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Temperature dependence of phase diagrams
and dynamics in nanocrystal assembly
by solvent evaporation†

Alex Upah, a Leandro Missoni, b Mario Tagliazucchi *b and
Alex Travesset *a

We provide a systematic study of the phase diagram and dynamics for single component nanocrystals

(NCs) by a combination of a self-consistent mean-field molecular theory (MOLT-CF) and molecular

dynamics (MD) simulations. We first compute several thermodynamic functions (free energy, entropy,

coefficient of thermal expansion and bulk modulus) as a function of temperature by both MOLT-CF and

MD. While MOLT-CF correctly captures the trends with temperature, the predicted coefficients of

thermal expansion and bulk moduli display quantitative deviations from MD and experiments, which we

trace back to the mean-field treatment of attractions in MOLT-CF. We further characterize the phase

diagram and calculate the dependence on temperature of the bcc to fcc transition. Our results reveal

that differences in entropic and enthalpic contributions to the free energy oscillate as a function of NC

separation and are correlated to a geometric quantity: the volume of overlap between the ligand layers

in different particles. In this way, we generally show that bcc is favored by enthalpy, while fcc is by

entropy, in agreement with previous experimental evidence of fcc stabilization with increasing

temperature, but contrary to what is expected from simpler particle models, where bcc is always

entropically favored. We also show that the lowest relaxation times drastically increase in the latest

stages of solvent evaporation. Overall, our results demonstrate that MOLT-CF provides an adequate

quantitative model describing all phenomenology in single component NCs.

1 Introduction

Assembly of nanocrystals (NCs) into ordered arrays provides a
route to engineering materials with structures and properties
that are inaccessible with more traditional building blocks such
as atoms and molecules. In this context, assembly by solvent
evaporation has become one of the most robust strategies for
the engineering of nanostructures.1,2 The goal of this paper is
to provide a detailed characterization of the thermodynamic
properties of single-component superlattices (SLs) at different
stages of the solvent evaporation process, with a particular
emphasis on the role of temperature, as well as a general
description of the dynamics. For this purpose, we use MOLT-
CF (molecular theory for compressible fluids) and molecular

dynamics (MD) simulations. Recent experimental advances3

provide the ability to halt the evaporation process at any inter-
mediate state and, in this way, characterize the structure of any
possible activation or metastable state, thus making it possible to
rigorously verify the predictions presented in this paper.

In a previous paper4 we introduced MOLT-CF by extending
previous models5,6 as a general predictive tool for both struc-
ture and dynamics. We verified MOLT-CF with MD simulations
and demonstrated that it successfully predicts the available
experimental phenomenology in single-component superlat-
tices (SLs), including the fcc-to-bcc transition as a function of
the length of the hydrocarbon ligands for dry systems7,8 and the
fcc-to-bcc Bain transition as a function of decreasing solvent
content.9–11 We also showed that MOLT-CF satisfies an incom-
pressibility condition (IC), which implies that the ligands and
solvent fill out 3D space with constant density. In fact, the IC
alone can be used to predict many aspects of the structure, such
as lattice constants.12

In our first study4 only a single temperature was investi-
gated. Yet, there are many important effects related to tem-
perature. In ref. 13, it was shown that an interplay between the
solvent and the ligand leads to a complex non-linear
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agglomeration as a function of temperature. Temperature plays
an important role in determining the phase diagram of SLs. For
example, in binary systems14 many different SL phases are
observed in the temperature range between 253 K and 358 K.
Furthermore, temperature provides a powerful knob to develop
reconfigurable materials as demonstrated by the recently devel-
oped thermally triggerable ligands.15 Oleate capped NCs show
that increasing temperature leads to a reversible bcc - bct -
fcc transition,16,17 which strongly suggests that the entropy of
fcc is larger than that of bcc, Sfcc 4 Sbcc. This conclusion is
supported by isothermal microcalorimetry measurements (with
PbSe cores), which have shown that bcc has a lower enthalpy
than fcc (i.e., bcc is favoured by energy).18 Goodfellow et al.19

used Gaussian-chain statistics to determine ligand entropy,
which predicts Sfcc o Sbcc, in disagreement with the considera-
tions above. On the other hand, MD simulations by Fan and
Grünwald20 have shown that the bcc–fcc entropy difference
oscillates with the softness parameter l (l = 2L/Dc, where Dc is
the core diameter and L is the ligand length): entropy favours
fcc for 0.56 o lo 0.98, but it disfavours this phase for lo 0.56
or l 4 0.98. As a comparison, the experiments referred
above16–18 correspond to l B 0.57–0.89. These results paint a
rather nuanced picture of the thermodynamics of the bcc–fcc
phase transition in SLs.

A critical aspect for high-quality assembly of materials is the
characterization of the longest relaxation time tR. If the experi-
mental (or simulation) time t is shorter than tR, different
modes within the system remain out of equilibrium, and the
quality of assembly decreases. Simulations reported in ref. 21
and 22 provided evidence that in the latest stages of evaporation,
tR is inversely proportional to the solvent diffusion coefficient,
which in turn becomes vanishingly small as the solvent diffuses by
a mechanism of hopping from one ligand to the next. Yet, these
conclusions were obtained from simulations that only considered
clusters with a small number of NCs. In this paper, we extend
these results by describing how solvent diffusion takes place in SLs
and analyze its temperature dependence.

The paper is organized as follows: we first describe general
aspects of MOLT-CF and simulations, and then present the
results: first fundamental thermodynamic quantities and then
the phase diagram, with particular emphasis on the bcc–fcc
critical region. We also analyze the dependence on the enthal-
pic and entropic components of the free energy and finalize
with the determination of relaxation times. We complete
the paper with a summary and general conclusions. We also
discuss the applicability of MOLT-CF to broader systems.

2 General aspects of theory
and simulation
2.1 Definition of the system

We consider nc quasi-spherical NPs, i.e. truncated octahedra for
simulations and some MOLT-CF calculations, and spherical in
other MOLT-CF calculations. We therefore characterize the NC
core by its diameter Dc, grafted with nl ligands containing nh,l

monomers each. There are also ns solvent molecules, each
consisting of nh,s monomers.

The nc NCs are positioned in the corresponding SL sites,
either holding them with springs in the simulation or simply
fixing the positions within MOLT-CF. Then, thermodynamic
functions such as the Helmholtz free energy F(T,V,nc,ns) are
obtained as a function of lattice constant (or volume).

The NCs are surrounded by the solvent, and if the lattice
constant is sufficiently large, there is additional free space
separating the NCs in different lattice sites. As the lattice
parameter is reduced, the solvent eventually condenses and
fills the entire space not occupied by the NCs, as discussed in
our previous paper.4

2.2 The incompressibility condition

The IC is the statement that solvent and NC fill the entire space,
and it is precisely formulated as

V ¼ p
6
Dc

3nc þ nh;lnlncul þ nh;snsus (1)

where ul/s are the molecular volumes for ligand and solvent
monomers respectively. Even if both ligands and solvent con-
sist of the same type of monomer, alkane chains for example, as
it is considered in this paper, it must be assumed that ul a us.
This is because at high grafting densities the ligand monomers,
specially close to the core, are subject to large forces, resulting
in a much reduced molecular volume. Therefore, we expect that
ul o us. The IC in a SL is stated as

VUC ¼ nSLUC

p
6
Dc

3 þ nh;lnlul þ
ns

nc
nh;sus

� �
(2)

where VUC is the volume and nSL
UC the number of NCs within a

unit cell. Using the cubic bcc/fcc unit cells, then VUC = aL
3 and

nSL
UC = 2/4, respectively. The formula for the nearest-neighbor d

follows as

d ¼

3

4

ffiffiffi
3
p� �1=3

ffiffiffi
2
p� �1=3

8>>><
>>>:

9>>>=
>>>;

p
6
Dc

3 þ nh;lnlul þ
ns

nc
nh;sus

� �1=3

(3)

where the top result corresponds to bcc and the bottom to fcc.
Of course, for this formula to have real predictive value, both ul

and us need to be obtained from independent calculations not
involving an SL.

Following previous work we define the solvent fraction as

Fs ¼
nh;snsus

V
: (4)

and it is convenient to introduce the ligand Fl and core Fc

volume fractions as

Fl ¼
nh;snlncul

V

Fc ¼
pD3nc

6V

with Fs þ Fl þ Fc ¼ 1; (5)

where the last equality requires that there are no voids, i.e. the
entire volume is occupied by NCs and solvent in the liquid
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state. The actual volume occupied by matter can be approxi-
mated as12

Vmatter ¼
p
6
Dc

3nc þ nhLlA0;l þ nsLsA0;s (6)

where Ll/s is the maximum extent of the ligand/solvent and A0,l/s

is its footprint (or molecular area). Basically, these formulas
assume that ligand/solvent molecules have an intrinsic volume =
A0,l/sLl/s. This volume is different to (and smaller than) nh,l/sul/s,
as the latter is a measure of the free volume and includes the
available space where the molecules vibrate, while the former
defines the actual volume occupied by matter. In other words,
A0,l/sLl/s has a meaning similar to a van der Waals molecular
volume, while nh,l/sul/s is analogous to a partial molecular
volume. Therefore the packing fraction is given as

ZHS ¼
Vmatter

V
¼

p
6
Dc

3nc þ nlLlA0;l þ nsLsA0;s

V
: (7)

For a dry system without voids, ns = 0 and the above formula,
combined with eqn (1) gives an explicit expression for ul

ul ¼
1

ZHS

� 1

� �
pD3

6nh;lnl
þ LlA0

nh;lZHS

: (8)

With the currently accepted values for A0,L and with ZHS ¼
p
6

ffiffiffi
2
p
� 0:7405, as extensively discussed in ref. 12 ul is unambi-

gously determined. An independent simulation of the pure
solvent determines us

ul ðT=K ¼ 387; 300Þ ¼ 28:5; 28:5 Å3

us ðT=K ¼ 387; 300Þ ¼ 39:5; 34:8 Å3
(9)

As expected, ul o us. The simulation and experimental results at
T = 298.15 K reported in ref. 23 are respectively us = 35.3 Å3 and
us = 36.3 Å3. There is a clear temperature dependence for us, but
ul is less sensitive to the temperature because the monomers
are subjected to large forces and are therefore much less
sensitive to kBT variations.

Because the molecular volume depends on temperature, the
values of Fs in eqn (4) for a fixed number of solvent molecules
change slightly as a function of temperature. We will label the

system by the value at Fs at T = 387 K and quote their values at
other temperatures.

2.3 Dynamical scales in solvent evaporation

Ref. 21 and 22 show that the slowest relaxation time tR in a
solvent evaporation process is given as

tR �
V2=3

D
(10)

When the solvent is the majority component, V is the volume of
the entire system, basically the volume of the vapor phase, and
D is the diffusion constant of the vapor. This model amounts to
the well known Maxwell model for evaporation.24 In the latest
stages of the evaporation process, defined by the NC occupy-
ing about 50% of the available volume, with the other 50%
occupied by the solvent in the liquid phase, Dl is the solvent
diffusion coefficient and V the volume of the NC–solvent
mixture, so eqn (10) becomes

tR �
Vl

2=3

Dl
/ nc

2=3

Dl
; (11)

which shows that the relaxation times are inversely propor-
tional to the diffusion constant. Here Dl is much smaller than

the Stokes–Einstein value DSE /
kBT

RZ
(R, Z solvent radius and

viscosity) characterizing the pure solvent, as the solvent resid-
ing mainly in the interstitial lattice needs to diffuse through the
ligands by hopping from one NC to the next, until it eventually
reaches the boundary of the system and escapes into the
vapor phase.

2.4 Some technical aspects regarding simulations

We performed molecular dynamics (MD) simulations using
HOODLT,25 which runs HOOMD-Blue26 with rigid body dyna-
mics27 with the opls force field.23 We simulate temperatures in
the range 305–387 K. Fig. 1 illustrates how a typical simulation
proceeds.

The simulations were all done with Au1072(SC12)229, which is
a gold core grafted with nl = 229 dodecanethiol ligands (nh,l =
12). The diameter of the core is D = 3.53 nm, resulting in a
grafting density s = 5.85 chains per nm2, the same reported

Fig. 1 Summary of a typical simulation: a bcc configuration with aL = 63 Å and Fv = 0.18. The solvent (hexane) is marked in red. In the left there is the
initial configuration, which after only 0.381 ns is roughly thermalized. The configuration at the end of the simulation (19.064 ns) is shown.
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in our previous papers.4,28 The results in this paper make a
clear case that free energies and any other thermodynamical
quantities calculated from MOLT-CF are transferable to any
other NC.

The free energy is calculated by computing the reversible
work as outlined in our previous papers.4,28,29 The diffusion
constants are obtained by a fit to the relation

h((-r(t) � -
r(t = 0))2i = 6Dt for large t (12)

after removing periodic boundary conditions by particle images.

2.5 Some technical aspects regarding MOLT-CF calculations

The model used is the same described in ref. 4. Briefly, MOLT-
CF is based on writing down and minimizing the free-energy
functional of the system, O, which is canonical for the particle
cores and ligands and grand-canonical for the solvent mole-
cules. O contains the following contributions:

bO[T,V,nSL
UC,ms] = bFTr,s + bFConf + bFvdW + bFHS � bmsns

(13)

bFTr,s and bFConf are the free energies due to the entropies of
solvent translation and solvent and ligand conformational
freedom. bFvdW models the vdW attractions (Br�6) between
the CH2/CH3 beads in the ligands and solvent. bFHS is a
position-dependent hard-sphere functional that accounts
for bead–bead repulsions. Finally, �bmsns is included because
O is a grand canonical potential for the solvent (ns and ms are
the number and chemical potential of solvent molecules,
respectively). In the dry limit, this term is absent and O is
equal to the total Helmholtz free energy, F. As explained in the
ESI† and ref. 4, O depends on functions that describe the
structure of the system in three-dimensions and are a priori
unknown. The functional minimization of O with respect to
those functions results in a set of self-consistent equations that
are discretized and solved using numerical methods. As an
output, we obtain structural and thermodynamical information
of the system.

O takes as an input a set of conformations of the ligands and
solvent molecules and, therefore, the theory explicitly takes into
account the molecular details of those molecules. While pre-
vious formulations of the molecular theory (MOLT) employed a
packing constraint and a good-solvent approximation to model
hard-core repulsions and attractive forces,5,6,30 MOLT-CF expli-
citly models these contributions with a hard-sphere (HS) func-
tional (bFHS) and a mean-field van der Waals attraction (bFvdW),
respectively. This modification enables modelling of both dry
and solvent-containing SLs5 and allows deviations from IC.
A succinct description is provided in ESI† for completeness.

3 Results
3.1 Thermodynamic functions

Fig. 2a shows the free energy predicted by MD at T = 387 K
(similar plots for other temperatures are provided in ESI†) for
different amounts of solvent.

The dry case free energy is shown in Fig. 2b. The depth of the
potential becomes larger with decreasing temperature, as the
absolute value of the cohesive energy increases relative to kBT.
Swollen systems, see Fig. 2c and d, follow similar trends to the
dry case but display a stronger temperature dependence of the
lattice constant. The agreement with the IC eqn (3), using the
molecular volumes in eqn (9), is excellent.

Simulations are compared against MOLT-CF predictions in
Fig. 3a for the equilibrium (minimum) free energy and in
Fig. 3b for the lattice constant. Qualitatively, both results follow
the same trends, with lattice constants and free energies
decreasing with temperature. There is a small but significant
deviation between MOLT-CF and MD, parameterized by the
coefficient of thermal expansion

a ¼ 1

V

@V

@T

� �
P;nc ;ns

¼ 3
@

@T
log alð Þ

� �
P;nc ;ns

�Fs
@

@T
log usð Þ

� �
P;nc ;ns

þFl
@

@T
log ulð Þ

� �
P;nc;ns

;

(14)

Within MD, the thermal expansion coefficient for the inor-
ganic core is zero as the core is modeled as a rigid body.
Experimentally, it is found that the thermal expansion coeffi-
cient of the core aPbS(300 K) = 2 � 10�5 K�1 (ref. 31) is two
orders of magnitude smaller than that of the organic compo-
nent an-hexane(300 K) = 1.5 � 10�3 K�1,32 so assuming a E 0 for
the NC core is a well-justified approximation. MD provides a
values in good agreement with the experiment, see Table 1 and
a more detailed comparison in ESI.†

Table 1 summarizes the coefficient of thermal expansion
predicted by MOLT-CF and MD and measured experimentally.
MOLT-CF overestimates a compared with MD and experiments
(for liquid n-hexane), which in turn, explains the small dis-
crepancy between lattice constants and equilibrium free ener-
gies in Fig. 3a and b.

The experimental thermal expansion coefficient was esti-
mated from Fig. 1 in ref. 34 by using the formula

a � 3
log aL Tmaxð Þ=al Tminð Þð Þ

Tmax � Tmin
(15)

and corresponds to NPs with Dc = 3.6 nm and dodecanethiol
ligands, very close to the system studied here. It is obtained
from the peaks of the structure factor using the formula

aL;bcc ¼ 2p
ffiffiffi
2
p �

q. If the interval between T/K = [313.15,363.15]
is used, then ao 0.0005 K�1, but aE 0.0005 K�1 between T/K =
[363.15,413.15]. Ref. 16 measured a = 1.2 � 10�4 K�1 at T =
300 K, consistent with these estimates.

It is also of interest to examine the bulk modulus B and the
isothermal compressibility k

B ¼ 1

k
¼ �V @P

@V

� �
T

¼ V
@2F

@V2

� �
T

: (16)
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Fig. 3 Comparison of MOLT-CF vs. simulation. (a) Comparison of the free energy minimum computed with MOLT-CF and MD simulations.
(b) Comparison of lattice constant MOLT-CF and MD simulations. The dashed lines illustrate the prediction eqn (3) with the molecular volume
eqn (9).

Fig. 2 Free energies computed by MD. (a) Free energy at T = 387 K predicted by MD for the three solvent contents considered. (b) Free energy
predicted by MD for Fv = 0 (dry case) at all simulated temperatures. The dashed lines are the predictions from eqn (9) with the molecular volumes from
eqn (9). (c) Free energy predicted by MD for Fs = 0.18 at all simulated temperatures. (Because of the temperature dependence of the molecular
volume eqn (9) it is Fs(T = 387) = 0.180 Fs(T = 305) = 0.162 approximated as Fs = 0.18.) (d) Free energy predicted by MD for Fs = 0.298 at all temperatures
simulated. (Because of the temperature dependence of the molecular volume eqn (9) it is Fs(T = 387) = 0.298 Fs(T = 305) = 0.274 approximated
as Fs = 0.30.)
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Within MD, we compute the bulk modulus at the minimum of
the free energy from the equation

P ¼ �BV � Vmin

Vmin
¼ �B V

Vmin
þ B (17)

where Vmin is the volume at the free energy minimum. The
intercept provides the bulk modulus B, and the slope of the fit
an accurate estimate for the lattice constant at the minimum.
We parameterize the results according to

B(T) = B(T = 305) � (T� 305)cB (18)

aL(T) = aL(T = 305) + (T � 305)ca, (19)

with actual coefficients given in Table 2. Note that this value for
the lattice constant provides a self-consistent accurate determi-
nation of the coefficient of linear expansion, and for this
reason, is the value quoted in Table 1. We should mention,
however, that fitting to eqn (17) is susceptible to large errors

and consequently, relatively low precision estimates. In ESI†
information we discuss how the results are actually obtained
from the simulation and show some examples for the fits.
Higher precision determinations for B would require calcula-
tions that are beyond the goals of this paper.

As shown in Fig. 4, B decreases with T for both MOLT-CF and
MD, but MOLT-CF underestimates the bulk modulus when
compared against MD. Experimental results give a value of
the order B E 5 GPa35 entirely consistent with MD. Overall,
there is a small but significant temperature dependence on B,
getting smaller with increasing temperature, reflected by the
negative sign of the slope in eqn (18). We mention the MOLT-
CF prediction of B for liquid hexane (BMOLT-CF = 203 MPa at
P = 1 MPa and T = 387 K), which is also smaller than
the experimental value in the same conditions (BExperiment =
352 MPa36).

3.2 Phase boundaries

Fig. 5a summarizes MOLT-CF predictions in the dry limit (for a
core diameter Dc = 3.53 nm) as a function of ligand length nh,l

and temperature. This transition is expected to take place at8

Lcrit � lc
Dc

2
) ncrith;l � 8 (20)

where the critical softness is lc = 0.7 and the maximum ligand
length is given by the formula L/nm = 0.128nh,l + 0.2.12 Fig. 5a
predicts that ncrit

h,l is temperature dependent. The breakdown of
the different contributions to the bcc–fcc free energy difference
is given in Fig. 5b. The free energy due to the ligands entropy
(bFconf = �Sconf/kB) favors fcc (Fconf(bcc) 4 Fconf(fcc)). On the
other hand, the energy of ligand–ligand interactions (vdW
attractions + HS repulsions) favors bcc. Finally, the energy of
the gauche/trans dihedral angles favors bcc, but its contribution
is rather small.

The fact that fcc is favored by entropy (Sconf(fcc) 4
Sconf(bcc)) and bcc by energy results in the prediction of a
bcc - fcc transition for increasing T (Fig. 6), in agreement with
experimental observations for oleate capped PbS NPs.16,17

Table 2 Temperature dependence of bulk modulus B (GPa) and lattice
constant aL (nm) as a function of the number of solvent molecules per unit
cell, where in parenthesis we quote the value of Fs at T = 387 K, as
parameterized by eqn (18)

Quantity Dry(0.0) 1496(0.18) 2912(0.3)

BL(305 K) 6.0 5.4 3.5
cB 0.027 0.025 0.015
aL(305 K) 58.5 61.8 64.8
cL 0.008 0.01 0.01

Fig. 4 Comparison of bulk modulus eqn (16) MOLT-CF vs. MD simulations. See the ESI† for additional plots and a more elaborated discussion. (a) Bulk
modulus for the dry system. (b) Bulk modulus for the swollen system.

Table 1 Thermal coefficient expansion, a/K�1. * means estimated using
eqn (15) as a function of the number of solvent molecules per unit cell,
where in parenthesis we quote the value of Fs at T = 387 K. More detailed
results for pure hexane are provided in ESI. Experimental results are for
hexane are from ref. 32 and 33

Method Dry(0) 1496(0.18) 2912(0.3) Liq. hexane (300 K)

MOLT-CF 0.0011 0.0015 0.0017 0.0037
MD 0.0004 0.0005 0.0005 0.0013(1)
Exp. B0.0001 0.0014
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3.3 Origin of the bcc–fcc transition

Fig. 7 shows the entropic (ligand conformations, solid red
lines) and energetic (vdW + HS + gauche, dashed red lines)
contributions to the bcc–fcc Helmholtz free-energy difference
in the dry limit (with spherical cores) as a function of the
average NC particle distance

%d = (VUC/nSL
UC)1/3. (21)

Note that %d3 is the volume per NP,
V

nc
, and therefore, the value of

%d is different for each lattice.
The equilibrium %deq (minimum of F) is approximately given

by the IC condition (see above), and it is indicated with vertical
dashed lines in Fig. 7. The different contributions to the bcc–
fcc free-energy difference, Dbcc–fccFj, oscillate as a function of %d.
Interestingly, similar oscillations were observed by Fan et al.20

for Dbcc–fccS and Dbcc–fccU (obtained by MD simulations) vs. the
softness parameter l, as well as in the different contributions of
the free energy vs. solvent content in our previous model for SLs
using a packing constraint.5

We now define the overlap volume Voverlap (see the inset in

Fig. 7) of two NCs of radius R ¼ Dc

2
and ligand shell h. More

precisely, taking a test NC at the origin, then

Voverlap ¼
ðRþh
R

r2dr

ð2p
0

dy
ðp
0

dðcosðfÞÞMðr; y;fÞ; (22)

where the function M(r,y,f) is 1 if at the point r = (r,y,f) there is
an overlapping ligand shell or core of a particle (different than
the test particle) or 0 otherwise.

MðrÞ ¼ 1�
Y
j

W r� rj
�� ��� ðRþ hÞ
� �

; (23)

where W is the Heaviside step function and the product runs
over all particles in the SL different from the test particle, which
are located at positions rj. As expected, Voverlap monotonically
decreases with increasing %d, reaching zero for large %d and
becoming equal to the volume of the ligand shell at very small
%d (not shown).

Fig. 5 Bcc vs. fcc stability in the dry case. (a) Free energy difference between bcc and fcc for the dry system predicted by MOLT-CF. (b) Contributions to
the free energy difference between bcc and fcc for the dry system and nh,l = 7 predicted by MOLT-CF.

Fig. 6 Free energy difference between bcc and fcc for the nh,l = 12 and different solvent contents predicted by MOLT-CF.
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The difference Dbcc–fccVoverlap (blue line in Fig. 7) oscillates as
a function of %d. For %d - N, both overlap volumes are zero, so
Dbcc–fccVoverlap = 0. As the NCs approach, Dbcc–fccVoverlap first
becomes positive because the nearest neighbors in bcc are
closer than in fcc (Table 3). As %d continues to decrease, the
sign of Dbcc–fccVoverlap reverses because fcc has more nearest
neighbors than bcc. Dbcc–fccVoverlap displays additional oscilla-
tions due to the differences in the distance and numbers of
nearest and next to nearest neighbors in both phases, until it
becomes zero again in the limit of small %d, where the overlap
volumes of both phases become equal to the volume of the
ligand shell.

If Dbcc–fccVoverlap 4 0, then there is more ligand overlap
in bcc than fcc, and intuitively, both the internal energy and
entropy should be expected to be lower for bcc than fcc. Fig. 7
shows that this is exactly what is found, with Dbcc–fccF(confor-
mational) E �TDS(entropy) anti-correlated to D

bcc–fcc
F(vdW +

HS + g/t) E Dbcc–fccU(enthalpy).
The key parameter in the definition of Voverlap is the ligand

shell h. A first estimate would consider h as the maximum
extended size of the ligand, which is proportional to the

softness l

h � Ll ¼ 0:128nh;l þ 0:2
� �

nm ¼ Rl ¼ Dc

2
l (24)

see eqn (20) and (21). A slightly more precise definition con-
siders instead the size of the NC in vacuum using

h = a(nh,l + 1) + b, (25)

The constant a = 0.088 nm results from fitting MOLT-CF
calculations for an isolated NC, and b = 0.525 nm represents the
range of the vdW attractions. The difference between eqn (24)
and (25) is numerically small.

The largest %d = %dmax where the overlap difference is different
from zero is

2ðRþ hÞ � c �dmax !
�dmax

Rþ h
¼ 2

c
� 1:8 (26)

where c ¼ 2
1
6 is obtained from the value for fcc in eqn (3).

Therefore, the new dimensionless variable

u �
�d

Rþ h
(27)

is such that the maximum value where volume overlap is
different from zero is umax E 1.8 independent of ligand length
and NC core diameter.

Fig. 8a–c shows the free energies and overlap differences as
a function of u. From previous considerations, the equili-
brium value, i.e. the one determined by the incompressibility

Fig. 7 (a)–(c) Difference between the ligad–shell overlap volume in bcc and fcc lattices (blue line, see inset in panel (a)) and free-energy contri-
butions due to ligand entropy (red solid lines and filled symbols) and energy (red dotted lines and empty symbols) vs. average distance per particle,
(VUC/nSL

UC)1/3, for a dry SL of 1.5-nm radii spherical NPs coated by ligands of 4 (a), 8 (b) and 12 (c) C per chain at T = 387 K. The equilibrium
volumes per NP (corresponding to the minima of the free energy) are indicated with black dotted vertical lines. The free energy is calculated
by MOLT-CF.

Table 3 Number and distance of nearest neighbors (NN) and next-
nearest neighbors (NNN) in bcc and fcc lattices

Cell Type Distance/ %d Number

bcc NN 2�2/3 � 31/2 = 1.09 8
fcc NN 21/6 = 1.12 12
bcc NNN 21/3 = 1.26 6
fcc NNN 22/3 = 1.59 6
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condition is approximately given by

ueq ¼
�deq

Rþ h
� 2

p
6

	 
1=3 1þ 3lx
us
A0b

� �1=3

1þ l
; (28)

where we used eqn (2) and l ¼ 2Ll

Dc
is the softness and x = sA0

the dimensionless grafting density, see eqn (6) for the defini-
tion of the other parameters. For large values of nh,l (l c 1),
eqn (28) implies that ueq shifts to the left for increasing softness
as ueq p l�2/3.

Fig. 8d–f shows the total free-energy differences as a func-
tion of u. As expected from the discussion in the previous

paragraph, umax E 1.8. Eqn (28) predicts that ueq (position of
the vertical dashed line in Fig. 8) shifts to the left as the ligand
becomes longer (l becomes larger): ueq = 1.55, 1.45, and 1.35 for
n = 4, 8, and 12. Fig. 8d–f shows that increasing the ligand
length (increasing l) decreases ueq, which for the approximately
universal Dbcc–fccF vs. u curve shown in magenta lines, increases
the stability of the bcc phase, in good agreement with previous
theoretical and experimental works.4,5,20,29,37,38

3.4 Dynamics

The data obtained from MD simulations will now be used to
characterize the dynamics of the system. Because diffusion
coefficients are dynamical quantities, they cannot be compared

Fig. 8 Top panel: (a)–(c) Same as Fig. 7 but rescaling the average particle distance by the total particle size, R + h. (d)–(f) Bottom panel: Same as (a)–(c)
but with the total bcc–fcc free energy difference. The free energy is calculated by MOLT-CF.
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with MOLT-CF. Yet, they are still important for an appropriate
characterization of the system. The slowest relaxation time of a
SL as the solvent evaporates, see eqn (10), is directly related
to the solvent diffusion coefficient, Dl, and its dependence
on solvent volume fraction Fs, see also eqn (11). Therefore,
we consider first the diffusion coefficient for pure solvent,
i.e. hexane, and then present a detailed analysis of its depen-
dence within an SL.

The diffusion coefficients reported in ref. 39 for pure n-hexane
are compared against our MD predictions, Table 4.

We then performed two types of simulations. In the first
case, see Fig. 11, we consider a bcc SL with a fixed number of
hexane molecules per cubic unit cell ns

UC, with the two cases
ns

UC = 187 and 364 explicitly simulated. If the lattice constant aL

is large, there are voids in the system, as apparent in the largest
constant in Fig. 11, and some of the solvent molecules are in
the gas phase. In Fig. 9a we show the diffusion coefficient,
computed according to eqn (12), as a function of the lattice
constant at T = 387 K. At large lattice constants there are
significant voids and diffusion is fast Dl/Dl(hexane) c 1.
As the lattice constant reaches its equilibrium value, the diffu-
sion constant is significantly below the magnitude of Dl(hex-
ane). Fig. 9b and c show the dependence of the diffusion
coefficient on temperature and aL. As expected, Dl increases
with temperature and with the number of solvent molecules.

The second type of simulation consists of NC separated by a
lattice constant aL, where the remaining box is completely filled
with the solvent. These simulations enable the determination
of Dl(Fs) for any Fs, including the limit Fs - 1, where the
diffusion coefficient should reach the pure solvent Dl(hexane)
value. Results are shown in Fig. 10. At large solvent fractions, D
approaches Dl(hexane) but as the solvent is further evaporated
D/Dl(hexane) { 1 because the solvent resides primarily
in interstitial lattice sites4 and the ligands act as ‘‘obstacles’’

which drastically reduce the diffusion coefficient. A fit for small
solvent volume fractions shows that Dl extrapolates to zero at
Fs - 0, see Fig. 10. In the ESI† we provide similar plots for
other temperatures, which exhibit the same trends.

4 Conclusions

We have provided a detailed account of the thermodynamics
and dynamics of assembly by solvent evaporation as a function
of temperature. Our results show that MOLT-CF4 generally
agrees well with simulations albeit with small but significant
quantitative discrepancies (except, perhaps, for the elastic
constants). The simulations presented, in turn, are in agree-
ment with the experimental results.

The quantitative discrepancies between MOLT-CF and the
simulations are traced back to the fact that MOLT-CF over-
estimates the coefficient of thermal expansion a and under-
estimates the bulk modulus B. We recall that MOLT-CF models
interbead interactions as a combination of a hard-sphere
potential and an algebraic attraction of the form r�6. The
former is modeled using a position-dependent Carnahan–
Starling functional and the latter is taken into account at the
mean-field level. For homogeneous fluids, this combination is

Table 4 Experimental vs. predicted diffusion coefficients of n-hexane, Dl

(m2 s�1)

T/K Experiment MD simulation

387 10.4 � 10�9

333 6.0 � 10�9 6.7 � 10�9

305 4.2 � 10�9 4.8 � 10�9

Fig. 9 Values of diffusion coefficients from MD simulations. (a) Diffusion constants at T = 387 K as a function of lattice constant. The vertical lines are the
lattice constants at the two solvent concentrations. (b) Diffusion coefficient for different temperatures for Fv E 0.18. (c) Diffusion coefficient for different
temperatures for Fv E 0.3.

Fig. 10 Hexane diffusion coefficient from MD simulations as a function of
Fv at the minimum of the free energy for T = 387. The dashed red line is
the diffusion coefficient for hexane. The dashed orange fit shows that the
limit of the diffusion at a low volume fraction is consistent with zero.
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known as the augmented van der Waals theory,40 which has the
advantages of being simple and physically intuitive and of
requiring only two fitting parameters, but certainly ignores
relevant correlations.41 It should be possible to include more
complex functionals that improve the accuracy of the thermal
expansion coefficient and the bulk modulus. However, our
results show that MOLT-CF describes the equilibrium lattice
constant and free-energy minimum at 387 K in very good
agreement with MD simulations. This excellent level of agree-
ment is observed because MOLT-CF was originally parameter-
ized to reproduce the density of the hexane and NC ligands at

387 K and P close to Pvap (0.33 MPa). An alternative approach is
possible without modifying the functional form and consists of
parameterizing MOLT-CF with temperature-dependent coeffi-
cients so that the solvent phase diagram quantitatively agrees
with simulations and experiments. In this way, the model
has no predictive power with regard to the solvent, but still
remains fully predictive for the prediction of the stable phases
in nanoparticle systems.

MOLT-CF very generally shows that fcc is favored by entropy
while bcc by enthalpy. This is a somewhat counterintuitive
result: calculations that treat ligands implicitly by using soft

Fig. 11 Visualization of bcc configurations with Fv = 0.30 at increasing aL at 0.038 ns and 19.064 ns in MD simulation.
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interparticle interaction potentials25 show that the vibrational
(phonon) entropy of bcc is always larger than fcc, a result that is
attributed to the slightly more spherical bcc-shell. For the same
reason, polymer theory considering ideal Gaussian statistics19

also predicts that bcc is entropically favored. We have provided
a physical interpretation of the bcc to fcc transition by examin-
ing how the entropic and enthalpic components change as a
function of NC separation; see Fig. 7, and have shown that
entropy and energy differences between bcc and fcc are strongly
correlated to a purely geometric quantity: the difference in
volume overlap eqn (22), thus underlying a universal descrip-
tion, i.e. holding true for a large class of NC interactions
irrespective of actual microscopic details.

It was shown in ref. 21 and 22 that the slowest relaxation
time is inversely proportional to the solvent diffusion coeffi-
cient. Our simulations show that the diffusion coefficient
consistently vanishes as the solvent content tends to zero,
implying a significant slowdown in the latest stages of the
evaporation process.

In summary, we have provided a detailed investigation of
the thermodynamic properties, phase behavior and relaxation
timescales of NC single component systems. For the former two
sets of properties, MOLT-CF provides a powerful self-consistent
theory that favorably compares with experimental results and
MD predictions.

The success of MOLT-CF in predicting all the available
phenomenology in single component systems, makes a strong
case for its applicability in more general cases. Indeed,
with minor modifications to the calculations presented in this
paper, this tool can be applied to any NC shape, for example,
ref. 42 and 43, multicomponent NC systems12,44 and other
cases, such as patchy NCs.45 We will definitely report on this
in the near future.
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