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Membrane-mediated interactions between
arc-shaped particles strongly depend on
membrane curvature

Francesco Bonazzi and Thomas R. Weikl *

Besides direct molecular interactions, proteins and nanoparticles embedded in or adsorbed to mem-

branes experience indirect interactions that are mediated by the membranes. Membrane-mediated inter-

actions between curvature-inducing proteins or nanoparticles can lead to assemblies of particles that

generate highly curved spherical or tubular membrane shapes, but have mainly been quantified for planar

or weakly curved membranes. In this article, we systematically investigate the membrane-mediated inter-

actions of arc-shaped particles adsorbed to a variety of tubular and spherical membrane shapes with

coarse-grained modelling and simulations. These arc-shaped particles induce membrane curvature by

binding to the membrane with their inner, concave side akin to N-BAR domain proteins. We determine

both the pairwise interaction free energy, which includes entropic contributions due to rotational entropy

loss at close particle distances, and the pairwise interaction energy without entropic components from

particle distributions observed in the simulations. For membrane shapes with small curvature, the mem-

brane-mediated interaction free energies of particle pairs exceed the thermal energy kBT and can lead to

particle ordering and aggregation. The interactions strongly decrease with increasing curvature of the

membrane shape and are minimal for tubular shapes with membrane curvatures close to the particle

curvature.

Introduction

The intricately curved shapes of biological membranes are
generated by protein assemblies.1–4 BAR (BIN/amphiphysin/
Rvs) domain proteins, for example, generate curvature by
imposing their arc-like shape on membranes upon binding5–8

and can induce membrane tubules9 covered by dense protein
coats10–12 or by less dense protein arrangements,13,14 depend-
ing on the protein type and concentration. While the assembly
of proteins or particles in solution is typically driven by direct
molecular interactions,15–18 assemblies of membrane-associ-
ated proteins or membrane-adsorbed particles can also result
from indirect interactions that are mediated by the
membrane.19–23 Simulations and numerical approaches with a
variety of different models24,25 indicate that such indirect
interactions play a role in the tubulation of membranes by
assemblies of arc-shaped proteins and particles,26–32 can lead
the cooperative wrapping of spherical33–43 and elongated
particles37,38, and can result in assemblies of membrane-
adsorbed Janus particles,44–50 elastic particles,51 and hinge-

like particles.52–54 Membrane-mediated interactions and
assembly of spherical particles55–61 as well as the cooperative
wrapping of spherical virus-like particles62 and rod-like par-
ticles63 by membranes have also been observed in
experiments.

These membrane-mediated interactions result from a
change of the membrane curvature induced by the particles or
proteins and, therefore, can be expected to depend on the
equilibrium curvature or shape of the membranes. However,
membrane-mediated pair interactions have mainly been quan-
tified for curvature-inducing model proteins or particles that
are adsorbed to or embedded in initially planar or weakly
curved membranes.44,45,64–76 Recent exceptions are the pair
interactions of spherical Janus particles,46,48 which have been
found to depend on whether the particles adsorb to the inside
or outside of the vesicles, and the pair interactions of spherical
particles adsorbed to vesicles with different sizes.77 The pair
interaction energies between curvature-inducing particles or
proteins have been determined based on minimum-energy
shapes of membranes45,64,68,69,72,74,76 and vesicles46,70 with
two embedded or adsorbed particles, or from simulations with
constraints on the distance of particle pairs.44,48

In this article, we determine the effective membrane-
mediated pair interactions of arc-shaped particles on tubular
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and spherical membrane vesicles from pair distributions of
the particles observed in Monte Carlo simulations. In our
coarse-grained model of membrane shaping, the membrane is
described as a triangulated elastic surface, and the particles as
segmented arcs that induce membrane curvature by binding to
the membrane with their inner, concave side.31 In previous
work, we found that the vesicle shapes induced by the particles
are determined by the arc angle and membrane coverage of
the particles, and that membrane tubulation is induced by the
particles above a threshold coverage of roughly 50%,31,32 in
agreement with experimental observations for amphiphysin
N-BAR domains.14 In this work, in contrast, the vesicle shape
is fixed by the volume-to-area ratio of the vesicles, and the par-
ticle coverage in our simulations is adjusted to relatively small
values between 5% and 20% to identify the particles’ pair
interactions and the dependence of these pair interaction on
the membrane curvature of the spherical and tubular vesicle
shapes. We determine the membrane-curvature-dependent
effective pair interaction free energy of the particles by compar-
ing pair distributions of the particles obtained from simu-
lations to ideal distributions of non-interacting particles.
These interaction free energies include entropic components
from the loss of rotational entropy of the arc-shaped particles
at close distances due to steric hindrance, besides the curva-
ture-mediated interaction energies. In addition, we determine
the effective pair interaction energies of the particles by com-
paring the pair distributions obtained from simulations to
hard-core pair distributions of ‘flattened’ particles with the
same shape, to quantify the curvature-mediated interaction of
the particles without entropic components. We find that both
the interaction free energies and the interaction energies
strongly decrease with increasing curvature of the membrane
shape and are minimal for tubular shapes with membrane cur-
vatures close to the particle curvature.

Results
Conformations of arc-shaped particles on tubular and
spherical vesicles

Fig. 1 and 2 illustrate simulation conformations of closed
tubular and spherical membranes with bound arc-shaped par-
ticles. In our simulation model, the membranes are dynami-
cally triangulated surfaces composed of 2000 triangles with a
constrained total area A (see Methods). The volume V enclosed
by the membrane is constrained to different values in the
simulations, which results in the different membrane shapes
shown in Fig. 1 and 2. The constrained volume-to-area ratio of
the membrane can be quantified by the reduced volume
v ¼ 6

ffiffiffi
π

p
V=A3=2 � 1, which adopts its maximum value of 1 for

an ideal sphere. In our simulations of spherical membranes,
we constrain the reduced volume to v = 0.95 to allow for small
variations and fluctuations around the overall spherical shape
and to prevent shape changes that occur already at small par-
ticle coverages in the absence of such volume constraints.31 In
our simulations of spherocylindrical, tubular membranes, the

reduced volume is fixed to v = 0.35, 0.4, 0.45, 0.5, 0.55, 0.6, or
0.65. The tubular membrane shapes are metastable, because
the stable membrane shape is an oblate ellipsoid for 0.592 ≲ v
≲ 0.652 and a stomatocyte for 0 < v ≲ 0.592.78,79 The meta-
stable tubular shapes are protected against transformations
into the stable membrane shapes by an energy barrier that
depends on the bending rigidity κ.79 To ensure a sufficiently
large energy barrier, we use the relatively large bending rigidity
value κ = 30kBT from the range of typical bending rigidities of
lipid membranes between about 10 and 40kBT.

80,81

The arc-shaped particles of our model are composed of
either 3 or 4 quadratic segments with side length ap and an
angle of 30° between adjacent segments. The arc angle of the
particles, i.e. the angle between the terminal segments, thus is
60° for particles composed of 3 segments, and 90° for particles
composed of 4 segments. The particles bind to the membrane
with their inner, concave sides. A particle segment is bound to
the triangulated membrane of our model if its distance to the
closest membrane triangle is within a given range, and if the
particle segment and membrane triangle are nearly parallel
with an angle that is smaller than the cutoff angle 10° (see
Methods for details). The relative area of the particle segments
and membrane triangles is chosen such that a particle
segment can only be bound to a single membrane triangle.
The particles can bind to and unbind from the membranes in
the simulations. The equilibrium fraction of membrane-bound
particles depends on the adhesion energy U per particle
segment and on the total number of particles in the simu-
lation box with volume Vbox ≃ 3 × 105am

3, which is 64 times as
large as the volume of a perfect sphere with the area A0 of the
membrane vesicle.31 In our simulations, the area fraction X of
the membrane covered by bound particles is kept at a constant
value between 5% and 20% by dynamically adjusting the
adhesion energy U per particle segment for a total particle
number of 400 that greatly exceeds to number of bound par-
ticles at all values of X.

The simulation conformations in Fig. 1 and 2 illustrate a
tendency of the particles to align side by side that increases
with increasing reduced volume v of the membrane and with
increasing arc angle of the particles. At the reduced volume v =
0.95, particles with arc angle 90° form linear aggregates on the
spherical membranes (see Fig. 2). This alignment and aggrega-
tion of the particles is driven by membrane-mediated inter-
actions, because the direct particle–particle interactions are
purely repulsive in our model (see Methods).

Interaction free energies

The membrane-mediated pair interactions of the particles can
be quantified by two-dimensional interaction free energies,
which we obtain from the two-dimensional pair distributions
P(x,y) of the particles observed in our simulations. These inter-
action free energies reflect the highly anisotropic interactions
of a particle along its side (x-direction) and along its tip
(y-direction) to a neighboring particle, and are two-dimen-
sional generalizations of the one-dimensional potential of
mean force.82 More precisely, the interaction free energies are
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effective pair interactions because our approach neglects
multi-body interactions of the particles and takes the particle
distributions observed in our simulations to result from pair
interactions between the particles. These effective pair inter-
actions can be seen to approximate the two-body interactions
of the particles if their dependence on the area coverage X of
the particles is small. The effective two-dimensional pair inter-
action free energies are calculated as

Fðx; yÞ ¼ �kBT ln½Pðx; yÞ=Pid� ð1Þ

where Pid is the pair distribution of a non-interacting, ideal
gas of particles (see Methods for details). These interaction
free energies include entropic components from the reduction
of the rotational entropy of the arc-shaped particles at close

distances from steric hindrance, besides the curvature-
mediated interaction energies. For tubular vesicle shapes with
reduced volume v ≤ 0.65, we determine the pair distributions
P(x,y) in the central, tubular membrane segments and exclude
particle pairs at the spherical ends (see Methods). At close dis-
tances, the particle pairs tend to align in parallel (see Fig. 1
and 2). The two coordinates x and y then allow to distinguish
whether a particle pair is positioned side-to-side (for y = 0),
tip-to-tip (for x = 0), or in between these extremal positions
(for nonzero x and y).

Fig. 3(a) and (b) display the resulting two-dimensional
interaction free energies of the simulated particles with arc
angle 60° and 90° at three different values of the reduced
volume v of the vesicles for intermediate particle coverages of
10% and 15%, respectively. At the small value v = 0.5, the vesi-

Fig. 1 Exemplary simulation conformations for particles with arc angle 60° at different area coverages X and reduced volume v of the membrane.
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cles adopt elongated, thin tubular shapes (see Fig. 1 and 2). At
this value of v, the two-dimensional free energy of particles
with arc angle 60° exhibits two minima with nearly equal
depth of about −0.15kBT for pair conformations in which the
particles are oriented side-to-side and tip-to-tip, respectively
(see Fig. 3(a)). At the intermediate value v = 0.65 at which the
vesicles adopt thicker tubular shapes, the depths of the
minima increases to about −0.45kBT for side-to-side alignment
of particles with arc angle 60°, and to about −0.3kBT for tip-to-
tip alignment. At v = 0.95, the vesicles adopt spherical shapes,
and the depth of the minimum for side-to-side alignment of
the particles further increases to nearly −1.0kBT, whereas tip-
to-tip alignment of the particles is no longer energetically
favourable.

For particles with arc angle 90°, the free-energy minima for
pair conformations in which the particles are oriented side-to-
side are clearly deeper compared to particles with arc angle

60°, while free-energy minima for tip-to-tip alignment of the
particles no longer occur (see Fig. 3(b)). These deeper free-
energy minima for side-to-side orientation of the particles
indicate clearly stronger curvature-mediated interactions of the
particles, because the rotational entropy loss in side-to-side
conformations is larger for the longer particles with arc angle
90°, compared to particles with arc angle 60°. At the reduced
vesicle volume v = 0.5, the free-energy minimum for side-to-
side alignment of the particles has a depth of about −0.85kBT.
At the larger values v = 0.6 and v = 0.95, several minima in
side-to-side direction of the particles appear, which reflects
the tendency of the particles to form linear chains with side-
to-side orientation in the simulations at these values of v (see
Fig. 2). The minimum at the smallest distance along the par-
ticle side reflects the interaction free energy of nearest neigh-
bours and has a depth of about −1.6kBT for v = 0.6 and
−3.4kBT for v = 0.95.

Fig. 2 Exemplary simulation conformations for particles with arc angle 90° at different area coverages X and reduced volume v of the membrane.
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Fig. 3(c) and (d) illustrate how the interaction free-energy
minima for side-to-side alignment of the particles depend on
the curvature of the membrane at the three different particle
coverages considered in our simulations. For tubular mem-
brane shapes, the membrane curvature here is calculated as
the curvature for the tubular section of an ideal spherocylinder
with the same area A as the membrane in our simulations. For

spherical shapes, the membrane curvature is calculated as the
curvature of an ideal sphere with the same area A as the mem-
brane in our simulations. For particles with arc angle 60°, the
interaction is weakest at membrane curvatures of about 0.45/
ap, with a minimum interaction free energy of about −0.15kBT.
These membrane curvature roughly corresponds to the
induced curvature of the particles, which can be estimated

Fig. 3 (a) Two-dimensional interaction free energy of pairs of arc-shaped particles with arc angle 60° for vesicle shapes with reduced volume v =
0.5, 0.65, and 0.9 and a particle coverage of 10%. (b) Two-dimensional interaction free energy of pairs of arc-shaped particles with arc angle 90° for
vesicle shapes with reduced volume v = 0.5, 0.6, and 0.9 and a particle coverage of 15%. (c and d) Minimum interaction free energy versus mem-
brane curvature for particles with arc angle 60° and 90° at different particle coverages of the membrane. For tubular membrane shapes, the mem-
brane curvature here is calculated as the curvature for the tubular section of an ideal spherocylinder with the same area A as the membrane in our
simulations. For spherical shapes, the membrane curvature is calculated as the curvature of an ideal sphere with the same area A as the membrane
in our simulations. The shown errors have been estimated as error of the mean obtained for a subdivision of the simulation data into 10 contiguous
data blocks. The dashed extrapolation lines to curvature 0 are guides for the eye.
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from the equation c = θ/L for the curvature c of a circular arc
with angle θ and arc length L. For the average induced angle of
52.5° between membrane triangles bound to the terminal seg-
ments of a particle31 and the particle arc length L ≃ 2ap
between the centers of these terminal segments with side
length ap, we obtain c ≃ 0.46/ap. The interaction is strongest
for spherical vesicles with a curvature of about 0.15/ap, with a
minimum interaction free energy of about −1kBT. The dashed
lines in Fig. 3(c) are extrapolations to planar membranes with
curvature 0 and suggest pair interaction free-energy minima of
about −1.2kBT in planar membranes.

For particles with arc angle 90°, the interaction is weakest
at the largest considered membrane curvature of about 0.53/ap
obtained for the thinnest simulated tubules with reduced
volume v = 0.35 (see Fig. 3(d)). The interaction free-energy
minima at this largest curvature range from about −0.45 to
−0.5kBT, depending on the particle coverage X of the mem-
branes. For particles with arc angle 90°, the induced curvature
is about c = θ/L ≃ 0.48/ap for an average induced angle θ ≃
82.6° (ref. 31) and arc length L ≃ 3ap and, thus, slightly larger
than for particles with arc angle 60°. The interaction is again
strongest for spherical vesicles with a curvature of about 0.15/
ap, with a minimum interaction free energy in the range from
−2.9 to −3.7kBT.

Side-to-side interaction energy

Besides effective interaction free energies of the particles, cur-
vature-induced effective pair interaction energies without
entropic components from rotational entropy losses can be
obtained by comparing pair distributions p obtained from our
simulations to hard-core distributions phc of the particles in
the absence of attractive interactions. We approximately deter-

mine these hard-core distributions at closer particle distances
for ‘flattened’ particles with the same shape in a quadratic
planar area (see Methods). Our focus now is on one-dimen-
sional radial distributions and on the curvature-induced inter-
action energies for side-to-side aligned particle pairs, which
are reflected by energetic minima at small separations that the
particles can only achieve in side-to-side alignment. We calcu-
late the one-dimensional, distance-dependent interaction
energy of the particles as

EðrÞ ¼ �kBT ln
pðrÞ
phcðrÞ

� �
ð2Þ

with hard-core distributions phc(r) determined for ‘flattened’
particles with an angle of 0 between the quadratic segment of
side length ap, rather than the angle of 30° of the curved,
membrane-bound particles (see Methods for details).

Fig. 4 illustrates the radial distributions p(r) obtained from
our simulations at different reduced vesicle volumes v
(coloured data points) as well as the hard-core distributions
phc(r) of the particles with arc angle 60° and 90° (full grey
lines), and compares these distributions to the ideal distri-
butions of non-interacting particles on cylinders for v ≤ 0.6
and spheres for v = 0.95 (dashed grey lines). The distributions
p(r) and phc are 0 at particle distances r < ap that are prevented
by the hard-core interactions of the particles. At distances r >
ap, the hard-core distributions phc(r) gradually increase and
exhibit two kinks at distances r at which the particles acquire
more rotational freedom. For particles composed of 3 seg-
ments, the first kink of phc(r) occurs at the distance r = 2ap
above which a particle that is located at the side of another
particle gains full rotational freedom. The second kink occurs
at the distance r = 3ap above which a particle located at the tip

Fig. 4 Radial pair distributions p(r) of membrane-bound particles obtained from simulations with vesicle shapes for different reduced volumes v
(coloured data points), ideal distributions of non-interacting point particles on the corresponding cylinders and spheres (grey dashed lines), and
hardcore distribution phc(r) of ‘flattened’ particles with the same shape in a plane (full grey line). The area coverages of the membrane-bound par-
ticles are X = 0.05 in (a) for particles with arc angle 60° and X = 0.09 in (b) for particles with arc angle 60°. For the tubular membrane shapes with
reduced volumes v = 0.4, 0.5, and 0.6, the pair distributions p(r) exhibit maxima when the particle distance r is equal to the diameter 2R. The radial
pair distributions of ideal gas on a cylinder here are calculated as pideal(r) = 8Rfelliptic[0.5arccos[1 − r2/(2R2)], 4R2/r2] where felliptic is the elliptic integral
of the first kind. After subdividing the simulation data into 10 contiguous data blocks, the shown errors have been estimated as error of the mean of
the distributions obtained for these data blocks.
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of another particle has full rotational freedom. For particles
composed of 4 segments, these kinks occur at corresponding,
larger distances r. The curvature-mediated interaction of the
particles is reflected by clearly larger values of the distri-
butions p(r) at close distances ap < r < 2ap compared to the
hard-core distributions phc(r). For particles with arc angle 60°
and tubular vesicles with v ≤ 0.6, the radial distributions p(r)
approach the hard-core distributions phc(r) at distances 2ap < r
< 3ap and exhibit a kink around r = 3ap, which validates our
approach to determine the hard-core distributions phc(r) at
closer distances for ‘flattened’ particles in a plane. At larger
distances r > 3ap, the radial distributions of the particles with
arc angle 60° approach the ideal distributions of non-interact-
ing particles on cylinders and spheres, respectively. For par-
ticles with arc angle 90°, the tendency of the particles to form
linear chains for reduced vesicle volume v ≳ 0.5 (see Fig. 2)
leads to more global deviations from hard-core and ideal dis-
tributions, and to multiple maxima of p(r) for spherical vesi-
cles with v = 0.95.

Fig. 5 illustrates the interaction energy profiles E(r) and
minimum interaction energies obtained from eqn (2) for the
distributions p(r) obtained from our simulations and the
numerically determined hard-core distributions phc(r) at the
corresponding particle coverages X (see Methods for details).
For particles with arc angle 60°, the interaction energy profiles
E(r) tend to values close to 0 at larger distances r > 3ap at
which the distributions approach each other (see Fig. 5(a, b)
and 4(a)). Our main aim is to determine the minima of E(r) at
short distances r that reflect the curvature-mediated inter-
action energy of the particles in side-to-side alignment. These
interaction energy minima strongly depend on the membrane
curvature (see Fig. 5(c)). As in Fig. 3(c), the interaction is
weakest at membrane curvatures of about 0.45/ap with
minimum values from −1.25 to −1.6kBT, depending on the
particle coverage X. The interaction is strongest at the curva-
ture of about 0.15/ap of our spherical vesicles with minimum
values from −2.0 to −2.2kBT. The minimum values of the inter-
action energies are roughly 1kBT lower than the minima of the
interaction free energies in Fig. 3(c) at corresponding curva-
tures. This difference of about 1kBT can be seen as the free-
energy contribution from the loss of rotational entropy of the
particles in the minimum-energy side-to-side pair
conformations.

For particles with arc angle 90°, the minima of the inter-
action energy profiles E(r) at short distances r are clearly lower
than for particles with arc angle 60° (see Fig. 5(d)–(f )). For
spherical vesicles with v = 0.95, the linear chains of particles
observed in the simulations lead to multiple minima of E(r) at
the larger particle coverages X = 0.15 and 0.20, and to more
global deviations from the hard-core distributions. The global
minimum values of the interaction energies are roughly 1 to
2kBT lower than the minima of the interaction free energies in
Fig. 3(c) at corresponding curvatures (see Fig. 3(d) and 5(f )),
which reflects a slightly larger energy loss of rotational entropy
for the longer particles with arc angle 90°, compared to par-
ticles with arc angle 60°.

Discussion and conclusions

In this article, we have presented a general methodology to
obtain effective membrane-mediated pair interaction free ener-
gies and pair interaction energies of anisotropic curvature-
inducing particles from distributions observed in simulations
at relatively low membrane coverages of the particles. In this
methodology, the two-dimensional interaction free energies
F(x,y) are calculated in comparison to ideal distributions of
non-interacting particles, as generalization of the one-dimen-
sional potential of mean force. For a given particle, the two
coordinates x and y describe whether a neighbouring particle
is positioned at the side (for y = 0) or tip (for x = 0) of the par-
ticle, or in between these two directions (for nonzero x and y).
In principle, a third coordinate to completely describe the rela-
tive position of two particles on the membrane surface is the
angle enclosed by the two particle directions. In our approach,
this third coordinate is averaged out in the two-dimensional
interaction free energies F(x,y), which leads to a rotationally
entropic contribution to F(x,y) because of the steric constraints
at close particle distances. At the closest possible distances,
the particles need to be positioned side-to-side and in parallel
because of these steric constraints.

Our methodology implies that the observed particle distri-
butions result from effective pair interactions between the par-
ticles. For particles with arc angle 60°, the minima of the
effective pair interaction free energy shown in Fig. 3(c) depend
rather weakly on the membrane coverage X of the particles,
which appears to indicate that multibody interactions are
indeed negligible in magnitude compared to the pair inter-
actions, at least in the range from X = 0.05 to 0.2 of our simu-
lations. The effective pair interactions obtained from our ana-
lysis then approximate the actual pair interactions in the par-
ticle system. For particles with arc angle 90° on spherical vesi-
cles, which form linear aggregates (see Fig. 2), the effective
pair interaction free energies and pair interaction energies
depend more strongly on the membrane coverage X of the par-
ticles and decrease with X (see data points in Fig. 3(d) and 5(f)
at the membrane curvature 0.144/ap of our vesicles). This
decrease of the effective two-body interactions indicates that
the actual two-body interactions in the limit of small coverages
X are counterbalanced by multi-body interactions, which
become more pronounced at larger membrane coverages X. In
general, membrane-mediated interactions can lead to strong
multi-body interactions,73,76 in particular in systems with hexa-
gonally packed aggregates of curvature-inducing particles61

because of the larger number of neighbouring particles in
these aggregates, compared to linear aggregates. For curvature-
inducing spherical particles trapped in membrane-adhesion
zones, a counterbalance of attractive two-body interactions by
multi-body interactions in hexagonally ordered particle aggre-
gates has been quantified in an energy-miminization
approach.61 In such membrane-mediated particle aggregates,
the sum of the actual two-body interactions appears to overes-
timate the overall interaction energies because of screening
effects, i.e. because of a reduction of the attractive interactions
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between next-nearest-neighbour particles by the nearest neigh-
bours, which is reflected in repulsive multi-body interactions.

Our main aim was to determine the dependence of the par-
ticles’ interaction free energy on the overall curvature to the
membrane, which we adjusted by the reduced volume v of
membrane vesicles, from values of v = 0.35 for thin tubular
vesicles to v = 0.95 for spherical vesicles (see Fig. 1 and 2). The
constraints on the area and volume of the vesicle in our simu-
lations to adjust the reduced volume v are essential for this

aim. Without volume constraints, particle coverages between
X = 0.05 and 0.20 only lead to spherical vesicle shapes with
reduced volume of about v = 0.95 for particles with arc angle
60°, and to faceted shapes with reduced volume v between
about 0.8 and 0.9 for particles with arc angle 90°.31 We found
that the pair interaction is smallest for tubular vesicles with a
curvature close to the particle curvature, with free energy
minima of around −0.2kBT and −0.5kBT for particles with arc
angle 60° and 90°, respectively. The pair interaction is largest

Fig. 5 (a) and (b) Interaction energy profiles of pairs of arc-shaped particles with arc angle 60° at different values of the reduced volume v of vesi-
cles and of the coverage X of the particles. (c) Minima of the interaction energy profiles versus membrane curvature for particles with arc angle 60°
at coverages of X = 0.05, 0.1, and 0.2. The membrane curvature here is calculated as in Fig. 3, and the dashed extrapolation lines to curvature 0 are
guides for the eye. (d) and (e) Interaction energy profiles of pairs of arc-shaped particles with arc angle 90° at different values of v and X. (f ) Minima
of the interaction energy profiles versus membrane curvature for particles with arc angle 90°. The shown errors have been estimated as error of the
mean obtained for a subdivision of the simulation data into 10 contiguous data blocks.
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for spherical vesicles with free energy minima of around
−1kBT and −3kBT for the two types of particles. We believe that
the interaction free energies of our particles with arc angle 60°
are realistic for BAR domain proteins such as the Arfaptin BAR
domain and the endophilin and Bin1 N-BAR domains, (i)
because the induced average angle 52.5° of these particles31

roughly corresponds to the angle enclosed by these BAR
domain proteins,83 and (ii) because the electron tomography
images of membrane tubules induced by Bin1 N-BAR domains
proteins show a rather loose protein arrangement with only
short-ranged order,13 similar to the tubular morphologies
induced by the particles in our simulations.31,32 In general,
the pair interaction free energy can be expected to depend also
on the coupling between the particles and the membrane,
which is determined by the particle–membrane interaction
potential in our model (see Methods).

Besides interaction free energies, we determined the
effective pair interaction energies of the particles without rota-
tionally entropic component from the distributions observed
in our simulations and numerically determined hard-core dis-
tributions of ‘flattened’ particles with the same shape. The
minima of the interaction energy profiles are located at short
particle distances at which the particles are aligned side-by-
side and exhibit the same dependence on membrane curvature
as the minima of the interaction free energies. However, the
interaction energy minima are about −1kBT and between −1 to
−2kBT lower compared to the free energy minima obtained for
the particles with arc angle 60° and 90°, respectively. These
differences between the minima of the interaction energies
and interaction free energies result from the rotational entropy
loss of the particles at close contact and can be seen to quan-
tify the free energy contribution of this entropy loss. Our
results for the rotationally entropic repulsion with a magni-
tude of about 1kBT at particle contact agree with previous
results for this entropic repulsion based on minimum-energy
calculations for two BAR-domain shaped inclusions embedded
in initially planar membranes at different distances and orien-
tations.72 However, these minimum-energy calculations led to
attractive curvature-mediated interaction energies of tens of
kBT, which are much larger than the attractive interaction ener-
gies of about 2kBT for our particles with arc angle 60° on
weakly curved spherical membrane vesicles. We speculate that
this stronger curvature-mediated attraction results from a
stronger coupling of the BAR-domain shaped inclusions via
boundary conditions to the membrane and a finer membrane
discretization in the energy minimizations,72 compared to the
weaker membrane coupling of the adsorbed particles and to
the membrane triangulation in our model. For a typical BAR
domain length of about 20 nm,83 the edge length of our mem-
brane triangles is of the order of 5 nm, so of the order of the
membrane thickness. Coarse-grained molecular simulations of
lipid membranes indicate that this discretization length, or
‘cutoff length’, of 5 nm for bending modes of lipid membranes
is realistic.19,84 The weakly ordered arrangements of our par-
ticles with arc angle 60° on membrane tubules, which result
from the curvature-mediated interactions quantified in this

article, are in line with the short-range order of Bin1 N-BAR
domains on membrane tubules observed in tomography
images.13 Thermal membrane shape fluctuations, which are
present in our simulations, are known to lead to fluctuation-
induced attractions of adsorbed particles that locally suppress
the shape fluctuations. In principle, these fluctuation-induced
attractions are included in the membrane-mediated interaction
energies obtained in our approach, but likely small compared to
the thermal energy kBT

19 and, thus, small compared to the cur-
vature-mediated attraction in our model. The clearly stronger
membrane-mediated interactions for particles with arc angle
90° in our model, compared to particles with arc angle 60°, also
indicate a predominance of curvature-mediated interactions.

Methods
Model and simulations

We model the membrane as a dynamically triangulated, closed
surface. The membrane model is based on a standard
discretization33,85 of the bending energy Ebe ¼ 2κ

Þ
M2dS of

closed fluid membranes86 with bending rigidity κ and local
mean curvature M. Our discretized membranes are composed of
nt = 2000 triangles. In our Monte Carlo (MC) simulations, the
edges of the triangulated membrane are flipped to ensure mem-
brane fluidity (dynamic triangulation), and the vertices of the tri-
angulation are displaced to allow local changes of the mem-
brane shape. The edge lengths of the triangles are kept within
an interval am;

ffiffiffi
3

p
am

� �
to limit triangle distortions. The vertex

displacements occur in MC steps in which a randomly selected
vertex of the triangulated membrane is translated along a
random direction by a distance that is randomly chosen from an
interval between 0 and 0.1am. We impose an overall tubular or
spherical membrane shape by constraining both the membrane
area A and the enclosed volume V of the membrane via harmo-
nic constraining potentials. The volume-to-area ratio of the
membrane therefore is fixed in our simulations.

The discretized, arc-shaped particles of our model are
linear chains of 3 or 4 identical planar quadratic segments
with a side length ap and with an angle of 30° between neigh-
boring segments that share a quadratic edge.31,87 The arc
angle of the particles, i.e. the angle between the first and last
segment, then adopts the values 60° and 90° for particles com-
posed of 3 and 4 segments, respectively. Each planar segment
of a particle interacts with the nearest triangle of the mem-
brane via the particle–membrane adhesion potential31

Vpm ¼ �Uf rðrÞf θðθÞ ð3Þ
Here, r is the distance between the center of the segment

and the center of the nearest triangle, θ is the angle between
the normals of the particle segment and this membrane tri-
angle, and U > 0 is the adhesion energy per particle segment.
The distance-dependent function fr is a square-well function
that adopts the values fr(r) = 1 for 0.25am < r < 0.75am and fr(r)
= 0 otherwise. The angle-dependent function fθ is a square-well
function with values fθ(θ) = 1 for |θ| < 10° and fθ(θ) = 0 other-
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wise. By convention, the normals of the membrane triangles
are oriented outward from the enclosed volume of the mem-
brane, and the normals of the particle segments are oriented
away from the center of the particle arc. The particles thus
bind with their inward curved, concave surface to the mem-
brane. The overlapping of particles is prevented by a purely
repulsive hard-core interaction that only allows distances
between the centres of the planar segments of different par-
ticles that are larger than ap. The hard-core area of a particle
segment thus is πap2/4. We choose the value ap = 1.5am for the
side length of the planar and quadratic particle segments. The
particle segments then are slightly larger than the membrane
triangles with minimum side length am, which ensures that
different particle segments bind to different triangles.

The positions and orientations of the particles are varied by
particle translations and rotations in our simulations.31 In a
particle translation, a randomly selected particle is translated in
random direction by a random distance between 0 and am. In a
particle rotation, a randomly selected particle is rotated around
a rotation axis that passes through the central point along the
particle arc. For particles that consist of 3 segments, the
rotation axis runs through the center of the central segments.
For particles composed of 4 segments, the rotation axis runs
through the center of the edge that is shared by the two central
segments. The rotation axis is oriented in a random direction.
The random rotations are implemented using quaternions88,89

with rotation angles between 0 and a maximum angle of about
2.3°. Our simulations thus consist of two types of MC steps for
the membrane, vertex translations and edge flips, and two types
of MC steps for translating and rotating the particles. The
different types of MC steps occur with equal probabilities for
single membrane vertices, edges, or particles.31

In each simulation, the area fraction X of the membrane
covered by bound particles is kept at a constant value between
5% and 20% by dynamically adjusting the adhesion energy U per
particle segment. The total number of particles in the system is N
= 400. The area of the membrane is constrained to A0 ≃
0.677ntam

2. The strength of the harmonic constraining potential
is chosen such that the fluctuations of the membrane area are
limited to less than 1%. The simulations are run in a cubic box
with periodic boundary conditions and volume Vbox ≃ 3 × 105am

3.
The simulation box volume is 64 times as large as the volume of
a perfect sphere with area A0. After initial relaxation of the simu-
lations until a steady state of bound particles is reached, the
simulation frames from which the particle distributions are deter-
mined are extracted from the simulations at time intervals of 100
Monte Carlo steps per vertex. For particles with arc angle 60°, the
total number of analysed conformations for tubular vesicles with
reduced volume v ≤ 0.65 is about 180 000 for the membrane cov-
erage X = 5%, 145 000 for X = 10%, and 100 000 for X = 20%. For
spherical vesicles with reduced volume v = 0.95, the total number
of conformations is 150 000, 85 000, and 61 000 at X = 5%, 10%,
and 20%, respectively. For particles with arc angle 90°, the total
number of analysed conformations for tubular vesicles with
reduced volume v ≤ 0.65 is about 155 000 for the membrane cov-
erage X = 9%, 125 000 for X = 15%, and 90 000 for X = 20%. For

spherical vesicles with reduced volume v = 0.95, the total number
of conformations is 150 000, 88 000, and 59 000 at X = 9%, 15%,
and 20%, respectively.

Interaction free energy

We determined the two-dimensional interaction free energies
of Fig. 3 from two-dimensional pair distributions of the par-
ticles obtained from our simulations. These two-dimensional
pair distributions reflect the distributions of neighbouring
particles around a particle on the surface of the spherical or
tubular membranes. For spherical membrane shapes, we
determine the position of a neighbouring particle j relative to
a particle i based on an angle ϕ between two planes P and Q.
Plane P runs through the centres of the two terminal segments
of particle i and through the center of mass of the spherical
membrane and, thus, reflects the orientation of particle i on
the membrane sphere. Plane Q runs through the centre of par-
ticle i, the center of particle j, and the center of mass of the
spherical membrane. For particles with arc angle 60°, which
are composed of three segments, the particle center simply is
the center of the central particle segment. For particles with
arc angle 90°, which are composed of four segments, the par-
ticle center is the center of mass of the two central particle seg-
ments. The value ϕ = 0 for the angle between planes P and Q
indicates that the center of particle j is located at the tip of par-
ticle i, and ϕ = π/2 indicates that the center of particle j is
located at the side of particle i. The two-dimensional particle
distributions then are calculated from the two coordinates x =
r sin ϕ and y = r cos ϕ of all particle pairs where r is the dis-
tance of the particle centres. To determine these distributions,
we discretize the plane of the coordinates x and y into squares
with side length ap/5 and count the total number M(x,y) of par-
ticle pairs with coordinate values in the square centered at (x,
y) for all conformations. The probability for finding a neigh-
boring particle in the square centered at (x,y) can then be
determined as P(x,y) = M(x,y)/(4NcNb(Nb − 1)) where Nc is the
number of conformations and Nb is the average number of
bound particles in a conformation. The factor 4 takes into
account that the angle 0 ≤ ϕ ≤ π/2 is limited to one of the four
angular quadrants because of the particle symmetry, and
Nb(Nb − 1) is the average number of particle pairs per confor-
mation that is considered in this calculation. For ideal, non-
interacting particles, the probability of finding a neighboring
particle in square (x,y) is Pid = As/A where As = (ap/5)

2 is the area
of a discrete square and A = A0 is the membrane area. The two-
dimensional interaction free energy then follows as,

Fðx; yÞ ¼ � kBT ln
Pðx; yÞ
Pid

� �

¼ � kBT ln
Mðx; yÞA

4NcNbðNb � 1ÞAs

� � ð4Þ

This two-dimensional interaction free energy takes into
account whether a neighboring particle is located at the side
or at the tip of an arc-shaped particle, and is a generalization
of the one-dimensional potential of mean force.82
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For tubular membrane conformations, we define a central,
tubular membrane segment of area A = A0/2 based on the dis-
tance of the membrane triangles from the center of mass of
the membrane, and focus on particle pairs i and j in which at
least one particle is bound to the central membrane segment.
Pairs of particles that are both bound to a spherical membrane
end are, thus, excluded from the analysis. We next define the
tubular axis of a conformation based on a singular value
decomposition of the positions of all particles bound to the
membrane in this conformation, and project the particle
centres on an ideal cylinder with radius rcyl around this
tubular axis. For each particle pair, we determine the angle ψ

between the tubular axis and the vector that connects the pro-
jected particle centres, and define two coordinates as x =
r cos ψ and y = r sin ψ where r is the distance of the (unpro-
jected) particle centres. Because the particles are oriented on
average perpendicular to the tubular axis, the value ψ = 0
corresponds to a side-to-side orientation of a particle pair, and
the value ψ = π/2 corresponds to a tip-to-tip orientation. We
discretize the plane of the two coordinates x and y as
described above for spherical conformations, and determine
the two-dimensional free energy F(x,y) from eqn (4) after
rescaling the total number of particle pairs M(x,y) by the factorffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� y2=ð4rcyl2Þ
p

to account for the cylindrical curvature in
y-direction. For tubular conformations, Nb in eqn (4) corres-
ponds to the average number of particles bound to the central
tubular membrane segments. In this calculation, the tubular
radius rcyl of the particle layer around the membrane is
obtained from the maximum of the one-dimensional distri-
butions shown in Fig. 4.

Interaction energy

The one-dimensional interaction energies of Fig. 5 were calcu-
lated based on eqn (2). To determine the rescaled distribution
p(r) of the membrane-bound particles in this equation, we first
determine the number of particle pairs M(r) with a distance of
the particle centres within the shell r ± dr/2 with width dr = ap/
10. The rescaled distribution then follows as p(r) = M(r)/
(drNcNb(Nb − 1)/A) where Nc is the number of simulation con-
formations and Nb is the average number of bound particles in
the considered membrane area A. For tubular membrane con-
formations, the area A is the area A0/2 of the central tubular
segment in which at least one of the bound particles in a pair
needs to be located (see above). For spherical membrane con-
formations, the area A is the total area A0 of the membrane.

The hard-core distributions phc(r) in eqn (2) are determined
for ‘flattened’ particles with an angle of 0 between the quadra-
tic segments of side length ap, rather than the angle of 30° of
the curved, membrane-bound particles. To obtain these distri-
bution, we first generate a large number Nc of non-overlapping
conformations of Nb ‘flattened’ particles in a quadratic area A.
Here, Nb is the average number of membrane-bound particles
and A is the membrane area in the corresponding membrane
simulation system, in which p(r) has been determined. The
hard-core distributions phc(r) then are calculated from the
number Mhc(r) of particle pairs with a distance of the particle

centres within the shell r ± dr/2 as phc(r) = Mhc(r)/(drNcNb(Nb −
1)/A). We determine Mhc(r) for standard periodic boundaries of
the considered quadratic area A, i.e. we take the distance r as
the minimum distance among all periodic particle images.
The hard-core distributions slightly depend on the area cover-
age X = NbAp/A of the particles where Ap = nsap

2π/4 is the hard-
core area of a single particle, which is composed of either ns =
3 or 4 segments. The hard-core distributions phc(r) shown in
Fig. 6 slightly increase with area coverage X at close distances r
< nsap smaller than the particle length, because of an increase
of the pressure in the particle gas with X. This pressure pushes
the particles together, against their entropic repulsion at dis-
tances r < nsap. Because of the normalization implied by the
definition of the distributions, higher values of phc(r) at small
distances r < nsap lead to lower values at large distances. The
hard-core distributions exhibit two kinks at distances r at
which the particles acquire more rotational freedom. For par-
ticles composed of 3 segments, the first kink of phc(r) occurs at

Fig. 6 Hard-core distributions phc(r) of particles with arc angle (a) 60°
and (b) 90°, numerically determined for corresponding ‘flattened par-
ticles’ in a planar quadratic area A at the indicated particle coverages X.
For determining the interaction energy (2) of particles on spherical vesi-
cles with reduced volume v ≤ 0.95, the area A for calculating phc(r) is
taken to be the membrane area A0, and the coverage X is taken as the
corresponding particle coverage in the simulations. In the case of
tubular vesicles with v ≤ 0.65, the area A is the area A0/2 of the central,
tubular membrane segment used to calculate the distribution p(r) from
simulation conformations. The dashed lines represent the ideal distri-
bution pid(r) = 2πr of non-interacting particles.
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the distance r = 2ap above which a particle that is located at
the side of another particle gains full rotational freedom. The
second kink occurs at the distance r = 3ap above which a par-
ticle located at the tip of another particle has full rotational
freedom. For particles composed of 4 segments, these kinks
occur at corresponding, larger distances r.

Data availability

The Monte Carlo data of this study and the Mathematica 13
notebooks used in the data analysis are available in the open
research data repository Edmond at https://doi.org/10.17617/3.
DIF595.

The reference for this dataset is:
Bonazzi, Francesco; Weikl, Thomas, 2024, “Pair distri-

butions and membrane-mediated interactions of arc-shaped
particles on spherical and tubular vesicles”, https://doi.org/
10.17617/3.DIF595, Edmond, V1.
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