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Effective modulus of particle-packing containing
hard and soft particles†

Om Prakash Bamboriya and Mahesh S. Tirumkudulu *

Drying films of colloidal dispersion containing hard particles crack while fast drying drops of similar

dispersion buckle, both caused by the capillary pressure exerted by the liquid menisci between particles.

For drying films on substrates, there exists a maximum crack-free thickness while for fast drying drops,

there is a maximum buckle-free shell size, with both quantities depending on particle size, elastic

modulus of the particles and nature of particle packing. Here, we measure the critical cracking thickness

for a drying colloidal film made of a mixture of hard and soft elastic particles to extract the effective

modulus of the film for various ratios of hard and soft particles. Scanning electron images of the cross

section of the film reveal the spatial distribution of the hard and soft particles. The measured effective

modulus exhibits a trend that is identical to that obtained using the nanoindentation technique

indicating that measurement of the critical cracking thickness gives a quantitative measure of the

effective modulus of the packing. The values of effective modulus from the two techniques fall between

the two limits obtained from the simple rule of mixtures for composite materials. The deviation from

either limit is attributed to particle segregation caused by sedimentation of the heavier particles.

1 Introduction

When a thin, liquid film containing colloidal particles is dried,
the particle distribution is determined by the Peclet number
that measures the competition between the particle diffusion
timescale and the convection timescale, the latter induced by
drying, Pe =

:
Eh/D.1–5 Here, h is the film thickness,

:
E is the

evaporation rate, and D is the diffusion coefficient. As the film
thickness reduces, the particles close to the interface diffuse
away from the concentrated region into the bulk of the film. At
high Peclet numbers, the particles accumulate at the surface
resulting in the formation of a particle-packed layer (or skin). In
the lateral direction, the edges of the film are the first to reach
the particle-packed concentration due to both the higher
evaporation rate at the edge and the lower thickness.6,7 The
curvature of the menisci at the top layer of the particle-packed
edge reduces the liquid pressure inside the saturated packing,
causing the liquid to be convected from the central regions of
the film to the edges of the film.8,9 Alternatively, the pinned
contact lines at the edge would also convect the liquid to the
edges so as to satisfy the contact line boundary condition
resulting in the well-known ‘‘coffee-ring’’ effect.10–13

The presence of liquid menisci formed between the particles
induces negative pressure (relative to atmospheric pressure) in

the liquid phase. The strong bonding between the film and the
substrate resists deformation in the transverse direction lead-
ing to transverse tensile stress generation. If the stored elastic
energy exceeds the surface energy required for the nucleation of
a crack, a flaw may nucleate into a crack.14,15 Thus, under-
standing the critical condition for cracking is important for
engineering the desired mechanical properties of colloidal
films.4,16–18 The mechanical properties are set by the nature
of particle packing and the properties of the particles. The
packing of particles in the film in turn depends on the inter-
particle interactions, evaporation rate of the solvent, particle
sedimentation, and particle diffusion. If the particles are soft
with low glass transition temperature, the particle deformation
may lead to coalescence resulting in a continuous phase such
as those observed for architectural coatings.1,4,19,20 In the case
of hard particles, the solvent may evaporate leaving behind a
porous packing of undeformed particles.

While the aforementioned studies have investigated disper-
sions of monodisperse particles of identical mechanical proper-
ties, few have investigated mixtures of particles of varying moduli
or sizes.17,21–24 Such mixtures are important industrially since
they enhance the film formation capabilities of particles without
sacrificing film’s mechanical properties in the dried state.25 In
mixed colloidal films, the mechanical properties are set by the
inter-particle contact forces and the nature of particle-packing.22

Such systems find applications in waterborne paints where stable
synthetic latex is used primarily as a binder while the hard
pigments give strength to the film.19,21,26
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Martinez and Lewis23 investigated the stress profile in
binary mixtures and found that the hard phase was responsible
for the initial stress rise, whereas the latex phase played a
significant role in setting the residual stress of a mixed film. A
higher fraction of hard latex in the blend increases the stiffness
of the films.21,27,28 In a related study, Singh et al.17 experimen-
ted with a binary suspension and determined the maximum
crack-free thickness of the film. They observed that the crack-
free thickness increased with increasing fraction of hard parti-
cles. The effective modulus of the film was determined from the
theoretical expression relating the critical cracking thickness
(CCT) to the modulus of the film.16,18 Separately, a theory
proposed to account for the varying deformation of hard and
soft particles predicted an effective modulus of the particle
packing that deviated from measurements. The difference was
attributed to the large scale, viscous (permanent) deformation
of the soft particles since the glass transition temperature of
the particles was less than the ambient value. The latter contra-
dicted the assumption of the theory, which requires purely
elastic deformation of both hard and soft particles.

An alternative and direct method for measuring the mechanical
properties of thin films that is often used for metals, alloys, films,
and coatings, is the nanoindentation technique.29–32 Here, an
indenter deforms the film while the deformation versus force data
is captured by a computer. Since the displacements are measured
in the sub-micron range, it allows the measurement of the
deformation of films in the elastic limit. Specifically, the method
involves a cycle of loading and unloading, and the modulus is
determined by fitting models to the initial part of the loading or
unloading curve.22,33

The nanoindenter technique has been used by Yin et al.33 to
measure the mechanical properties of a monolayer film of hollow
silica particles having a diameter ranging from 200 nm to 600 nm.
The load-depth data was fit to the Hertzian contact model for the
loading part of the cycle. The same group34 extended the study to a
packing of hollow colloidal particles and found that the effective
modulus of the packing reduced as the thickness was increased
from a monolayer to a trilayer of B500-nm-diameter hollow silica
particles. The behavior is explained by modelling the packing as
connected springs where the effective modulus is that of springs
connected in series. Roth et al.22 investigated dense amorphous
aggregates of monodisperse poly-methyl methacrylate (PMMA)
particles of diameter 1.6 mm via nanoindentation in combination
with confocal microscopy. They show that when the applied force
is low, the particle deformation is largely elastic but for large
forces, particles slide past each other and the process is irrever-
sible. They used the unloading curve of the cycle to extract the
modulus of the packing.

In this study, we determine the effective elastic modulus of a
packing of hard and soft colloidal particles of equal size. We
employ two different techniques for the measurement. First, we
measure the critical cracking thickness of films as a function of
the relative fraction of hard and soft particles. Scanning elec-
tron images of the cross section of films were used to determine
the distribution of hard and soft particles in the film. The
theoretical expression derived by Singh and Tirumkudulu,16

and corrected for the Hertzian deformation of particle
contacts,18 is used to extract the effective modulus. Next, we
measure the effective modulus using the nanoindentation
technique by following the experimental procedure of Yin
et al.34 The effective modulus for the particle blend is deter-
mined from the loading part of the cycle. We show that the
effective moduli obtained from the two methodologies are in
good agreement.

The measurements are compared with the theoretical pre-
diction obtained from the simple rule of mixtures, which shows
that the measurements lie between the lower and the upper
bound of the predictions.34,35 Here, the lower bound modulus
refers to the modulus obtained by assuming the ‘‘spring-in-
series’’ model while the upper bound is the ‘‘spring-in-parallel’’
model. Finally, we comment on the recent study on the buck-
ling of fast drying drops of particle mixtures,36 wherein a shell
forms at the drop surface and buckles due to the compressive
stresses generated by liquid menisci. Here, the effective elastic
modulus was obtained from the expression for the critical shell
size below which the drop does not buckle. The observed trend
is in reasonable agreement with the lower bound modulus
obtained from the simple rule of mixtures, thereby suggesting
that the latter is a power tool to characterise the effective
modulus of packings with hard and soft particles and thereby
tailor the mechanical properties of mixed particle films.

2 Materials and methods

Experiments were performed with 0.5 mm size hard (silica) and
soft (polystyrene, PS) particle suspensions, both purchased from
Sigma Aldrich. The initial volume fraction of particles was varied
from 0.02 to 0.08, which allowed control of the film thickness
and to measure the critical thickness for cracking of the film.
The dispersion was subjected to ultrasonication (Branson, 5510)
to ensure a uniform particle distribution. The suspension was
concentrated using a centrifuge (Rotina 35R, 6000 rpm for 20
minutes), followed by homogenization using ultrasonication.
The particle composition of the mixture is represented by a,
which is the volume fraction of hard particles in the total particle
mixture and ranges from 0 (pure PS) to 1 (pure silica).

A 5 mL droplet of mixed particle suspension was deposited by
a micropipette on a clean glass substrate and left to dry in a
vacuum oven chamber at 25 1C and 500 mmHg vacuum. The
dried film had a high thickness at the edges relative to the
centre region due to the ‘‘coffee-ring’’ effect (Fig. 1).4,10,12,13,37

The resulting dried film had multiple cracks at the edges

Fig. 1 Schematic of a section of drying drop/film containing a blend of
hard and soft particles. After the drop dries, the thickness of the film is
higher at the edge of the dried drop due to the ‘‘coffee-ring’’ effect.
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because of the high thickness. Cracks in the dried film were
observed under an inverted optical microscope (Olympus,
IX71). The film thickness was determined using a surface
profilometer (Dektak-150), which allowed the determination
of the maximum crack-free thickness. Each experiment was
repeated 3 to 4 times, and we considered the lowest value as the
critical cracking thickness of the film.

The spatial distribution of the hard and soft particles across
the thickness was determined by placing the dried film at
200 1C for 60 minutes in an oven. This caused the PS particles
to deform as their glass transition temperature is around
100 1C. The silica particles, on the other hand, retain their
spherical shape – the melting temperature of silica is around
1700 1C. We captured scanning electron images (SEM, Jeol
7600F) of the cross-section and the top surface of the film both
before and after the heat treatment.

The high temperature melted the PS particles while the
silica particles were unaffected. The cross section of the film
was viewed using a scanning electron microscope, which
allowed us to determine qualitatively the spatial distribution
of the hard and soft particles.

The effective shear modulus of the mixed particle film was
extracted from the expression for the critical cracking thickness
(hmax, CCT),16,18

hmax

Rp
¼ C

gð1� nÞ
MfrcpGRp

" #�2
3

(1)

where C is a constant determined from experiments, G is the
shear modulus of the particle, n is the Poisson’s ratio of the
particle, frcp is the random close-packing volume fraction, Rp is
the radius of the particle, M is the nearest neighbours in the
packing (or coordination number), and g is the surface tension.
For particle mixtures, values of effective modulus and Poisson’s
ratio will be applicable in the above equation. While Russel
et al.18 obtained a constant value (C) of 0.014, our fit to the data
from this study gives about twice that value, C = 0.033.

The above expression may be obtained using simple scaling
analysis following a similar analysis presented previously.16

The constitutive relation for the saturated packing is obtained
as, sB MfrcpG/(1� n)e3/2, where s and e are the stress and strain
of the film, respectively. When a thin colloidal film is under
tensile stress, the cracking of the film is governed by the Griffith’s
criteria,38 namely, the stored elastic energy is expended in creat-
ing the new crack surface. For a film of thickness of h, the elastic
energy for a unit advance of the crack is given by, h2se. This
energy is converted into surface energy, gh, where g is the
interfacial tension between liquid and air since the packing is
assumed to be saturated with liquid and the crack surface coated
with a thin liquid film. Equating the two, gives the critical stress
for cracking, sc B (g/h)3/5(MfrcpG/(1 � n))2/5. If the maximum
critical stress for cracking is greater than the maximum possible
stress, which is set by the curvature of the menisci (B1/Rp),
the critical film thickness for cracking is given by, hmax/Rp B
(g(1 � n)/GMfrcpRp)�2/3.

As part of the study, we also measured the effective modulus of
the mixed-particle films using the nanoindentation technique. The
measurements were made on a nanoindenter (Hysitron Ti Premier
Nanoindenter, Bruker Corporation, USA) with a spherical conical
indenter made of diamond (Part number Ti-0227). The nominal
and true radius of curvature of the tip were 10 mm and 8.15 mm,
respectively. Thus the indenter size is approximately 40 times
larger than the particle size, so that the indenter is in contact with
many particles during the deformation of the packing.

The effective modulus of the different fractions of hard and
soft particle films is calculated based on the load–penetration
curve. The load is increased slowly over 20 s from 0 to 100 mN,
held at the maximum value for 20 s followed by the unloading
process over the same time (20 s). For each film, measurements
were made at 12 different locations, each separated by at least
100 mm. The loading curve was fit to the Hertzian contact model
to determine the modulus of the film,34,37,39 where the indenta-
tion force, f, is related to the penetration depth, s,

f ¼ 4Eeff

3 1� neff 2ð ÞRind
1=2s3=2: (2)

Here, Eeff is the effective Young’s modulus of the film, Rind is
the radius of the indenter, and neff is the effective Poisson’s
ratio of the film. We obtained good fits with a residual value
(R2) greater than 0.97.

As in the case of (1), the above expression (2) may also be
derived from a simple scaling analysis. Following Hertzian contact
mechanics, consider the contact between an elastic half-space and
a rigid spherical indenter of radius Rind. The penetration depth, s,
for small deformations, can be related to the radius of the
indenter, Rind, and the contact radius (r) of the indenter with the
elastic half-space via simple geometry, r B (sRind)1/2. The contact
radius depends on the applied load, indenter radius, and elastic
properties of the materials. The total force exerted by the indenter
is given by, f B P0r2, where the scaling for the maximum pressure
is, P0 B E*(s/Rind)1/2 and that for Young’s modulus is, E* =
E/(1� n2). Substituting P0 and r values in the total force expression
gives the required scaling.37,39,40

3 Results and discussion
3.1. Particle distribution in the dried film

In our experiments, we used different fractions of silica and PS
particles to form dried films. In order to determine the spatial
distribution of hard and soft particles across the thickness, we
image the cross-section of the film using a scanning electron
microscope. Fig. 2(A) presents the image of the cross-section of
the film for a = 0.5. The regions marked with boxes are
magnified in images (B), (C) and (D) that correspond to the
top, center, and bottom parts of the cross-section. Clearly, the
PS particles have completely deformed and they encapsulate
the silica particles at many locations. The distribution of the
soft particles appears to be nearly the same for sections B and
C. In the bottom section of the film (D), the bottom few layers
appear to be devoid of soft particles but the rest of the layers are
comparable to B and C. This suggests that there is some
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segregation at the bottom of the packing with more silica particles
compared to PS particles. The SEM of the top layer of the film,
imaged from the top, is presented in Fig. S1 (ESI†) and it confirms
the uniform distribution of soft particles across the top surface.

We investigated if the difference in the surface charge of the
soft and hard particles was responsible for the depletion of the
soft particles from the bottom layer. The zeta potentials of the
silica and PS particles (under dilution) were found to be �44.2
mV and �49.7 mV, respectively, which are not significantly
different to influence the particle distribution. On the other
hand, the density of silica particles is 2.65 g cm�3 compared to
1.05 g cm�3 for the PS particles. Consequently, the higher
settling rate of silica particles may be responsible for their
higher concentration at the bottom of the packing. The Stoke’s
settling velocity in a dilute suspension is given by,

v ¼
2Rp

2 rp � rm
� �

g

9m

where, Rp is particle radius, m is viscosity of the fluid and rp and
rf are the densities of the particle and fluid, respectively.

For water as the suspending liquid (rm = 1.0 g cm�3), the
terminal velocity of a 500 nm diameter silica particle is 0.2 mm s�1.
Note that the calculation applies for initial times when the particle
volume fraction is low. The settling rate is expected to reduce as
the concentration builds up. Irrespective of this fact, it is instruc-
tive to determine the settling distance for the dilute case. Since a
typical film dries over 5 minutes, the silica particles are expected to
settle over 60 mm during this time. The settling speed for PS
particles, on the other hand, is two orders of magnitude lower since
their density is close to water. These differences in the settling
speed are significant to explain the difference in the relative
number density of silica and PS particles at the bottom of the film.

3.2. Effective modulus from critical cracking thickness

Films containing particle mixtures were dried and the same
were inspected for cracks under a microscope, while the thick-
ness profile was obtained using a profilometer. Fig. 3(A) shows
the thickness profile of the film. At the edges, the film is thick,
around 90 mm, while the thickness reduces towards the center,
reaching a value of about 10 mm. The stress generated in
regions of higher thickness causes the film to crack, as shown
in Fig. 3(B) and (C). The crack propagates from the thick region
at the edge towards the thinner region in the interior and stops
where the critical thickness is reached. Measuring the thick-
ness at the location of the crack-tip allows the determination of
critical cracking thickness.

As expected from (1), the critical crack-free thickness
decreased with increasing fraction of soft particles in suspension.
The CCT decreases rapidly for a values from 1.0 to 0.8, after which
the decrease is somewhat slower, see Fig. 4. Fig. 5 presents the
variation of the effective shear modulus (Geff), obtained from (1), as
a function of a. There is a steep decrease in the effective modulus
even when a small fraction of the soft particles is added to the hard
particle film. We compare the extracted value of effective shear
modulus with the lower-bound obtained from the rule of mixtures,
which assumes the ‘‘springs-in-series’’ configuration,

Geff ¼
a

Gsilica
þ 1� a

GPS

� ��1
(3)

where, Gsilica is the shear modulus of silica particles, GPS is the
shear modulus of polystyrene particles and Geff is the effective
shear modulus of particles in the film containing the particle
blend. In all calculations for mixtures, the effective Poisson’s ratio
was assumed to vary linearly between those for PS and silica.

There is a steep variation in the effective modulus for a = 0.8–
1.0, which is closer to the trend exhibited by the lower bound
modulus. For lower values of a, the measurements deviate from
the model predictions (Fig. 5). Overall, these results suggest that
the soft particles dominate the response except when their
fraction is very small.

Fig. 2 Particle distribution in the dried particle film at a = 0.5. The dried
film was heated up to 200 1C for 60 min to allow the PS particles to
deform. These images show that the silica particles remain spherical while
the PS particles are completely deformed. The first image on the top left
(A) is the entire cross-section of the film, while the enlarged images of
sections B, C, and D at various depths are shown in the remaining images.

Fig. 3 Dried film exhibiting cracks along with its film thickness profile. (A)
The film thickness profile is obtained using a profilometer and exhibits the
‘‘coffee-ring’’ effect. (B) and (C) Show images of cracks that extend from
the thick edge of the film to the film interior. The thickness at the crack-tip
gives the critical crack thickness.
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We also captured SEM images of dried films of particle
packing before the heat treatment. Fig. 6 shows that both PS
and silica particles are spherical suggesting that the deforma-
tion during the drying process is purely elastic. This supports
the assumption of purely elastic deformation in deriving the
model eqn (1). Furthermore, the silica and the PS particles
cannot be distinguished necessitating the heat treatment for
distinguishing the two particles.

3.3. Effective modulus from the nanoindentation technique

Next, we determined the effective modulus of packing via the
nanoindentation technique. Following the previously established
protocols for colloidal packings31,34 and packing of emulsion
droplets,44 only the initial portion of the loading curve of the
force-penetration data was fit to the Hertzian model to extract the
effective modulus of the film.31,34 Specifically, the loading data
was fitted to the Belehradek expression, f = a(s� b)c, using a least

square method, where a ¼ 4

3 1� neff 2ð ÞRind
1=2Eeff , s is the pene-

tration depth, b is a fitting parameter that is indicative of zero-
force location, neff is the effective Poisson ratio of the packing and
c is fixed at 3/2.

Initially, we applied a small pre-load force of 2 mN to
compact any loose particles and to ensure that the particles
under the tip are all in contact with each other. Next, the force
was increased at a slow rate up to a maximum load of 100 mN
and the displacement was recorded. The penetration at the
maximum load depends on the effective modulus of the pack-
ing. For films with a high fraction of hard particles, the
penetration depth is less than 100 nm for the applied load of
100 mN, while for the film containing a large fraction of soft
particles, the penetration depth is much larger. To ensure
uniformity in measurement across the packings, we consider
the profile up to a fixed depth of 100 nm.

The nanoindentation tests were performed at various locations
across the film, including the edge and centre of each film, and an
averaged force versus penetration depth curve was obtained. Fig. 7
shows the averaged data for different a along with error bars.
When the fraction of PS particles is high (small a), the penetration
force is below 40 mN at a penetration depth of 100 nm. The load
profile rises with increasing a reaching a force of about 95 mN at
100 nm depth for the pure silica particles (a = 1.0), see also Fig. S2
in the ESI† for the full loading and unloading curve.

The indentation modulus of the film was extracted from the
load–penetration curve – the values obtained from the fits for
different values of a are presented in Fig. 8. The mean effective
modulus is obtained by averaging the effective modulus
obtained from curve fits for the loading curve at different
locations of the film for a fixed value of a – these fits are shown
in Fig. S3–S11 in the ESI.† The trend follows that obtained from

Fig. 5 Experimental results from CCT measurements compared with
model predictions. The symbols represent the effective shear modulus
obtained from eqn (1) by substituting the measured CCT for varying
fractions of silica particles. The solid black line represents the lower bound
shear modulus obtained from the simple rule of mixtures, eqn (3). For all
cases, frcp = 0.64, N = 6,41 and g = 0.072 N m�1. Furthermore, n = 0.34 and
G = 1.0 GPa for the PS particles,42 whereas for silica,43 those values are
0.17 and 31 GPa. The effective Poisson’s ratio was assumed to vary linearly
between the Poisson ratio values of PS and silica.

Fig. 6 SEM images of the surface of a film containing equal volume of soft
and hard particles (a = 0.5). (A) The image shows a crack at the edge of the
film. (B) The image shows a crack-free region in the interior of the film.
Note that in all cases, both the PS and silica particles retained their
spherical shape indicating pure elastic deformation of the particles.

Fig. 4 The measured critical crack-free thickness versus fraction of hard
particles (a). The CCT was determined using images from microscopy and
thickness profiles from profilometry. Films with softer particles crack at
lower thickness (low CCT).
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the CCT data in that the effective modulus changes slowly with
increasing a until about 0.8, after which the modulus increases
steeply. However, we found that the modulus at a = 0.2 was
slightly lower than that obtained for the two neighboring values
of a = 0 and 0.4. This is also seen in the loading curve, where the
curve for a = 0.2 is below the two neighboring curves
(Fig. 7). The experiments were repeated multiple times with
measurements taken at different regions of the film, but the
discrepancy remained. We have included two different
points, each at 0 and 0.2, obtained from separate sets of
experiments to confirm the reproducibility of our measure-
ments (Fig. 8). At present, the reasons for the small discrepancy
are unclear.

3.4. Comparison of effective modulus

We have used two different methods to obtain the effective
modulus of the particle packed films. The two data sets,
normalized with the value obtained for pure silica film, along
with the prediction obtained from the simple mixture theory
for lower-bound modulus are plotted in Fig. 9. We also plot the
upper bound modulus obtained by assuming the ‘‘springs-in-
parallel’’ configuration,

Geff = aGsilica + (1 � a)GPS. (4)

Interestingly, the effective modulus obtained from nanoinden-
tation and the CCT measurements agree remarkably well over
most values of a. Furthermore, the measurements are some-
what higher than that predicted by the lower-bound theory and
lie between the two limits.

We also include data reported recently36 for the buckling of
spherical shells made of a binary mixture of hard and soft
particles. Here, drops of water containing a mixture of silica
and PS particles, both of 5 mm diameter, were placed on a
super-hydrophobic surface and dried at a fast rate in a heated,
vacuum oven. The experiments mimicked the conditions of fast
drying experienced by droplets in a spray drier. The rapidly
retracting interface separating the liquid–gas phase traps the
particles forming a particle-packed shell at the interface. As the
liquid continues to evaporate, the capillary menisci at the top
layer of the shell exert compressive stress on the packing. If the
stress exceeds a critical value, the shell buckles. The buckling
phenomenon is analogous to that for cracking except that the
latter is caused by tensile stress while the former is induced by
compressive stress. Increasing the particle size or decreasing
the shell radius reduced the tendency for buckling.

Fig. 7 The measured load versus depth data, averaged over data for 5–6
different locations on the film, is plotted as a function of a. As the fraction
of hard particles increases, the slope increases. Discrepancy was observed
for a = 0.2, which had the lowest slope.

Fig. 8 Effective Young’s modulus extracted from load versus penetration
depth data by fitting the Hertzian contact model, eqn (2). Mechanical
stiffness decreases with increased fraction of soft particles.

Fig. 9 The normalized effective modulus obtained from the indentation
test (Eeff/Esilica), cracking (Geff/Gsilica) and buckling (Geff/Gsilica) phenom-
enon is compared with both the lower and upper bound of the packing
modulus obtained from the simple mixture theory. The lower and upper
bound modulus are also normalized (Geff/Gsilica). The effective shear
modulus obtained from buckling experiments was taken from Bamboriya
and Tirumkudulu.36
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Bamboriya and Tirumkudulu36 compared the critical condi-
tions for buckling of a shell obtained from a theory proposed by
Tirumkudulu45 with that obtained from experiments and
showed excellent agreement for experiments performed with
homogenous particles, all of the same size. The theoretical
expression was next used to extract the effective modulus by
measuring the critical shell radius for buckling of a shell made
of a binary mixture of hard and soft particles of the same size (5
mm each). The same data is also included in Fig. 9. Note that
the buckling data could be extracted only for values of a lying
between 0.8 and 1.0 since the transition from buckling to non-
buckling shells at lower values of a required very small sized
shells (or drop sizes), which could not be achieved using a
sessile drop experiment.

Overall, the effective modulus from the buckling experi-
ments matches more closely with the lower bound theory
compared to that obtained from either nanoindentation or
cracking experiments. We attribute the deviation to the sedi-
mentation of silica particles in the drying films where the
drying time is about 5 minutes, resulting in Peclet numbers
of the order of 102. On the other hand, the buckling drops were
dried at an extremely fast rate in a heated, vacuum oven
resulting in Peclet numbers (

:
ER/D) of the order of 104, where

R is the radius of the drop. It is possible that the high drying
rates and rapid formation of particle-packed shell eliminates
sedimentation leading to a more homogenous packing. More
work is needed to investigate these differences.

4 Conclusions

This study presents measurement of the effective modulus of
particle packing containing particles of the same size but two
different moduli. The modulus was determined in two different
ways. First, the measured values of critical cracking thickness
for dried films of particle mixtures were fit to an established
theory to extract the effective modulus of the particle packing.
Next, the same quantity was obtained via the nanoindentation
technique, where the loading curve was fit to the Hertzian
contact model. There is remarkable agreement between
the values obtained via the two measurement techniques
suggesting that the measurement of CCT gives a reliable
measure of the effective mechanical properties of the particle
packing. This is one of the most important outcomes of the
study. The measurements were also compared to previously
obtained data for buckling of drying shells of particle packings.
The effective modulus obtained from cracking/nanoindenta-
tion lies between the upper and lower bounds of the simple
mixture theory, while those obtained from the buckling experi-
ments are closer to the lower bound. These differences are
attributed to particle segregation caused by the sedimenta-
tion of silica particles in drying films. Overall, the study opens
up avenues for further investigations of mixtures containing
particles of different sizes and mechanical properties and
thereby tailoring the mechanical properties of particulate
films.
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