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Magnetic nanoparticles (MNPs) in a liquid dispersion can be organized 

through controlled self-assembly by applying an external magnetic field that 

regulates inter-particle interactions. Thus, micro- and nanostructures of 

desired morphology and superlattice geometry that show emergent magnetic 

properties can be fabricated. We describe how superferromagnetism, which 10 

is a specific type of emergence, can be produced. Here, superparamagnetic 

nanoparticles that show no individual residual magnetization are organized 

into structures with substantial residual magnetization that behave as 

miniature permanent magnets. We investigate the emergence of 

superferromagnetism in an idealized system consisting of two MNPs by 15 

considering the influence that interparticle magnetostatic interactions have 

on the dynamics of the magnetic moments. We use this model to illustrate 

the design principles for self-assembly in terms of the choice of material and 

MNP particle size. We simulate the dynamics of the interacting magnetic 

moments by applying the stochastic Landau-Lifshitz-Gilbert equation to 20 

verify our principles. The findings enable a method to pattern material 

magnetization with submicron resolution, a useful feature that has potential 

applications for magnetic recording and microfluidic particle traps. The 

analysis also yields useful empirical generalizations that could facilitate 

other theoretical developments. 25 

1 Introduction 

Magnetic nanoparticles (MNPs) are excellent building blocks, using which features at 

the nano or microscale can be fabricated bottom-up. The self-assembly and geometric 

organization of superparamagnetic MNPs can be controlled with an external magnetic 

field which regulates their interparticle magnetostatic interactions. This self-assembly 30 

process has two main features. First, inter-particle ‘bonds’ align with the direction of 

the field,1-3 and, next, their magnetostatic interactions are turned ‘on’ or ‘off’.4, 5 Thus, 

using a specific magnetic field, microstructures of various shapes and sizes can be 

fabricated6-8 and different geometries can be enforced for the MNP superlattice. 9-11 

Since the bulk properties of a material containing these structures, e.g., in polymer-35 

MNP composites, depend on the geometric organization of MNPs in the surrounding 

matrix, this leads to prospects for material design.6, 12-14 Our focus is on how the 

magnetic properties of such microstructures can be designed. 

 To control the self-assembly of MNPs, it is essential to begin with a stable colloidal 

dispersion in which particle aggregation is minimal, i.e., in which inter-particle 40 

magnetostatic interactions have been minimized.15 This is accomplished by using 

superparamagnetic4 MNPs, since the frequent thermally-driven reversals of their 
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magnetic moments m render a zero effective moment on the timescale of particle 

transport.16-18 While the colloidal dispersions are typically dilute, the magnetic field-

assisted self-assembly brings the MNPs into close proximity. Consequently, the 

magnetostatic interactions among the magnetic moments of neighboring particles 

become significant, which influences the dynamics of the moments.19 We explore how 5 

these interactions can lead to a non-zero residual magnetization in a bulk structure 

formed through the self-assembly of superparamagnetic MNPs. This residual 

magnetization, or superferromagnetism,20 emerges when the interparticle 

magnetostatic interactions present an energy barrier Eb to the reversals in m, one that 

frequently cannot be overcome by thermal fluctuations. As a result the moments for 10 

individual MNPs in the structure remain stable in their orientation so that the structure 

develops a residual magnetization. 

 Nano- and microscale structures with residual magnetization have several potential 

uses. Self-assembly is an inexpensive alternative to their current fabrication with 

methods such as machining21 and lithography.22 Residual magnetization enables data 15 

storage in magnetic recording media, since reducing the size of a single data bit to a 

few nanoparticles enhances data density.23 Because the formed structures are 

miniature permanent magnets, they produce strong localized magnetic field gradients 

that can influence particle transport in liquid suspensions, e.g., for biomedical 

applications such as cell sorting24, 25 and trapping,21, 26 and manufacturing approaches 20 

for pattern transfer from a template.22, 27 Since MNP self-assembly can be performed 

in situ during the solution-casting of polymers, the ensuing microstructures can be 

readily embedded into the architecture of microfluidic devices, e.g., ones made out of 

PDMS.7, 28, 29 

 The simplest microstructure produced by the magnetic field-directed self-assembly 25 

of superparamagnetic MNPs occurs as a linear chain.1, 6 If the magnetocrystalline easy 

axes ni of each MNP in such a chain lie parallel to the chain direction, residual 

magnetization can emerge.19, 20 This outcome arises only when inter-particle 

magnetostatic interactions augment Eb to such a high level that this energy barrier 

cannot be typically overcome by the thermal fluctuations in the particle magnetic  30 

moments. The simplest manifestation of this effect is shown in the two-particle-

system (TPS) of Figure 1a. The model, although idealized, is one that allows 

fundamental theoretical study of the dynamics of interacting moments by examining 

the influence of magnetostatic interactions on the reversal trajectory of m and the 

associated energy cost Eb.23, 30-34  35 

 For our self-assembly problem where microstructures with residual magnetization 

are produced in a liquid dispersion of superparamagnetic MNPs, we identify (1) a 

necessary particle size window, and (2) a dimensionless number involving two MNP 

properties, their saturation magnetization Ms and magnetocrystalline anisotropy 

constant K, that can be used to determine the suitability of an MNP material. We verify 40 

our findings with micromagnetics simulations where the trajectories of interacting 

magnetic moments are calculated using a stochastic form of the Landau-Lifshitz-

Gilbert (LLG)35, 36 equation that incorporates the effects of thermal fluctuations.32, 37-

39 We also report a significant empirical generalization that could lead to future 

theoretical studies. 45 
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Figure 1 (a) A system of two MNPs with their magnetocrystalline easy axes n1 and n2 parallel to the 

‘bond’ direction r12. The magnetic moments m1 and m2 can rotate with respect to the particles at the 

cost of the total potential energy E described in Equation 5. (b) The map of 1 2( ),E    in the plane of 

1 2   shows that equilibria of the mi are located at 1 2 0,     , i.e., the mi are parallel to each 

other as well as to 12r . Only the 1 2   plane is shown because the equilibria and the minimum 5 

energy barriers between them are all contained by this plane. 

Table 1 Nomenclature 

2 Theory and Analysis 

2.1 Theory 

An MNP is superparamagnetic if its magnetic moment m undergoes several thermally 10 

driven reversals over the time period of measurement m , i.e., 1

m f   where f 

represents the frequency of reversals. This is because the time-average of m over m , 

Symbol Quantity Dimensions Units 

a Particle radius [L] m 

B Magnetic Field [M][T]-2[I]-1 T 

e 
Non-dimensional magnetic moment 

defined as e = m/|m| 
- dimensionless 

f Magnetization reversal frequency [T]-1 Hz 

f0 Attempt frequency [T]-1 Hz 

E 
Potential energy of a system of magnetic 

nanoparticles 
[M][L]2[T]-2 J 

Ea Anisotropy energy [M][L]2[T]-2 J 

Eb 
Energy barrier for magnetization 

reversal 
[M][L]2[T]-2 J 

kB Boltzmann constant [M][L]2[T]-2[ θ]-1 J K-1 

kint 
Dipolar interaction strength defined by 

Equation (5) 
- dimensionless 

K Magnetocrystalline anisotropy constant  [M][L]-1[T]-2 J m-3 

Keff 
Effective anisotropy constant 

defined by Equation (7) 
[M][L]-1[T]-2 J m-3 

m Magnetic moment [L]2[I] A m-2 

Ms Saturation Magnetization [L]-1[I] A m-1 

n Direction of easy axis - dimensionless 

r Inter-particle distance [L] m 

T Temperature [θ] K 

V Particle volume [L]3 m3 

γ Gyromagnetic constant [M]-1[T]1[I]1 T-1 s-1 

λ Damping Constant - dimensionless 

µ0 Permeability of free space [M][L][T]-2[I]-2 N A-2 

m   Measurement time [T] s 
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m m , i.e., the particle shows zero effective residual magnetization. On the other 

hand, the MNP is ferromagnetic if there are very few reversals over the measurement 

interval, i.e., 1

m f   as m m , i.e., the MNP exhibits residual magnetization. 

The reversal frequency can be predicted by the Néel-Arrhenius relation,40 

 0
b

B

E
exp

k T
f f





 
 

, (1) 5 

where bE  denotes the potential energy barrier for the reversals and  f0 ~ 109 – 1011 Hz 

is the attempt frequency.32, 39, 41 We can examine the emergence of 

superferromagnetism if we are able to determine how Eb is influenced by 

magnetostatic interactions. 

 The magnetic moment of an MNP has an inherent predilection to align itself with 10 

the magnetocrystalline easy-axes, which are the preferred crystallographic directions 

fixed to the MNP. For simplicity, we consider the case of uniaxial anisotropy, i.e., 

each MNP possesses a single easy axis, n. Misalignment between m and n occurs at 

the cost of the anisotropy energy, 

 2

2
( • )

| |
a

KV
E   m n

m
, (2) 15 

where K denotes the magnetocrystalline anisotropy constant and V the particle 

volume. Thus, for an isolated MNP, in the absence of a magnetic field, the energy 

barrier for the reversal of m is Eb = KV. When other MNPs are present in close 

proximity, the consideration is more complicated. In a system of MNPs, the ith particle 

encounters the magnetic field, 20 

 0

5 3

3 ( • )

4

i ijj j jdip

i

j i ij ijr r



 

 
  

 
 


r r m m

B , (3) 

due to its neighbors, where rij denotes the position vector of the ith particle relative to 

the jth particle and mj is the jth particle’s magnetic moment. This field is responsible 

for magnetostatic interactions between the moments of neighboring MNPs. The 

Zeeman energy of a dipole in a magnetic field B is ·E  m B . Thus, the total energy 25 

for a system of particles is the sum of the anisotropy energies for each particle Ea 

added to the sum of the Zeeman energies for all particle pairs Edip,  

 2 0

2 3 5

• ( • )( • )
( • ) 3

| | 4

i j i ij j ij

a dip i i

i ji i ij ij

KV
E E

r r
E



 

 
     

 





 

m m m r m r
m n

m
. (4) 

For a TPS, this expression can be simplified as, 

       
2

1 2 1 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ3· · · ·i i int r r

i

E

KV
k   e n e e e e e e , (5) 30 

where ˆ / | |i i ie m m , / | |r ij ije r r , and, for closely packed structures with r ~ 2a, the 

dipolar interaction strength 2

0 / 24int sMk K  is independent of particle radius a. For 

our model system of two particles illustrated in Figure 1a, the resulting energy map is 

presented in Figure 1b, which shows that the equilibria for this system requires that 

1 2m m  be parallel or anti-parallel to 12r . Thus, it is a two-well system similar to the 35 

isolated MNP described in Equation (2). 
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2.2 The potential barrier of a two-particle-system 

The energy map for a TPS has a significant difference from that for a single particle. 

For an isolated MNP the energy map is one-dimensional, i.e., ( )E E   where 

  / | |   m n m n . Thus, it has a unique potential barrier KV separating the two 

wells. Whenever thermal fluctuations provide energy greater than KV, the moment 5 

can switch between the two states. For the TPS, 
1 2 1 2
, , , )(E E      and the energy cost 

of switching between the two states is path dependent, i.e., an unique Eb is not defined. 

We will first verify that Equation (1) is valid for a TPS in Section 3.1. Next, we will 

determine the effective barrier eff

bE  that enables calculation of the reversal frequency 

f from Equation (1). 10 

 The calculation of eff

bE can be accomplished numerically using the stochastic 

micromagnetics simulations, as shown in Section 3.1. However, we require an 

analytical formulation for a potential barrier in order to develop design principles. 

Thus, we select the saddle points in the energy map of Equation (5) sad

bE  to calculate 

the reversal frequency from Equation (1). This is because sad

bE  is the lowest barrier 15 

between the two wells for a TPS, i.e., sad eff

b bE E . Thus, from Equation (1), when f is 

calculated using sad

bE  it is necessarily greater than when eff

bE is used. A two-particle-

system that is predicted to be superferromagnetic using 
sad

bE  will also lead to the same 

prediction if eff

bE  were used instead. For strong interparticle magnetostatic 

interactions and in the absence of an externally applied magnetic field, the barriers 20 

corresponding to these saddle points are34 

  2 1
2

sad int
b

k
E KV

 
  

 
. (6) 

2.3 The effective anisotropy constant 

For an isolated particle, bE KV . Thus, the reversal frequency is given by 

0 ( / )Bf p Tf ex KV k . Drawing an analogy with the TPS, we define an effective 25 

anisotropy constant Keff, such that sad

b effE K V . Thus, effK  can be used in the single- 

particle form of the Néel-Arrhenius relation, i.e.,  0 /eff Bexp Kf V Tf k . From 

Equation (6), 

  2 1
2

int
eff

k
KK
 

  
 

. (7) 

This step is purely for convenience in analysis and is similar to the concept of an 30 

effective volume.42 

3 Results and Discussions 

3.1 Determining the potential barrier in a two-particle-system (TPS) 

We first verify that the frequency of magnetization reversal in a TPS obeys the Néel -

Arrhenius relation in Equation (1). This is accomplished by simulating the dynamics 35 

of the magnetic moments of an isolated particle (N = 1) and a TPS (N = 2) using the 

stochastic LLG equations. The reversal frequency f decays exponentially with 1/T for 

both systems, as seen in Figure 2. This verifies that the Néel-Arrhenius relation is 

followed and that we can determine when a system of MNPs transitions from 

superparamagnetic behavior to superferromagnetic behavior entirely by calculating 40 

the changes in its energy barrier. 
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Figure 2 Exponential decay of reversal frequency f with 1/ (k )B T  for magnetite particles with a = 

3.5 nm verifies that the Néel-Arrhenius relation is followed for both an isolated MNP (N = 1) and the 

two-particle-system (N = 2). The slope of the line is used to calculate the effective potential barrier
eff

bE . Each data point is generated from the trajectory of im  for 10 intervals of 100 ns. Table 2 

compares numerical results with the theoretical estimates. 5 

Table 2 Comparison of the numerically determined eff

bE  with the theoretical predictions 

 N = 1 N = 2 

/eff

bE KV   (Numerical) 0.839 7.524 

/sad

bE KV  (Theoretical)* 1.000 2.453 

*For and isolated particle (N = 1), no saddle points exist and 
sad

bE KV
 as seen in Equation (2). 

 Next, we determine eff

bE  from numerical simulations and compare the values to the 

barriers posed by saddle points in the energy map described by Equation (6). This is 

done by fitting a straight line to the log( ) 1/ BTf k  relation of Figure 2. The slope of 10 

the line yields f

b

efE . The values obtained are presented in Table 2 and compared with 

theoretical predictions, i.e., Eb = KV for isolated particles (N = 1) and 

2 (1 / 2)sad

b intE KV k   for the TPS (N = 2). For N = 1, Eb is expected to be 

underestimated since m seldom relaxes to an equilibrium state that is aligned with the 

easy axis n. The energy expense for a reversal is therefore rarely equal to the 15 

theoretical barrier of KV. For N = 2, while, the disparity is much larger, eff sad

b bE E  as 

predicted in Section 2.2. 

3.2 Choice of particle size 

We now determine the bounds on the particle size window within which, over a 

duration m , (1) an isolated MNP has frequent reversals in its magnetic moment m 20 

due to the relatively low energy barrier that opposes thermally driven reversals, and 

(2) when two of the same MNPs are assembled into a TPS, as seen in Figure 1a, 

magnetostatic interactions among their moments enhance the barrier to a value that is 

sufficient to prevent frequent reversals. Thus, within this particle size window, an 

isolated MNP has negligible residual magnetic moment over the measurement interval 25 

m , i.e., the time-average of the x-component of the normalized magnetic moment in  
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Figure 3 (a) The time-series of the x-component of dimensionless magnetic moment ex for an isolated 

MNP (N = 1), a TPS (N = 2), and a longer chain (N = 3) of magnetite nanoparticles at T = 300K over 

a 100m   ns interval shows that a chain of MNPs always has a smaller number of reversals. (b) 

The time average of the dimensionless magnetic moment |<ex>| obtained from 10 such simulations 

shows that within a window of particle sizes, an isolated MNP exists in superparamagnetic state with 5 

|<ex>| << 1 whereas a TPS shows residual magnetization with |<ex>| ≈ 1. The red box and red line 

demonstrates this for particles with radius a = 4 nm. 

Table 3 Material properties of common MNP materials from Ref. 43 and the calculated bounds for 

the particle size window. When particle radius  1 2,a a a , an isolated MNP has zero residual 

magnetization while a two-particle-system develops residual magnetization for a measurement time 10 

  100m  ns at T = 300 K.  

Material 
Ms 

(kA/m) 

K 

(kJ/m3) 

a1  

 ~ 8 BKV k T

(nm) 

a2  

 ~ 8eff BK V k T  

(nm) 

Magnetite 446 23 7 5.2 

fcc FePt 1140 206 3.4 2.5 

Maghemite 414 4.7 11.9 7.5 

FeCo 1790 1.5 17.4 3.6 

CoFe2O4 425 180 3.5 2.8 

BaFe2O4 380 300 3.0 2.3 

 

this interval 1xe . However, a TPS has a residual magnetization with 1xe  . 

This transition and the existence of the bounds on particle radius a are illustrated in 

Figure 3. 15 

 Since magnetite forms the core of many commercially available MNPs, we use it 

as an example material in our analysis. Magnetite has a saturation magnetization 
3446 10sM    A/m and an anisotropy constant 31023K    J/m3.43 Thus, the energy 

barrier separating the two stable equilibria of m in an isolated magnetite nanoparticle 

arises solely due to magnetocrystalline anisotropy, i.e., 3 4 9.63 10b KV aE     J. We 20 

first estimate the largest particle radius 1a  for which an isolated magnetite MNP is 

superparamagnetic over a measurement time m  100 ns. This requires that its 

moments reverse multiple times over m  = 100 ns, i.e., f  107 Hz. Assuming f0 ~ 30 

GHz41 and using Equation (1), the energy barrier 8b BE k T , i.e., at T = 300 K, 1 7a 

nm. For any isolated magnetite MNP with 1a a , the moment undergoes 25 

magnetization reversals over 100 ns. As seen in Figure 3a, for a = 6 nm and N = 1, a 

few magnetization reversals are observed. This yields a zero residual magnetization 

over 100m   ns, i.e., 1xe , confirmed in Figure 3b. 
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 Similarly, we can evaluate the smallest particle radius 
2a  for which a TPS 

demonstrates superferromagnetism over the same time interval. Here, we assume the 

potential barrier is enhanced to 2 (1 / 2)b int effKV kE K V   as per the discussion in 

Section 2.2, and that the relation 8b BE k T  holds for a TPS as well. This yields 

2 5.20a   nm, i.e., a TPS where particles have 2a a  yields residual magnetization 5 

over 100 ns. We observe from Figure 3a that when N = 2 and a ≥ 4 nm, the system 

has a fairly stable magnetization. The mismatch is explained by the fact that 
sad eff

b bE E  as discussed in Section 2.2 and verified in Section 3.1. This yields a 

substantial residual magnetization over 100m   ns, i.e., 1xe  , as confirmed in 

Figure 3b. This analysis is strictly true only if f0 is identical for both N = 1 and 2, 10 

which is not always the case. However, considering that 

2 0

1/3) 3 / 4 8 /(ln( )m B effk T Ka f    , i.e. 1/3

2 0 ~ ( ( ))fa ln and the attempt frequencies 

differ by less than an order of magnitude as listed in Table 4, such an assumption is 

plausible. 

 From these two considerations, for a duration of 100m  ns and at T = 300 K, all 15 

particle sizes within a1 > a > a2 have no net magnetization when isolated, i.e., existing 

as a dilute dispersion. However, when they are self-assembled to form a linear chain 

having aligned easy axes, a residual magnetization is observed over m . The same 

analysis can be undertaken for any MNP material provided the values of K and Ms are 

accurately known. Table 3 lists the two critical radii determined from similar 20 

considerations for a wide range of MNP materials. 

3.3 Choice of particle material 

While designing a self-assembly process, a metric that evaluates the suitability of a 

material is useful. Because synthesis processes for MNPs lead to polydispersity in 

particle size, an MNP material is better suited than another if the acceptable particle 25 

size window for that material is wider, i.e., the ratio 1 2/a a  for the material is larger. 

The exact bounds on the particle radii window depend on the choice of m  and 

temperature T. However, the ratio 1 2/a a depends solely on the material properties, i.e. 

on the saturation magnetization Ms and anisotropy constant K. Following the analysis 

in Section 3.2, 1 2/ /effa Ka K . Thus, from Equation (7), 30 

   
1/31

2

2 int

a
k

a
  . (8) 

Figure 4 plots Equation (8) and also identifies where the materials listed in Table 3 

are located on it. Larger values of intk  allow a wider particle radii window for the self-

assembly process. Thus, materials with larger Ms and lower K are better suited for 

self-assembly processes that organize superparamagnetic nanoparticles to yield 35 

superferromagnetism, since a higher Ms yields greater strength for inter-particle 

magnetostatic interactions while a smaller K provides a lower barrier of magnetization 

reversal for isolated particles. Thus, raising Ms increases 1a  while lowering K 

decreases 2a .  

3.4 Longer chains (N > 2) 40 

Linear chains formed by self-assembled MNPs are seldom two particles long. Thus, 

we consider the implications of our design process on longer chains. The analytical 

formulation of the potential barrier, even with simplifying assumptions, e.g., the use 

of the saddle points in the energy map, are not possible for N > 2. Thus, we resort to 

observations in the dynamics of the magnetic moments simulated using the LLG 45 
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Figure 4 The ratio of the bounds on the window of particle sizes 1 2/a a  within which an isolated 

MNP is superparamagnetic, but a two-particle-system demonstrates superferromagnetism, 

increases monotonically with the interaction strength 
2

0 / 24int sMk K . Thus, a material with 

a higher intk  has a wider window and is better suited to a self-assembly process that will yield 

superferromagnetism. 5 

equations. 

 Figure 5 shows that f decays exponentially with MNP volume V for the chain 

lengths considered. Thus, the Néel-Arrhenius relation of Equation (1) is satisfied and 

a value for the effective anisotropy constant num

effK  can be calculated from the slope of 

the log( )f V  plots. The attempt frequency f0 can also be determined from the y-10 

intercept of the plots. The values of both these metrics are presented in Table 4. For 

the isolated MNP, the calculated num

effK  is exactly equal to the anisotropy constant of 

magnetite, the MNP material for which these simulations were conducted. A 

significant observation from Figure 5 is that longer chains have a lower reversal 

frequency unless the particle volume is extremely small. Thus, if a self-assembly 15 

process is designed to produce superferromagnetism using the idealized TPS model 

developed herein, it will assuredly produce superferromagnetism for the longer chains 

that are actually produced for most MNP sizes. This lower limit on MNP size is 

unrealistically small, as explained below. 

3.5 Empirical generalization: an universal attempt frequency 20 

Another observation from Figure 5 and Table 4 is that the attempt frequency f0 varies 

significantly with chain length N. The nature of the lines indicates that an exponential 

relation of the form, 

  
0

0

( )eff

B

K V V
exp

k T
f f





 
 

, (9) 

is an effective replacement for Equation (1) for a system of interacting MNPs in a 25 

linear chain. This empirically derived expression allows us to employ a simplified 

universal value of f0 for interacting MNPs. The theoretical basis for this expression is 

outside the scope of this work.  

 We note here that the design principles developed above are only valid for particles 

when V > V0. This is because when V < V0, the reversal frequency of an isolated 30 

particle is smaller than for a TPS, and that for a TPS is smaller than any of the longer 

chains, as seen from Figure 5. However, almost all realistic MNPs have larger volumes  
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Figure 5 The reversal frequency f decays exponentially with MNP volume in an isolated MNP as 

well as the linear chains of various lengths. The slope of the curve allows 
num

effK   to be determined, 

while the y-intercept provides the value of the attempt frequency f0 (Table 4). Each data point is the 

mean value realized from 10 simulations of 1 µs duration for magnetite nanoparticles. 

Table 4 The effective anisotropy constant num

effK  and the attempt frequency 0f  calculated from 5 

simulation data presented in Figure 5 for magnetite nanoparticles. 

Chain Length 

(N) 

Keff from Eq. (7)  

(kJ m-3) 

num

effK from Fig. 5 

(kJ m-3) 
f0 (GHz) 

1 23.0* 23.0 31.8 

2 56.4 146.3 223.4 

3 -  601.2 

4 - 306.1 2742.2 

5 - 324.0 3106.4 

*The effective anisotropy constant of a single particle is simply magnetocrystalline anisotropy constant 

of the material K. The corresponding numerical value shows good agreement. 

than the V0 observed here, which corresponds to particles with a radius 2a   nm. 

4 Computational Method 10 

Micromagnetics simulations using the stochastic Landau-Lifshitz-Gilbert (LLG) 

equation36, 44 provide the magnetic properties of a system of MNPs by simulating the 

dynamics of the magnetic moment of each participating MNP.38, 41, 45 Due to the 

presence of a single domain in an MNP and the consequent coherence among the 

moments of the individual atoms comprising it, the magnetization of a particle can be 15 

considered as a single magnetic moment m.46 This macrospin approximation 

simplifies the use of the LLG equation36, 44 to predict the dynamics of the magnetic 

moment of an MNP.37, 47-49 Its stochastic form is a Langevin equation,37  

  ( ) ( ( ))eff effi
i i fl i i i fl

i

d

dt m


      

m
m B b m m B b , (10) 

where   denotes the gyromagnetic constant of an electron spin, and   is a 20 

phenomenological damping constant.37, 47 eff dip a ext

i i i i  B B B B  denotes the total 
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effective field on the ith particle while 2(2 )/ ( •)a

i KV mB m n n  models the effect of 

magnetocrystalline anisotropy and ext

iB  is the externally applied field, which is 

assumed zero for our purpose. We use a time step 1210t   s for which thermal 

agitation can be modeled as a purely random process.46, 50 This implies that thermal 

fluctuations in m can be investigated as the effect of a magnetic field 
flb  that satisfies 5 

the properties of a Gaussian stochastic process,37, 47 

  
, , , 2

( ) 0;   ( ) ( ) 2 ( )
1

B
fl fl fl

k T
t t s tb

m
b sb    


 

 
   


 . (11) 

A stochastic form of the Heun scheme is used to integrate Eq. (10), an approach that 

is consistent in the sense of Stratonovich stochastic calculus.37 This assumption and 

the time step value are justified by a general response time for a single domain particle 10 

that is of the order of 10-10 s.46  

5 Conclusions 

The magnetic field-controlled self-assembly of MNPs can generate microstructures of 

various forms. However, good control over this form of self-assembly requires that 

particles are superparamagnetic so as to avoid aggregation by magnetostatic 15 

interactions. We develop the design principles of a self-assembly process wherein 

superparamagnetic nanoparticles, which have zero residual magnetization 

individually, are organized into microstructures that demonstrate a residual 

magnetization. To do so, we consider the influence of inter-particle magnetostatic 

interactions on the potential barrier for magnetization reversals in an idealized system 20 

comprised of two MNPs. The principles developed herein enable the proper selection 

of MNPs of requisite sizes and materials such that the microstructures are able to 

develop residual magnetization, potentially impacting a large number of applications, 

e.g., magnetic data storage and microfluidic particle traps. Since self-assembly can be 

a relatively inexpensive and more effective fabrication method, it offers an alternative 25 

to current techniques, such as sophisticated machining or lithography. Our analytical 

methods could pave the way for the design of other self-assembly processes that 

produce emergent magnetic properties in microstructures.19 
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