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Double helix nanostructures have been the object of intense theoretical and experimental investigations in 5 

recent years due to their various kinds of available materials and unique morphology. Among these 

structures, rope-like double nanohelices of two strands contacting along a line can be obtained by any 

one-dimensional nanostructures. In this work, we establish a novel theory for quantitatively exploring 

statics and dynamics of the rope-like double nanohelices by employing the concept of the extensible 

Cosserat curve. The rope-like double nanohelices are tough, relatively elastic, and mechanically stable, 10 

which agrees well with the experiments. The characteristics of the interaction between two strands, tensile 

modulus and torque are precisely described and explained in the entire stretching region. The proposed 

model offers deep quantitative insight in the mechanics of the double helix nanostructures, and supplies a 

reliable reference for further experimental research. 

1. Introduction 15 

Helices are ubiquitous in plantae, bacteria, fungi, metazoa and 

artificial materials, such as tendrils, vines, bacterial shape in 

spirochetes, aerial hyphae in actynomycetes, horns, α-helices, 

self-rolled nanosprings and carbon nanotubes.1-11 Two spiral and 

spatially arranged strands form a double helix, which therefore 20 

has not only the advantages of single helices: e.g.  superelasticity 
12-14 and piezoresistive, piezoelectric effects,15-17 but also the 

benefits that the interaction between strands brings. Except for 

the double helix structures in nature, e.g. the most famous DNA 

(Fig 1(a)),18 scientists also made many synthetic efforts to mimic 25 

this fascinating morphology because of their unique shapes and 

the corresponding applications in various areas.19,20 In 1990 

double helix was firstly obtained from carbon nanofibers, and it 

was found that the coiled filaments could be extended elastically 

up to about three times versus the original coil length and had no 30 

permanent deformation after loading.21,22 In recent years, further 

research on such double helix carbon nanofibers as well as other 

nanomaterials were still carried on, shown in Table 1, and these 

double nanohelices provide excellent strength, stability and 

conductivity.23-27 35 

Among all the double nanohelices, there is one type that two 

strands of elastic wires wind around each other while contacting 

along a line, resembling a rope. Such double nanohelices can be 

obtained by the following approaches as shown in Table 1. The 

rope-like carbon double nanohelices were synthesized by 40 

pyrolysis of acetone using iron nanoparticles as catalysts;28 the 

Au-Ag alloy nanowires got twisted when a metal layer of Pd, Pt, 

or Au was deposited on them (Fig. 1(b));29 the double helix 

microtubes of silicon were formed by using a Zintl compound 

NaSi as the starting material (Fig. 1(c));30 an overtwisted single 45 

carbon nanowire released around itself until it reached a torque-

balanced state (Fig. 1(d)).31 Remarkably, the fourth method could 

be applied to diverse nanowires, nanotubes and nanorods which 

significantly increase the posibility for the controllable formation 

of double nanohelices. Moreover, it was reported that in contrast 50 

with the singles yarn of carbon, the two-ply yarn had higher 

tensile strengths between 250 and 460 MPa, and higher breaking 

work of 20 J/g.31 Though the physical properties of the double 

helix Si microtubes and (Au-Ag)@Pd nanowires are yet to be 

fully explored, some experimental results indicated that the rope-55 

like double nanohelices have excellent mechanical properties for 

serving as building blocks in MEMS/NEMS. Thus, for the rope-

like double nanohelices, an accurate theoretical description of the 

elasticity behaviour is necessary, and yet to be constructed. 

Since the elongation of an axial loaded rope-like double 60 

nanohelix completely comes from the stretch of two strands, the 

elastic deformation of the material must not be neglected. In this 

paper, we shed light on the elastic properties of the double 

nanohelices by considering a Cosserat curve with four kinds of 

deformation, i.e., bending, torsion, extension and shear. We can 65 

obtain a set of expressions that allow us to quantitatively measure 

the mechanical properties of the double helix system, such as the 

interaction between the strands, tensile modulus and torque. Also, 

it is revealed that when nanowires/nanotubes wind into double 

helix structures, the structure becomes mechanically stronger, 70 

more reversibly deformable over relatively large strains to absorb 

energy and maintain the linear elasticity. This approach provides 

a framework to study both statics and dynamics of the double 

nanohelices. 

2. Results and Discussion 75 

The Cosserat curve, as an elastic directed one, is appropriately 

used to study the statics and the dynamics of continuous rods 

with extensibility and shear deformation.32 When a double 
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nanohelix with a straight contact line between two strands is 

loaded by a force along its helical axis, the elongation of the 

double nanohelix is totally resulted from the stretch of the strands. 

To describe the elasticity of double nanohelices precisely, we 

regard the strands as Cosserat curves. The basic equilibrium 5 

equations of each strand can be written as:33 

,                                                               (1a) 

,                                                    (1b) 

where τ and m are the total force and torque across the cross 

section of the curve, respectively, ε is the permutation tensor, and 10 

W and y are the director and position deformation measure, 

respectively. f is the distributed forces per unit length, i.e., the 

interaction between two strands. The Greek subscripts α, β, γ take 

on the values 1, 2, 3. and  is the stretch of the curve with S the arc 

length along a fixed reference configuration and s the one along a 15 

deformed configuration.  

As shown in Fig. 2(a)-(c), to explore the mechanical properties of 

rope-like double nanohelices, we suppose that under a constant 

torque M two straight nanowires with circle cross section of 

radius r0, length L0 twist around each other to form an uniform 20 

free standing double helix HDI, with the coil wire radius r1, radius 

a1 = r1,
34 pitch b1, helix angleζ= arctan(2πr1/b1), and the helix 

axis, i.e. the straight contact line between the two strands, along 

the direction of M. There are several methods to provide the 

torque M: e.g. metal deposition on nanowires29 and overtwisting a 25 

single yarn31. In particular, for a double helix consisting of two 

free standing single helices, its two strands maintain the helix 

structures after separation and there is no torque applied on it, i.e., 

M=0. The carbon double nanohelix synthesized by catalytic 

pyrolysis of acetone is such a case.28 The area of the HDI 30 

transection is A=2πr1
2/cosζ.When HDI is loaded under a force F 

along its helix axis, it transforms to the elongated double helix 

HDF of the coil wire radius r2, radius a2 = r2, and pitch b2. Fig. 

2(a’)-(c’) presents the partial enlargement of the straight 

nanowires, as well as the corresponding one of HDI and HDF with 35 

the stretching length ∆L of nanowire. In this model, the above 

situation can be simplified that two initially straight nanowires 

with circle cross section of radius r0, length L0 bent into a double 

helix form HD (HDI or HDF) of the coil wire radius r, radius a = r, 

pitch b and they are held in equilibrium by a force F and a 40 

moment M at the ends of the nanowires. The straight nanowires 

structure is the fixed reference configuration and HD is the 

deformed one.  

As shown in Fig. 2(a’)-(c’) Di (i=1,2,3) and di (i=1,2,3) are the 

director basis of one strand of the straight nanowires and HD, 45 

respectively. We choose the first director d1 and the second 

director d2 along the direction of the largest and smallest bending 

stiffness of the cross section in HD, and the helix axis along the e3 

axis of the fixed Cartesian basis. For such a case the director 

deformation measures W(0) of the straight nanowires and W of HD 50 

have the form of:  

, , ,                                                    (2a) 

, , .                                        (2b) 

where θ0, and θ,  are the Euler angles used to define Di and di, 

respectively.35 For the configuration of helix θ0,, θ,  are all 55 

constants,36 and .37 Under the assumption of the third director D3 

along the tangent to the centerline of the straight nanowire, the 

force and torque in equation (1) yield:  

, , ,                                       (3a) 

, , ,     (3b) 60 

where ,and . K2 is the Timoshenko shear coefficients and related 

to the Poisson’s ratio ν through .38 E and G are the Young’s and 

shear moduli, respectively. I=(πr0
4)/4 is the moment of inertia and 

J=(πr0
4)/2 is the polar moment of inertia of the cross section. We 

use Eq. (3) in the equilibrium equation Eq. (1b) and obtain:  65 

,                                                                                                   (4a) 

,                                                                                                   (4b) 

From Eqs. (2), (3a), (4b) and  ̂   ̂  0 we have:  70 

,                                                                                (5) 

According to Eqs. (2) to (4), τ is the function of and θ, which 

leads to: 

, (i=1,2,3) .                                                                         (6) 

The equilibrium equation Eq. (1a) yields: 75 

,                                                              (7a) 

,                                                              (7b) 

,                                                            (7c) 

Combining Eqs. (2b), (5), (6) with Eqs. (7b), (7c), we obtain: 

, .                                                                (8) 80 

Since d1 e3, Eq. (8) shows that the interaction f, marked by the 

red arrows in Figs. 2(b’) and 2(c’), lies in the plane perpendicular 

to the e3 axis, i.e. the helix axis of the double helix, which is 

consistent with the conclusion given by Neukirch.39 It follows 

from Eqs. (2b), (6) and (7a) that 85 

.                                                      (9) 

Considering that the loading force F is along the helix axis of the 

double helix, we find that the axial force balance for each 

nanowire gives F'=F/2 and  

.                                                                                 (10) 90 

Inserting Eq. (2) into Eq. (10) gives the following relationship: 

.                                                             (11) 

By virtue of Eqs. (9) and (11), the total force across the cross 
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section of the curve can be expressed as: 

, .                      (12) 

Then the Eqs. (3a), (5) and (12) give the position vectors of HD:  

,  

, .      (13) 5 

From Eq. (13), we can have not only the stretch λ: 

,      (14) 

but also the radius and pitch of HD in terms of the Euler angles:   

,                                                                                                 (15a) 10 

.                                                                                                 (15b) 

Using Eqs. (2), (13) and , Eq. (4a) can be rewritten as: 

   

(16) 15 

Furthermore, the torque M along the helix axis of the double helix 

is expressed by:   

.                                (17) 

Due to the conservation of nanowire volume for the elastic 

deformation, the change of nanowire radius is rather small by 20 

comparison with the stretching length ∆L of nanowire. In order to 

simplify the analysis of the spring constant h of HD, we suppose 

that the radius of nanowire is maintained constant during the 

loading. Thus according to the Hooke’s law h=dF/d(Nb) it can be 

deduced from Eqs. (15) and (16) that 25 

, 

where 
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,                                           (18) 

where N is the number of the coils. If the nanowire has infinite 

resistance to shear and extension, i.e. E2,3→ ∞, then h → ∞ can 

be calculated from Eq. (18), which is consistent with the fact that 

the spring constant of a double helix made of inextensible wires 40 

is infinity.  

By measuring the geometry parameters r1, b1 of the self-wind 

double helix HDI and the loading force F, we can obtain the radius 

r2, the pitch b2, the interaction f between two strands, the stretch λ, 

the spring constant h of the elongated double helix HDF as well as 45 

the torque M along the helix axis through Eqs. (14-18) with the 

conservation of the nanowire length and that of the nanowire 

volume, or just with the approximation of r0=r1=r2 used in the 

calculation of the spring constant h.  

This paper will use the (Au-Ag)@Pd double nanohelices29 as an 50 

example to quantitatively analyze the mechanical performance of 

rope-like double nanohelices with the aid of the proposed 

Cosserat curve model. Upon growth of an additional metal layer 

Pd, two Au-Ag alloy NWs wind around themselves to form a free 

standing double helix HDI with geometry parameters of r1 =3.5nm, 55 

b1 =47nm,29 and helix angle ζ=25º. Supposing that Au, Ag and Pd 

are weighted equally and contribute the same percentage of the 

material, we can get the torque , interaction force per unit length  

from Eqs. (15-17) with ，b = b1，F = 0 as well as the average 

material parameters of E=98GPa, υ=0.38 (EAu=70GPa,39 
60 

EAg=102GPa,40 EPd=121GPa, υAu=0.43,41 υAg=0.31,42  υPd=0.39.43).  

Since the theoretical value of ultimate tensile strengths (UTS) is 

1
2 sin cos

ˆ

f
F  


  1

3 cos sin
ˆ

f
F  


 

1 0y 

1
2

2 2

1
sin cos

ˆ

fF
y

E E
 




  1

3

3 3

1
cos sin 1

ˆ

fF
y

E E
 




  

22

1 1

2 2 3 3

1 1
sin cos cos sin 1

ˆ ˆ

f fF F

E E E E
    

 

   
      

   

 1 1

2 2 3 3

1 1 1
 sin cos cos cos sin 1 sin

ˆ ˆ ˆ

r a

f fF F

E E E E
     

  



    
        

    

1 1

2 2 3 3

2 1 1
sin cos sin cos sin 1 cos

ˆ ˆ ˆ

f fF F
b

E E E E


     

  

    
       

    

 

 

2 2 2 1

3 2 3 2

2 2

2

1 1

3 2

1 1 1 1
sin cos sin cos sin

ˆ

ˆ ˆsin cos sin cos 1

1 1
sin cos cos 0

ˆ ˆ

f
F F

E E E E

B C

f f

E E

    


     

  
 

    
         

    

  

   
      

  

 2ˆ ˆ2 sin cos 1 cosM B C        

1 6 3 4

1 6 8 2 4 9 3 5 7 1 5 9 2 6 7 3 4 8

2 PP P P
h

N PP P P P P P P P PP P P P P P P P




    

 21
2

3 2 3 2

1 1 1 1
2 sin cos sin 2cos 1

ˆ

f
P F

E E E E
   



   
        

   

 2 1
3 2

3 2 3 2

1 1 1 1 1 cos
2cos 1 2 sin cos

ˆ ˆ ˆ

f
P F

E E E E


  

  

   
        

   

2

1
4

3 2 3 2

1 1 cos 1 1 cos
sin 2 cos

ˆsin sin

f
P F

E E E E

 
 

  

    
         

    

5

3 2

1 1
sin cosP

E E
 

 
  
 

2

6

3 2 3

1 1 1 1 1
cos

ˆ ˆ
P

E E E


 

 
   

 

2

1
7

3 2 3 2

1 1 1 1 cos 2
2 cos sin 1

ˆ ˆsin

f
P F

E E E E

 
 

  

     
          

     

2

8

2 3 2

1 1 1 2
cos

ˆ
P

E E E






  
    

  

9

3 2

1 1 1 2
sin cos

ˆ ˆ
P

E E


 

 

  
    

  

Page 3 of 7 Nanoscale

N
an

os
ca

le
A

cc
ep

te
d

M
an

us
cr

ip
t



 

4  |  Journal Name, [year], [vol], 00–00 This journal is ©  The Royal Society of Chemistry [year] 

E/10 for small-diameter nanowires,44 the UTS of the (Au-

Ag)@Pd double nanohelices is 9.8GPa. With the UTS, Fig. 3(a) 

shows the tensile stress F/A versus the tensile strain (b2−b1)/b1 of 

the elongated double nanohelix HDF in the entire stretching 

processes for not only ζ=25º, but also the ζ differing by ±10º from 5 

25º and the boundary values of 45 º and 0º (two parallel straight 

lines).34 The modeling results are deduced from Eqs. (15-16) with 

r = r2 ， b = b2, the average material parameters and the 

corresponding geometry parameters of the double nanohelices of 

five different helix angles. All the stress-strain curves remain 10 

linear during the loading, which is consistent with the 

experimental results of the carbon double nanohelix in the low-

strain region, as the material deformation can be considered as 

elastic.31 It is found that the maximum tensile strain increases 

from 3.2% to 27.0% with increasing the helix angle ζ from 0º to 15 

45º. Compared to the straight wires, the double helix structures 

are more deformable over relatively large strains to absorb energy. 

Furthermore if two straight wires wind into a double helix of , the 

maximum load Fmax = A•UTS of the material will be raised by a 

factor of 1.4.  20 

Finite element method (FEM) simulations (Autodesk Simulation 

Mechanical) are also applied to estimate the displacements of the 

double helix under ten discrete load forces within the UTS range. 

Since the minimum input value is 1000nm, a micronscale double 

helix of 3.5μm radius, 47μm pitch was used, while the material 25 

parameters are the same as we used in our model. Fig. 3(b) shows 

the displacement of the double helix under 0.42N load as an 

example. We convert the FEM simulations to the stress-strain 

diagram, shown in Fig. 3(c), which is linear and in agreement 

with the Cosserat curve model.   30 

Fig. 4(a) shows the dependence of the distributed forces per unit 

length f1 on the tensile strain in the entire allowed range of for 

HDF from Eqs. (15-16). According to our calculations f1 is 

negative, which indicates that f is in the direction opposite to d1 

with the consideration of f =f1d1. Since d1 is along the direction of 35 

the largest bending stiffness of the cross section in HDF, f should 

be along the helix radial axis as shown in Fig. 2(b’) and 2(c’). 

Moreover stretching double nanohelices and increasing the helix 

angle ζ would enhance the interaction between two strands. Given 

the length of a strand, we can get the whole interaction force of a 40 

double nanohelix with f. Considering that the interaction force is 

difficult to be measured in contrast with the deformation and the 

loading force, our present model supplies a reliable reference for 

further experimental studies.  

As mentioned earlier, the stretch of strands is responsible for the 45 

elongation of the double nanohelix with a straight contact line 

between two strands, therefore, as shown in Fig. 4(b) we study 

the ratio of the stretching length ∆L of nanowire to the increment 

of pitch ∆b of HDF during the loading for 0º ≤ ζ ≤ 45º based on Eq. 

(14). ∆L= L0(λ2-λ1), where λ1 and λ2 are the stretch of HIF and HDF, 50 

respectively. For all helix angles, the more the double 

nanohelices deform in the axial direction, the greater contribution 

does the stretching length ∆L make to the elongation. Although 

the ∆L/∆b decreases with increasing the helix angle ζ, the 

smallest ratio is still above 70% without loading and it goes up 55 

to75% at the breaking point for ζ=45º. The ∆L/∆b of a double 

helix is rather large compared to a single helix, for instance, the 

largest ratio is only 2.2% for a Si3N4 microhelix and 18.8% for a 

carbon nanohelix according to our former research on the 

superelasticity of single helices.36 It is quantitatively 60 

demonstrated that the stretch of strands plays a pivotal role in the 

whole strain region and the analytical modeling based on 

extensible Cosserat curve is an efficient tool to investigate the 

mechanical behavior of double nanohelices. In addition, Fig. 4(c) 

shows the diagram of torque versus tensile strain and the helix 65 

angle ζ obtained from Eq. (17), which indicates that a larger 

torque is required for obtaining a closer wound double nanohelix, 

and an increasing load can decrease the torque along the helix 

axis.  

The tensile modulus defined as (hNb)/A is an important physical 70 

quantity to describe the mechanical behavior of double 

nanohelices in a direct way. Fig 4(d) illustrates how the tensile 

modulus depends on the tensile strain for 0º ≤ ζ ≤ 45º, derived 

from Eq. (18). According to the changing trend of colormap, 

there are slight variations in the tensile modulus of a fixed ζ 75 

during the stretching process. Even for ζ = 45º with the highest 

growth, the tensile modulus only increases by 1.1 times that of 

the unloaded state when it is broken. Thus the tensile modulus of 

the rope-like double nanohelices can be regarded as a constant, 

i.e., the values without loading force. The high mechanical 80 

stability of the tensile modulus resistant to loading is helpful for 

engineering applications. And with increasing the helix angle the 

no-load tensile modulus decreases from 98GPa to 23GPa, which 

implies that under the same loading force and the same geometry 

parameters the elongation of a double nanohelix of 45º is 4.3 85 

times that of a straight wire. That confirms the conclusion we 

obtained from Fig. 3 that the double nanohelix structures are 

more deformable. 
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Figure 1. (a) Molecular modeling of DNA.18 (b) A (Au-Ag)@Pd double 

nanohelix.29 (c) A long left-handed Si double microhelix.30 (d) A carbon 

double microhelix.31 Reused with permission.18, 29-31 

 5 

Figure 2. (a) Schematic illustration of two straight nanowires. (b) 

Configuration of the uniformly free standing double helix HDI under a 

constant torque M along its helical axis. (c) Configuration of the 

elongated double helix HDF after loading by a tensile force F along its 

helical axis. (a’) A section of two straight nanowires, the corresponding 10 

sections of (b’) HDI and (c’) HDF, respectively.  

 
Fig. 3. (a) The calculations of the proposed model of tensile stress versus 

tensile strain during the entire stretching process for the (Au-Ag)@Pd 

double nanohelices with helix angle ζ=0 º, 15 º, 25º, 35 º, 45 º. (b) 15 

Displacement contour plot of the FEM of a (Au-Ag)@Pd double 

microhelix with the helix angle ζ=25º under 0.42N load. (c) The FEM 

simulations of tensile stress versus tensile strain.  

 
Figure 4. (a) Distributed forces per unit length f1, (b) the ratio of the 20 

stretching length ∆L of nanowire to the increment of pitch ∆b, (c) torque 

and (d) tensile modulus versus tensile strain and helix angle for the (Au-

Ag)@Pd double nanohelices. 
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Table 1. Structure, material and synthetic method of double helix21-24, 26, 28-31.   

Structure                       Material                  Synthetic Method                                           

Double helix with gaps 

between the two strands                                

Carbon                  Catalytic pyrolysis of acetylene using Ni plate and powder as a 

catalyst21,22                                                                                                    

                                                                                                                      

CCVD technique using micron sized Ni as catalyst23                                
                                                                                                                     

                                                                                                                    

Bottom-up technique using Fe(Co)/Mg/Al LDH flake as the 
substrate24                                                                                                         

                                                                                                                     

SiO2 Templated from sugar-lipid C4AG solution with different molar 

ratios26 

Rope-like double helix            Carbon                    Pyrolysis of acetone using iron nanoparticles as the catalysts28                        
                                                                                                                        

                                                                                                                 

Au-Ag alloy                Metal (Pd, Pt, or Au) deposition on nanowires29                                          

                                                                                                                    

                                                            

Silicon                   Bottom-up techniques using a Zintl compound NaSi as the 
starting material30                                                                                         

                                                                                                                      

Materials of 1-D 

structure                   

Overtwisting a nanowire/nanotube/nanorod and then 

allowing it to relax around itself until it reached a torque-

balanced state31                                                                                           

 

Conclusions 

In summary, with the aid of the extensible Cosserat curve we 

established an analytical model for the statics and dynamics of 5 

double helix structures, especially for those with two strands 

contacting along a line. By quantitatively exploring the 

mechanical properties of the rope-like double nanohelices with 

the varied helix angle, we revealed that the stretch of strands 

plays an important role during the loading, and wider helix angle 10 

has higher tensile stress and better elasticity. In particular, in the 

whole stretch regime the tensile modulus is almost constant and 

the elasticity of the material remains linear, which exhibits the 

excellent mechanical stability of the rope-like double nanohelices 

and is confirmed by the relevant experimental results as well as 15 

the FEM simulations. Another important result from our model is 

that the interaction between the strands and torque can be 

predicted by the derived expressions. We hope that the present 

study could pave the way for further experimental investigations 

on the mechanical properties of double nanohelices and their 20 

applications in micro- and nano-engineering.  
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