
a
� 2, equal to the number of boundaries between unit

cells with the same potential energy (for L = 2a there are no
perfect flat bands that extend throughout the whole BZ).
Consequently, the height of the FB-related DOS peaks relative
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to all other features in the BZ-integrated DOS increases with
increasing SL periodicity.

Breaking the C4 rotational symmetry results in highly aniso-
tropic states that intersect the FBs at E = 0 and E = V0. Marked
in Fig. 2c are triply-degenerate Dirac cones (TDDCs) and quad-
ratic flat band crossings (QFBCs), with the former arising from
the folding of the pristine lattice cone along YM. The triple-
degeneracy becomes apparent in Fig. S1,† where we plot cuts
of the band structure around the crossing point for different
cut angles ϕq (where |q| is measured from the crossing and ϕq

= 0 is defined along YM). Technically, the degeneracy of the
TDDC will increase with L, as the number of FBs increases.
However, the TDDC will be comprised of two dispersing states
and the FBs regardless of the value of L.

Additionally, there are two sets of QFBCs. The first is at Y,
where the original linear crossing point is split, and the
maximum (minimum) of the quadratic bands touches the flat
bands at E = 0 (V0), shown in Fig. S2.† The second set is at M,
where the maximum (minimum) cross the FBs at E = 0 (V0),
shown in Fig. S3.† It has been shown theoretically that QBCPs
can support non-trivial interacting states such as ground-state
or nematic ferromagnetism,35 owing to the high density of
states which is enhanced here due to the crossing with degen-
erate flat bands. In these studies, however, the quadratic band
is fully symmetric around the crossing point. Here, the bands
are only quadratic along ky, potentially opening up the study of
directionally dependent interacting phases in the Lieb SL. In
Fig. 2(c–e) (and ESI Video 1† 34) we show the effect of varying
the potential periodicity L on the band structure due to band
folding. From L = 4a to L = 32a, the bands fold down where an
additional two quadratic bands cross the flat bands at M.

Here, the locations of previously described QFBCs switch
between M and Y.

Finally, the bands that are flat along ΓX disperse along ΓY

and cross at k ¼ 0;
π

a
� V0
2at

� �
and energy E = V0/2, forming an

anisotropic Dirac cone, marked as ADC in Fig. 2c. The band
anisotropy around the ADC is shown in Fig. S4.† The ADC is
not predicted to exist by previous analytical calculations using
a continuum long wavelength model.19 This is because the
details of the atomic structure and the left-right discrete lattice
symmetry breaking across the well-barrier interface are lost
when performing long-wavelength approximation calculations.
We have found that the ADC crossing is a result of a specific
order of coupling between the sites in the SL cell, valid for all
values of L. In the nth unit cell (n = 1, 2, …, N), the A and B
sites couple anti-symmetrically (symmetrically) in the well
(barrier) regions, and the C sites then couple anti-symmetri-
cally in consecutive unit cells. We give more details on this in
the ESI,† and show how an effective description of the bands
in the vicinity of the crossing can be derived following a
unitary transformation of the original TB Hamiltonian.

3 The continuum limit

We now discuss the electronic states of the Lieb SL in the con-
tinuum limit, i.e. when L ≫ a, and show that the full tight-
binding (TB) description differs from previous analytical pre-
dictions.19 Numerically, we implemented the sharp step poten-
tial described in Methods, while the continuum low-energy
long-wavelength calculation is done within the transfer matrix

Fig. 1 Lieb superlattice (SL) model diagram and pristine lattice band structure. (a) Model diagram of the Lieb lattice under a periodic potential. The
unit cell vectors of the pristine Lieb lattice, i.e. the lattice in the absence of a periodic potential, are a1 and a2 where |a1| = |a2| = a. The superlattice
cell vectors are l1 and l2, where the superlattice periodicity L is measured in the number of unit cells N such that L = |l1| = Na. In the model shown,
the periodicity is L = 4a and the potential height is V0, while the well and barrier regions are equal in length, Ww = Wb. Nearest-neighbour (t ) and
next-nearest neighbour (t’) hoppings are shown, in addition to a spin–orbit coupling interaction (tsoc); the νij = ±1 corresponds to an anti-clockwise/
clockwise turn between the A and C sites. The shared areas depict regions with V(x) = V0. (b) Band structure of the pristine Lieb lattice with nearest-
neighbour hoppings only. The high symmetry points of the pristine lattice first Brillouin zone Γ(0, 0), X π

a ;0
� �

, M π
a ;

π
a

� �
, Y 0; πa

� �
are shown. The flat band

intersects the crossing point of the Dirac-like cone at M.
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(TM) formalism following the methodology presented in ref.
20 (details in ESI†). Note that none of the discrepancies we
show are due to numerically resolving scattering between
inequivalent valleys (like in the case of graphene) since all
high-symmetry points in the Lieb SL BZ can be connected by
reciprocal lattice vectors. In Fig. 3(a and b), we compare the
analytical and TB band structures for ky near the Y point and
kx = 0. Firstly, we note that the analytical and TB descriptions
agree near the Y point where the shifted pristine lattice disper-
sions overlap (shown by the dashed black lines and the pink
shaded regions); here lie extended propagating states. In
Fig. S5,† we show that by superposing the band structures for
multiple kx values as in,

19,20 the bands shift in energy and one
sees a continuum of states. For this reason, we refer to this as
the ‘continuum region’.

There the similarities end.
The analytical dispersion relation for the SL is the following

in the continuum limit:20

cosðkxLÞ ¼ cosðkx;wWÞ cosðkx;bWÞ

� 1
2
sinðkx;wWÞ sinðkx;bWÞ cos ϕ

cos θ
þ cos θ
cos ϕ

� �
:

ð1Þ

Here, kx,w, kx,b and ϕ, θ are the kx components and propa-
gation direction in the well and barrier respectively. Explicit
definitions and a derivation of eqn (1) are given in the ESI.†

The analytical calculation does not contain the flat bands,
labelled I in Fig. 3b. The dispersion relation, (1), can only be
derived from the low-energy conical eigenstates of the pristine
lattice band structure. If one tries to derive an equivalent dis-

Fig. 2 Increasing the SL periodicity from the discrete towards the continuum limit. (a) Pristine and SL first Brillouin zones (BZ) with marked high-
symmetry points. (b) The electronic bands for the L = 4a superlattice plotted around the Y point. Throughout the paper wave vector components kx
and ky are relative to the Y point at (0, π/a), which remains a high-symmetry point of the SL. (c)–(e) Band structures along high-symmetry directions
of the SL BZ (left panel) and BZ-integrated density of states (DOS) (right panel) for values of SL periodicity equal to (c) L = 4a, (d), L = 32a, (e) L = 50a.
Potential barrier height V0 = 0.2t. The reciprocal space distances ΓX and MY are artificially kept constant for visualisation of the band-folding along
MY. The DOS broadening parameter δ = 10−3 t.
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persion relation using the pristine lattice flat band eigenstates,
the inverse of eqn (S.7)† diverges, as the band index α = 0. This
can also be argued physically since the states derived from a
TM calculation are those which propagate through the SL,
while the flat bands are not propagating states, but are rather
localised at the A and C sublattices. They are the result of
destructive interference of the Bloch states on the B sublattice.
This is seen in Fig. 3(c–e), where the large primary peaks in
the DOS at E = 0 and E = V0 due to the localisation of the wave
function in the well and barrier regions on the A and C sublat-
tices are missing for the B sublattice.

The states labelled II in Fig. 3b, which are quantised states
confined to the well/barrier regions, are also missing from the
analytical continuum calculation. In this region of the band

structure, the wavevectors kx,w and kx,b become imaginary,
depending on whether states are allowed in the barrier or well
at the respective energies in the pristine dispersions. The solu-
tion of the long wavelength model becomes numerically
unstable and diverges, such that resolving these states is com-
putationally unfeasible. These quantised states do not shift as
kx is varied, unlike the states in the continuum region indi-
cated with the pink shading in Fig. 3, meaning they do not
propagate along the a1 direction. This can be also visualised in
Fig. S5b,† where the dispersion is plotted for a range of kx.

As in Fig. 2(c–e), the states labelled III are the interface
states generated by the discrete lattice symmetry breaking
(DLSB) of the system at the well/barrier interface. The BZ-inte-
grated LDOS shows that these interface states are asymmetric

Fig. 3 Electronic states of the Lieb SL near the Y point. The SL parameters are L = 400a and V0 = 0.2t. Band structures along ky with kx = 0 measured
from Y in left-hand panels from (a) continuum and (b) tight-binding models with corresponding DOS in right-hand panels. In the band structure
plots, the black dashed lines represent the pristine Dirac cones at E = 0 and E = V0. The overlap of these two pristine lattice dispersions, which
bound the continuum states, are shaded in pink. States of interest marked (I–IV) are discussed in the text. The DOS is evaluated by integrating over
the states along YΓ only. Panels (c)–(e) show the real-space LDOS (x,E) along one supercell on the A, B, and C sublattices respectively, to illustrate
the localisation of the wave function. LDOS features of states (I–III) affect the LDOS at all sublattices but are more prominent for sublattice C. The
LDOS is evaluated by fully integrating over the whole BZ. The DOS/LDOS broadening parameter δ = 10−3 t.
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with respect to the SL unit cell, and highly localised to the
well-barrier interface, with the left-right localisation asymme-
try a consequence of the reduction from C4 to C2 rotational
symmetry. A choice of superlattice cell shifted by a/2 flips the
energies of these interface states. As before, the secondary
peaks in the DOS are a signature of these dispersing states and
the partial flat bands along ΓX.

A further discrepancy is the predicted nature of the states at
E = V0/2, marked IV in Fig. 3b. Analytical continuum limit cal-
culations of pseudospin-1 particles tunnelling through a single
potential barrier predict T = 1 transmission for all incidence
angles, coined super-Klein tunnelling (SKT). The band struc-
ture of the Lieb SL, i.e. the limit of many barriers, should then
feature these states. For kx = 0 and E = V0/2, eqn (1) becomes

1 ¼ cos2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV0=2Þ2 � ky2

q
W

� �
þ sin2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV0=2Þ2 � ky2

q
W

� �
;

which is satisfied for arbitrary ky. This means, as shown in
Fig. 3a, the SKT state manifests as a flat band in the conti-
nuum model. However, this is not predicted by the TB calcu-
lation. Plotting states IV for small energies δ about E = V0/2 in
Fig. 4a shows that the SKT state is described in fact by two
bands which braid to form multiple anisotropic Dirac cones,
reminiscent of those found in graphene SLs. In fact, the
location of these additional crossings follows the same scaling

law as found in graphene lattices, ky ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V0

2

4
� 4n2π2

L2

r
.13

Therefore, at E = V0/2, we expect the transport properties of the
Lieb SL to not resemble SKT, but instead that of graphene
under a 1D periodic potential. We argue that this is a further
consequence of resolving the discrete symmetry broken states

(labelled III in Fig. 3b) at the well-barrier interface, and that
the connecting of the two-band crossings to these states
results in a pseudospin-1/2 symmetry, not pseudospin-1.
Additionally, Fig. 4b shows the additional crossings are
sourced by the gap closing at Y, a result of the band folding
along YM that we can resolve using the full TB description of
the system. Finally, we note that the minima (maxima) of Δ in
Fig. 4b coincide with the folding of the TDDP onto the Y (M)
point shown in Fig. 2(c–e) and ESI Video 1.† 34 This in turn
coincides with the switching of the curvature of the QFBCs at
Y and M discussed in the previous section.

4 Smoothing the potential

The sharp potential profile, i.e. where the potential change
occurs over a distance smaller than the lattice constant as
depicted in Fig. 1(a), should accurately describe photonic and
artificial Lieb SLs.1–5 However, for those realised using optical
potentials or in solid-state systems (through electrostatic
gating or dielectric patterning of a substrate), it is unlikely this
step change will occur over such a small distance. To approxi-
mate this, we applied a smoothing of the potential using the
sigmoid-like smoothstep function to interpolate the potential
in each unit cell n = (1, ⋯N) between V(x, α) = 0 and V(x, α) =
V0 for a smoothness parameter value α. Details of the exact
numerical implementation are given in the Methods section.
Smoothing the potential profile does not change the C2

rotational symmetry of the system, hence the symmetry-pro-
tected crossings (TDDCs, QFBCs and ADC) remain. However,

Fig. 4 The tight-binding approach does not predict the existence of the super-Klein tunnelling (SKT) state. (a) Flat band expected in the long wave-
length model (grey line) and TB energy bands about E = V0/2 for different potential heights V0 = 0.1t (blue line), V0 = 0.2t (orange line), and V0 = 0.4t
(green line) with L = 400a. The dotted lines of the corresponding colour show the overlap of the two pristine lattice cones shifted by that value of
V0. The crossing point bounds the validity of the continuum calculation. (b) Gap opening at the Y point of braiding states. The vertical dotted lines
show the value of L required to generate an additional crossing for the V0 = 0.4t curve in (a). An additional crossing appears as the gap at Y closes
and reopens.
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we show here that it reduces the degeneracy of the flat bands
and induces further discrete translational symmetry breaking
at the well-barrier interface, giving rise to localised states in
the barrier at intermediate energy range 0 < E < V0.

Fig. 5(a and b) show the band structures near the Y point
for two values of the smoothness parameter α, while Fig. 5c
shows the LDOS spectra across the superlattice unit cell for
sublattice type C, similar to Fig. 3e but for a smoothing
parameter α = 10−2. The flat band degeneracy lifting shown
in Fig. 5(a and b) can be seen as a consequence of assigning
a different on-site energy to the nth unit cell over which the
potential change occurs. While for a sharp potential the

degeneracy of a flat band is given by NFB ¼ L
a
� 2, the

smoothing of the potential over several unit cells makes it
that a new Vn (x) potential will be assigned to every unit cell
n, which shifts the on-site energy and reduces the flat band
degeneracy and its contribution to the DOS. However, this
feature shows not only as a simple shift of flat bands to new
energies, intersecting the extended and evanescent states for
each different Vn (x). Instead, as shown in Fig. 5c, multiple tun-
nelling steps at smaller energy scales appear at the boundary
between the nth and n + 1th cells, generating additional pairs of
discrete symmetry broken states similar in nature to states of
type III introduced in the previous section. These interact and
are hybridised with both the evanescent and extended states.
The dispersion of the former is altered, evidenced by the smear-
ing of the quantised states in the LDOS spectra shown in Fig. 5c
and in Fig. S6(a–c)† where the LDOS is shown separately for all
three sublattices. Additionally, the dispersion and braiding
behaviour of the extended states also changes, shifting the
locations of the band crossings, with the effect being more pro-
nounced for smoother SL potentials.

The smoothing of the potential also alters the band struc-
ture along ΓX and MY, as shown in Fig. S7(a–c).† Each
additional pair of discrete symmetry broken state connects to
two partial flat bands along ΓX that reconnect forming doubly
degenerate partial flat bands along MY. These intersect along
MY the linear folded bands, the gradient of which and hence
associated group velocity remains unchanged compared to the
sharp potential case, forming additional TDDCs between 0 < E
< V0; smoother potentials generate a greater number of
TDDCs.

Finally, we note further changes to the “SKT” state, shown
in Fig. S8(a–c),† as compared to the sharp potential case
described in Fig. 4. Smoothing the potential will shift the
locations of the ADC towards the Y point: the scaling relation
that governs the number and locations of the cones in the
sharp potential case is no longer valid and larger values of α
suppress the closing of the gap at E = V0/2 that generates them.
The dispersion around the ADCs is also affected, leading to
larger Fermi velocities at larger ky when compared to the sharp
potential case. At the same time the dispersion near the Y
point becomes flatter.

5 Including additional parameters

To extend the applicability of our model to solid-state systems,
we now include three additional terms in the TB Hamiltonian:
(i) a next-nearest neighbour (NNN) interaction term t′, to
account for non-zero hopping between A/C site orbitals; (ii) an
effective mass term U, to approximate the chemical potential
difference between corner (B) and centre-edge (A/C) sites; and
(iii) a spin–orbit coupling (SOC) term tSOC, to extend the model
for Lieb lattices hosting metallic elements with high-energy

Fig. 5 Smoothing the potential profile. The SL parameters are L = 400a and V0 = 0.2t. Low-energy band structures along ky measured from the Y
point and at kx = 0, for smoothness parameters (a) α = 10−3 and (b) α = 10−2. When compared with Fig. 3(b) it is clear that smoother potentials lift
the degeneracy of the flat bands. As shown in (b) relative to (a), smoother potential steps give rise to more non-degenerate states. The LDOS(x, E)
spectra on the C sublattice corresponding to α = 10−2 is shown in (c), indicating the localization of these new states and their interaction with the
extended and confined states. The pink shaded area indicates regions where extended states are allowed in both regions and are defined by the
overlap between conical dispersion of the pristine lattice in the well and barrier regions shown by the black dashed lines.
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electrons. In both Fig. 6 and ESI Videos (2–4)† 34 we show how
these parameters individually affect the band structure from
the discrete to the continuum limit.

5.1. Next-nearest neighbour hopping, t′

First, we address the effect of including a NNN hopping inter-
action (t′ = −0.5t ), likely to be present in all Lieb lattice
systems, both artificial and solid state. As for the pristine
lattice case seen in Fig S9a,† the presence of the NNN term dis-
perses the original flat bands, which occurs for all wave vectors
except along the MY direction. Consequently, in the SL there is
a significant reduction to the DOS at E = 0(V0), further com-
pounded by the band folding which reduces the distances ΓX
and MY by a factor of L/a. However, the flat band degeneracy
along MY scales linearly with L/a. As a result, in the discrete
limit the contribution to the DOS from the partial flat bands at
E = 0 (V0) will remain constant for different SL periodicities.
Furthermore, as seen in Fig. 6b and ESI Video 2,† 34 the

uneven dispersion of the original degenerate flat bands for L >
4a means that in the continuum limit the flat bands at E = 0
(V0) are recovered, further enhancing the DOS at these
energies.

Even though the original flat band now becomes partially
flat in the full BZ, the TDDCs and QFBCs are preserved. We
relabel the latter as quadratic partial flat band crossings
(QPFBCs) owing to the fact that the dispersion of the original
flat bands adds further anisotropy to the bands around both
the M and Y points, as shown in Fig. 6a and S10–S12.†
Generally, a larger t′ yields greater dispersion and therefore
larger modification to the electronic transport when compared
to the NN case. This is true except at E = 0 (V0) since the band
folding along MY remains unchanged and these energies
correspond to the extremal points of the now dispersing flat
bands. It is important to note that in the discrete limit, only
transport experiments that probe around E = 0 will isolate the
dynamics of the charge-carriers around the TDDCs and

Fig. 6 Including additional model parameters. (Top row) Band structure along the high-symmetry path shown in Fig. 2b for L = 4a (discrete limit) and
(a) t’ = −0.5t, (c) U = 0.3t and (e) tSOC = 0.08t. (Bottom row) Band structure near the Y point for L = 200a (continuum limit) and (b) t’ = −0.5t, (d) U =
0.3t and (f) tSOC = 0.08t. The potential height V0 = 0.2t. From left to right the next-nearest neighbour (NNN) hoppings t’, an effective mass term U, and
an intrinsic spin–orbit coupling (SOC) term tSOC are individually added to the Lieb SL Hamiltonian. The black dotted (dashed) lines represent the pristine
lattice dispersions at kx a = 0 and kx a = π in the well (barrier) regions, given the corresponding t’, U and tSOC. The shaded pink regions show where elec-
tronic states are allowed in both well and barrier regions according to their respective pristine dispersions. In panels (e) and (f) the green (spin up) and
orange (spin down) bands show the spin polarisation of the discrete lattice symmetry broken states in the presence of a SOC term.
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QFBCs, in addition to the presence of any possible strongly
correlated phenomena driven by the partial flat band along
MY. In the continuum limit, shown in Fig. 6b, the picture is
more complicated. Compared to the NN case, regions where
extended states in the SL are allowed (depicted in Fig. 6b as
pink shaded areas) become more complex due to the unevenly
dispersing original flat bands. This can be seen in more detail
in Fig. S14 and S15† where the dispersion is shown for
different values of L and for a range of kx.

The discrete symmetry broken states, labeled as type III in
Fig. 3b, that cross to form the ADC, also disperse strongly
upon the addition of the NNN term. Consequently, the ADC
becomes tilted, as shown in detail in Fig. S13.† However, this
does not affect the identified scaling relation in the NN case
that generates additional cones in the SL since the band
folding along MY remains unchanged. Instead, all the SL
induced ADCs are also tilted and shifted to energies E ≠ V0/2.
This is shown in Fig. S16† and compared to the “SKT” states
obtained when only NN hoppings are considered. As a result,
it should not be expected that the electron transport through
the Lieb SL with a non-zero NNN interaction at E = V0/2 would
resemble SKT, or that of graphene under a 1D periodic
potential.

5.2. Mass term, U

The inclusion of a positive (negative) mass term U to the pris-
tine Lieb lattice will open a gap above (below) the flat band,
while the original linear dispersion of the bands becomes
quadratic, see Fig S9b.† For the Lieb SL, the value of U needed
to open a gap depends on the SL periodicity: in the discrete
and continuum limits these conditions are |U| > V0/2 and |U| >
V0 respectively, shown in Fig. S17.† A positive (negative) U
satisfying these conditions will open a gap above (below) the
top (bottom) flat bands, preserving the set of TDDCs and
QFBCs at E = 0(V0), shown for U = 0.3t in the discrete limit in
Fig. 6c. Additionally, any |U| > 0 destroys the ADC, as the
broken sublattice symmetry prevents the Bloch states on the A
and B sublattice combining within the coupling conditions
required to generate it.

The additional ADCs generated in the continuum limit are
also affected. Whilst their location in energy E = (V0 + U)/2
agrees with the analytically predicted SKT state for massive
charge-carriers,21 Fig. S18† shows fewer ADCs as the NN only
case for the same SL periodicity and height. This is because
for finite U, the width (in ky) of the overlapping pristine con-
duction/valence bands from the well/barrier regions shrinks,
reducing the number of available wave vectors that can host
them. Also, the mass term increases the size of the gap at Y
which must close to generate additional ADCs, thus a larger L
is required to do so for a given V0. This deviation from the SKT
prediction is greater in this case than when only NN hoppings
are included: we do not expect SKT of massive particles in a
Lieb SL.

As for previous cases, the band folding along MY is affected
by the inclusion of the mass term as the SL periodicity is
increased towards the continuum limit: the gaps between con-

secutive states fold towards E = 0 and are flattened (Fig. S19
and ESI Video 3† 34). The slope of these flattened bands is also
correlated to the dispersion in the kx direction, as shown in
Fig. S20† where the dispersion is plotted for a range of kx.

This effectively represents the probability of charge carriers
tunnelling through the SL. Therefore, if these states do not dis-
perse in the kx direction, e.g. at E = 0.05t for L = 50a, or 0 < E <
V0 for L = 200a, this will give rise to super-collimation along |
a2| within the barrier. Effectively, electrons are allowed to
move only in the y direction. Such configurations can be
readily obtained in the limit V0 < 2Δ, where Δ is the mass term
induced gap of the pristine Lieb lattice.

5.3. Spin–orbit coupling term, tSOC

In the case of the pristine Lieb lattice, it is well known that the
application of a SOC term opens topological gaps (with Chern
number C = ±1) above and below the flat bands.28,33 This can
be also seen in the pristine Lieb lattice dispersion in the pres-
ence of SOC, shown in Fig. S9c.† In the case of the SL, this
modification destroys the TDDCs and QFBCs, as shown in
Fig. 6(e). However, the presence of discrete lattice symmetry
breaking in the SL induces spin-polarisation along XM and YΓ
which splits the ADC into two, forming a spin-polarised ADC
(SP-ADC). This is shown for the green (spin-up) and orange
(spin-down) spin-split interface bands in Fig. 6e and in more
detail in Fig. S21 and S22,† where the splitting becomes
visible. As the SL periodicity is increased towards the conti-
nuum limit the two quadratic higher-energy bands shift
towards the flat bands, eventually converging to the pristine
lattice dispersions obtained for tSOC = 0.08t, shown by the
black dashed (well) and dotted (barrier) lines in Fig. 6f.
However, unlike the NN and NNN case, increasing the SL
periodicity towards the continuum limit does not generate
additional ADCs since there are no available extended states to
fold at E = V0/2. In fact, the SP-ADCs remain stationary as L is
varied, as shown in Fig. S22.†

5.4. All terms included

A realistic and experimentally relevant description of a solid-
state Lieb SL system requires at minimum a NNN hopping
interaction t′ and an effective mass term U, simultaneously
included. The inclusion of a SOC term tSOC is also required if
metallic elements are present. The resulting band structure in
the pristine lattice is shown in Fig. S9d.† In Fig. 7 we show the
full band structures for L = (4, 50, 200)a and the states near the
Y point for t′ = −0.5t, U = 0.3t without and with an SOC inter-
action tSOC = 0.08t. We also provide a data file containing full
band structures for a range of SL parameters which can be
visualised using the accompanying Python script.34 We
observe that in the absence of SOC (Fig. 7a), the band disper-
sions inherit features from configurations with NNN or mass
term considered separately, i.e. original flat bands of the Lieb
lattice become dispersive except along MY (NNN), the original
linear bands become quadratic and gaps are introduced in the
spectrum (mass term). As such, we see the appearance of four
QPFBCs and a bottom (top) TDDC for a positive (negative)
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mass term, together with the disappearance of the ADC at E =
V0/2.

A non-zero SOC interaction will gap these crossings, dis-
perse the partial flat bands along MY, and induce a small spin-
splitting of the bands along XM and YΓ, most apparent in the
well-barrier interface bands in Fig. 7d, shown as orange/green
bands for spin-down/up components. However, given that
these spin-split bands disperse and overlap with other non-
spin polarized bands, these cannot be individually detected in
spin-sensitive transport experiments.

The SOC interaction can also open a band gap, the nature
of which is set by the sign of the mass term: the system is a
topological (trivial) insulator for a positive (negative) mass
term. The topological gap hosts a quantum spin-Hall edge-
state corresponding to spin-Chern numbers C↑↓ = ±1.

As the SL periodicity is increased towards the continuum
limit, shown in Fig. 7(b, c) and (e, f ), the band structures for
either cases without and with SOC become increasingly
complex, owing to the existence of continua of extended propa-
gating states (shaded pink areas), the well/barrier localised

states (type II), the interface states (type III) and the uneven
dispersion of original degenerate flat bands induced by the
NNN term. However, there are general features, including
band-flattening and the isolation of localised states that arise
for broad ranges of Lieb SL parameters in the continuum
limit, which we point out here. Without SOC, flat bands that
span the whole BZ at E = 0 (V0) are recovered in the continuum
limit (Fig. 7c and S23†) and the presence of the TDDC at E = 0
is tuneable with the SL periodicity (see also ESI Video 5†).34

With the inclusion of the SOC term, this band flattening at E =
0 is not perfect, but the presence of the topological edge state
is expected to impact the nature of many-body correlations
present in the nearly-flat bands. We also note that increasing
the SL periodicity has no effect on the number of topological
edge-states. This can be understood intuitively: since the topo-
logical gap does not close or reopen as the SL periodicity
varies, the number of edge states remains unchanged, with C↑↓

= ±1. This has been confirmed through ribbon band structure
calculations, as illustrated in Fig. S27,† which shows the band
structure of a ribbon with a width of W = 40a for various SL

Fig. 7 Describing realistic solid-state Lieb SLs without and with spin–orbit coupling. Top row shows (a) the full band structure for L = 4a (discrete
limit) and (b and c) the band structure near the Y point for L = 50a and L = 200a and a solid-state system without SOC. Bottom row (d–f ) shows the
band structure for the same SL wavelength but including a SOC term. The parameters are t’ = −0.5t, U = 0.3t, and tSOC = 0.08t. In panels (e) and (f )
the green (spin up) and orange (spin down) bands show the spin polarisation of the discrete lattice symmetry broken states. Same as Fig. 6, the black
dotted (dashed) lines are the pristine lattice dispersions at kxa = 0 and kxa = π in the well (barrier) regions given the corresponding t’, U and tSOC para-
meters. The shaded pink regions show where electronic states are allowed in both well and barrier regions according to their respective pristine
dispersions.
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periodicities. The primary effect of the SL periodicity on the
topological edge states is to fold their dispersion within the
corresponding first Brillouin zone.

ESI Video 6† 34 shows that the spin-up interface states
(green bands in Fig. 7(e and f)) form a tilted cone at approxi-
mately L = 38a for the given SL parameters. But, for larger SL
periodicities, spin-sensitive transport experiments will show
even smaller discrepancies than the discrete limit case given
the greater number of dispersive states that can contribute to
transport. Fig. 7(e, f ) and ESI Video 6† 34 also show the for-
mation of two highly-degenerate crossing points (marked *),
with the bottom (top) crossing formed from converging well
(barrier) localised states. The degeneracy of these crossings is
L
a � 3 and is formed due to the folding of the band structure
through a constant energy contour of the pristine lattice band
structure. Plotting a cut of the band structure along kx through
this crossing shows no dispersion. This is another feature
where dispersive and flat bands occur at the same energies in
the band structure. Importantly, these crossings are a result of
band folding, a universal feature of all periodic potentials, not
a sensitive symmetry constraint of the system.

Finally we note general features relevant to all Lieb SLs in
the continuum limit, without and with SOC. We expect super-
collimation of charge carriers along the |a2| direction to be
measurable in transport experiments due to both the isolation
of the localised states from the continua and the corres-
ponding band flatness along MY. This would occur, for
example, at energies E = 0.1t in Fig. 7(c and f). Additionally,
for systems with a negative mass term, insulating band gaps
can be opened below E = 0 permitting switchable on/off trans-
port measurements. The near-flatness of the dispersing flat
bands shown in Fig. S23–S26† will enhance the DOS as ener-
gies E > 0 for these super-collimated states and those within
the continuum (shaded pink regions), possibly leading to the
emergence of strongly correlated phases.

6 Discussion

In the following we summarize the results presented in the
previous sections. These can be categorized broadly according
to the length scale of the SL, e.g. discrete versus continuum
limit, or to the addition of relevant new terms to the Lieb
lattice Hamiltonian, e.g. next-nearest neighbour hopping term,
imbalance in the on-site potential – mass term, or the pres-
ence of SOC interactions.

In the discrete limit, i.e. L ∼ a, the electronic dispersion of
the Lieb SL presents a range of unexpected features, such as
tilted Dirac cones, intersections between quadratic and
(partial) flat bands, or spin-polarized states in the presence of
SOC. On the other hand, by exploring the continuum limit, i.e.
L ≫ a, we compare with previous simulations performed
within the continuum limit at low energies and long wave-
lengths near the Dirac cone. Several features compare well
with previous calculations, e.g. the nature of the extended
states in the SL and the appearance of confined states that are

allowed only in well or barrier regions, depending on the
energy. At the same time, we observe new phenomena due to
the discreteness of the Lieb lattice and the symmetry breaking
induced by the SL. For example, localised states at the well/
barrier interface give rise to a series of anisotropic Dirac cones
at E = V0/2, the number of which depend on the L/a ratio, remi-
niscent of periodicity-induced extra Dirac cones in graphene.
These states replace the SKT states predicted by the continuum
approach when lattice details are ignored in the long-wave-
lenth limit, but the asymptotic limit L/a → ∞ is non-trivially
approached due to the existence of Dirac cones, albeit with
increasing frequency and decreasing Fermi velocity or flatten-
ing. Furthermore, we show that in the realistic case, where the
well/barrier interface becomes smooth, additional flat inter-
face states appear in the energy range 0 < E < V0/2 and even-
tually hybridize with both the extended and localized states.
The interface smoothing also affects the previously predicted
SKT states and the newly discovered ADCs.

Adding additional terms to the Hamiltonian strongly affects
the electronic states in the SL. For example, the next-nearest
neighbour hopping disperses the original flat bands in the BZ,
except along the MY direction. This gives rise to additional
regions in the BZ where extended states are allowed and
induces a larger number of localized states in the well/barrier
regions. Furthermore, the SKT states around E = V0/2 become
dispersive, resulting in further deviation from the original SKT
states.

A mass term gives rise to gapped regions in the spectrum
and completely erases the SKT states when V0 is smaller than
the pristine gap. We again find regions in the BZ where
extended states are possible. Additionally, we find cases
showing only localized states within a certain energy range,
when no states are allowed in one of the well or barrier
regions. Since these do not disperse in the kx direction, they
would give rise to super-collimation resulting in pure propa-
gation only along the ky direction.

The SOC term gives rise to topological gaps that survive in
the SL, and we find spin-polarized interface states that propa-
gate only along the ky direction.

When all the different terms are combined the band struc-
ture becomes complex with shared features resulting from the
individual terms: original flat bands become dispersive, (topo-
logical) gaps can appear, regions where extended states are
allowed shift around the BZ and in energy, well/barrier loca-
lized states are ubiquitous and can be isolated within some
energy ranges and spin-polarized states can be localized at the
well/barrier interfaces.

7 Conclusion

In conclusion, our results reveal a complex picture regarding
the effect of 1D periodic potentials on the electronic properties
of Lieb lattices. By considering a TB approach we were able to
smoothly transition from the discrete to the continuum
regimes, with relevance to possible experimental realizations
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of the SL periodicities. Furthermore, the TB approach allowed
us to include terms in the Hamiltonian that describe experi-
mentally relevant effects. These are related to longer range
hoppings, distortions or imbalances in the sublattices or the
presence of spin–orbit interactions. These terms give rise to
rich features observed in the band structure and predict the
absence of the universal SKT previously associated with Lieb
lattices. All these features are relevant to future experiments in
artificial Lieb lattices or newly proposed 2D covalent organic/
metal–organic frameworks and inorganic 2D solids.

8 Methods
8.1 Tight-binding Hamiltonian

Using the Python-based Pybinding package,36 we build a tight
binding model with a single orbital per site to study the elec-
tronic states of a single-layer Lieb lattice under an electrostatic
potential applied along the a1 direction forming a superlattice
(see Fig. 1a). The Hamiltonian of the system is H = H0 + V(x),
where the pristine lattice Hamiltonian H0 is

H0 ¼
X
i

εic
†
i ci þ

X
i;j

tijc
†
i cj þ itSOC

X
i;j

νijc
†
i σ

zcj þ H:C: ð2Þ

where H.C. includes the Hermitian conjugate terms. εi sets the
on-site energy of the A, B, and C sublattices. Here, εA = εC and
εB = U is used to approximate the differences in the chemical
potentials of the corner and centre-edge sites. The tij hoppings
in the second term are considered up to next-nearest neigh-
bours. The parameter tSOC sets the strength of the third spin–
orbit coupling term and νij = ±1 corresponds to an anti-clock-
wise/clockwise hopping between the A and C sublattice sites.
V(x) is the electrostatic potential modeled as a spatially varying
onsite potential defining the SL well-barrier profile shown in
Fig. 1a. Then, the momentum space Hamiltonian is con-
structed in the basis of Bloch wave functions ψk as Hk ¼
ψ
†
kH0ψk and fully-diagonalised. The resulting band structure

for the pristine system can be visualised in Fig. 1b and Fig. S9
(a–d).†

8.2 Numerical implementation of sharp and smooth
potentials

We investigate two forms of periodic potential: an atomically
sharp step-like potential where the potential change occurs
instantaneously, and a potential with a finite smoothness.
These are referred to as ‘step’ and ‘smooth’ periodic potentials
in the main text. Application of the step periodic potential
Vstep (x) is achieved using the Heaviside step function Θ(x)
such that

VstepðxÞ ¼ V0ΘðxÞ ¼ 0; 0 , x , L=2
V0; L=2 � x � L

�
; ð3Þ

where the periodicity of the superlattice L = Na is in units of
the original lattice unit cell length. The smooth potential is
implemented using the sigmoid-like smoothstep function. It is

a function that takes two end points as its argument and
smoothly interpolates using a Hermite polynomial of degree n;
this tunes how quickly the potential changes through the
superlattice. Fixing the end points at x = 0 and x = L/2 the
smoothed potential profile Vsmooth (x, α) with smoothness α is

Vsmoothðx; αÞ ¼
0; x ¼ 0
V0
2 ½RαðxÞð2x� 1Þ þ 1� 0 , x , L=2
V0; x ¼ L=2

8<
: ; ð4Þ

where Rα(x) is an odd-symmetry polynomial given by

RαðxÞ ¼
ð1
0
ð1� u2Þα�1

� ��1ðx
0
ð1� u2Þα�1

du: ð5Þ

The odd-symmetry of Rα (x) is then used to build the full
potential between x = 0 and x = L.
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