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Gel Electrophoresis and Raman Mapping for 
Determining the Length Distribution of SWCNTs 

Waris Obitayo a, Sida Luo a, Zhiwei Xiao a, Tao Liu a * and Jingjiao Guanb† 

By combining the gel electrophoresis (GEP) and simultaneous Raman scattering and 
photoluminescence spectroscopy (SRSPL), a new method (GEP-SRSPL) was established, both 
theoretically and experimentally, to characterize the length distribution of individualized single-
walled carbon nanotubes (SWCNTs). With an individualized SWCNT sample prepared by 
sonication and ultracentrifugation, both atomic force microscopy (AFM) and GEP-SRSPL were 
applied for examining its length distribution. The results show good agreement, which validate the 
GEP-SRSPL method as a viable and easy-to-operate technique in characterizing the length 
distribution of SWCNTs.  

 

 

1 Introduction 

 
  Single-walled carbon nanotubes (SWCNTs) are quasi-
one-dimensional materials with exceptional electronic, optical 
and mechanical properties [1, 2]. As a result, they have shown 
great potential for a wide range of  applications in areas ranging 
from  micro- and nano-scale electronics [3], thin film sensors 
[4], lightweight structural nanocomposite materials [5] to 
biosensors [6, 7]. For most of these emerging applications, the 
length of SWCNTs is an important structure parameter that 
affects the physical properties of SWCNTs and thus the 
SWCNT-based devices.  For example, the optical properties 
and quantum yields [8, 9], electrical and rheological percolation 
threshold [10-13], and the stress transfer efficiency or 
mechanical reinforcement  in structural nanocomposites [14, 
15] all depend on  SWCNT length. The progress in the potential 
use of SWCNTs will rely on the skill to exert control over 
SWCNT length as well as to develop the corresponding 
characterization/measurement techniques. To this regard, 
SWCNT length fractionation has been realized with techniques 
such as size exclusion chromatography (SEC) [16], flow-field 
flow fractionation (flow-FFF)[17] , cross flow filtration[18], gel 
electrophoresis (GEP) [19] and centrifugation [8, 20]. The 
ability to achieve length-fractionated SWCNTs  has enabled the 
qualitative characterization and understanding of the length-
dependent SWCNT properties, such as UV-Vis-NIR [8, 20, 21], 
Raman scattering [21, 22] and photoluminescence (PL) 
spectroscopic properties [21, 23, 24]. Furthermore, there are 
also a variety of different techniques available for quantitative 

characterization of SWCNT length and/or length distribution. 
These include the commonly practiced microscopic imaging 
techniques such as atomic force microscopy (AFM) and 
transmission electron microscopy (TEM). The size 
determination based on real-space images is quite appealing for 
these microscopy methods. Nevertheless, the associated issues, 
such as time-consuming, subjective and sensitive to sample 
preparations, are also apparent. The disadvantages of the 
microscopy technique can be overcome by a few recently 
developed SWCNT size characterization methods, which 
include the preparative ultracentrifugation method (PUM) [25], 
the  static and dynamic light scattering techniques [17, 26-28],  
as well as the simple viscosity measurements [12, 29]. 
However, most of these techniques provide the reliable 
information regarding the average length but not the full 
distribution. Recently, different techniques have been 
developed to characterize the length distribution of SWCNTs in 
dispersion [30-32]. For example, Casey et al. used PL to obtain 
the length distribution of semiconducting-SWCNTs through the 
study of their highly anisotropic optical properties when aligned 
by shear flows. A method they termed “shear-aligned 
photoluminescence anisotropy (LASAPA)” [30]. On the other 
hand, Streit at al. developed a method called length analysis by 
nanotube diffusion (LAND) to analyze the diffusional motions 
of individual SWCNTs in liquids for deriving the information 
about their length distribution [31]. Pease et al. also invented a 
method known as differential mobility analysis (DMA) to 
characterize the length distribution of SWCNTs. In DMA, the 
SWCNT dispersion was electro-sprayed and then isolated 
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according to their charge-to-size ratio for length distribution 
determination [32]. 
  GEP is routinely used in clinical chemistry and 
biochemistry and molecular biology for separation and analysis 
of a variety of biological macromolecules [33-35]. The use of 
GEP for concomitant separation of SWCNT length and 
diameter was also demonstrated by Heller et al. [19]. Raman 
scattering spectroscopy (RSS) is an important spectroscopy 
technique being widely adopted in SWCNT research [21, 22, 
36, 37]. In particular, with a commercial RSS instrument and 
without introducing the complicated instrument correction 
issues, Liu et al. have shown that the simultaneously acquired 
Raman scattering and photoluminescence spectra (SRSPL) 
from SWCNT dispersion  can be useful for assessing the 
quality of SWCNTs in dispersion [38-40], such as the 
exfoliation efficiency of SWCNT bundles [39], defect density 
of chemically functionalized SWCNTs [40] as well as the 
length-dependent photoluminescence quantum yield (PL QY) 
of an individual semiconducting SWCNT [3, 21, 24]. By taking 
advantage of the GEP facilitated length fractionation as well as 
the length dependent PL QY of SWCNTs, we developed a new 
and simple GEP and RSS combined method – GEP-SRSPL that 
allows for quantitative measurement of the length distribution 
of SWCNTs in dispersion. In this paper, we present in details 
the theoretical basis and the experimental validation and 
application of the GEP-SRSPL method. As compared to the 
previously developed techniques, the implementation and 
practice of GEP-SRSPL are much simpler. The simplicity of 
GEP-SRSPL relies on its combined use of GEP and RSS, both 
of which are being commonly practiced in its own field with 
easy-to-access standardized instrumentation. As a consequence, 
we expect the newly developed GEP-SRSPL would make the 
examination of the length distribution of SWCNTs a routine 
operation in both industrial and academic laboratories.    

 

2.  Experimental   

2.1 Preparation and Characterization of SWCNT 
dispersions 

  By following a previously developed experimental 
protocol [39, 41, 42], the individualized SWCNT dispersion was 
prepared for the use to demonstrate the GEP-SRSPL method. In 
brief, 16 mg purified SWCNTs (Unidym Inc., batch #126) were 
dispersed in 100 ml of 0.7 wt. % sodium dodecylbenzenesulfonate 
(SDBS, 99% Sigma-Aldrich, CAS # – 25155-30-10) deionized water 
solution using a horn sonicator (Misonix sonicator 3000, Frequency 
20 KHz) in an ice bath. The sonicator was operated in pulse 
operation mode (on 10s, off 30s) with the power level set at 45W for 
2-hr effective sonication duration. The as-sonicated dispersion 
(S2hr) was subsequently subjected to centrifugation treatment at 
200,000 g-force for 2.45 hrs by OptimaTM Max Ultracentrifuge 
(Becker Coulter, MLS-50 swinging bucket rotor). The supernatant 
(S2hr-200kg) was then collected in a glass vial and stored at room 
temperature for later use in length distribution characterization.  

For both of the as-sonicated and centrifuged SWCNT 
dispersion, dynamic light scattering (DLS) was performed with 
Delsa Nano C particle Size Instrumentation (Beckman Coulter, Inc., 
scattering angle of 165o, laser wavelength of 658 nm) to determine 
the bulk averaged translational diffusion coefficient (ܦ) of SWCNTs 
at 25oC.   By using OptimaTM MAX-XP ultracentrifuge operated 
with a fixed angle rotor (300, TLA-100.3) as well as a Varian Cary 
5000 UV-Vis-NIR spectrometer, the recently developed preparative 
ultracentrifuge method (PUM) [25] was applied to determine the 
sedimentation coefficient (ܵ) for the same sets of dispersion.  The 
bulk-averaged length (ܮ) and bundle diameter (݀) were then 
calculated from the PUM determined ܵ and DLS measured ܦ 
according to the hydrodynamic model of rigid rods [43]: 

 

ܵ ൌ
൫ρ0ିρ	൯ௗ

మ

ଵଶఎ
ቂ݈݊ ቀ



ௗ
ቁ  2݈݊2 െ 1ቃ                  Eq. (1) 

ܦ ൌ
்

ଷగఎ
ቂ݈݊ ቀ



ௗ
ቁ  2݈݊2 െ 1ቃ                Eq. (2) 

where  and 0 are respectively the density of the dispersed particle 

and the solvent,  is the viscosity of the solvent, k is the Boltzmann 
constant, and T is the temperature. In the calculation, the values of 

0,  and T were taken as 1.0 g/cm3, 0.890 dyne.sec/cm2, and 298 K 
respectively. According to our recent studies [44], the SWCNT 

density  was respectively taken as 1.20 and 1.07 g/cm3 for the as-
sonicated and individualized SWCNT dispersion respectively.   

 High-resolution transmission electron microscopy (HR-
TEM, JEM–ARM200cF, JEOL Ltd. was applied for qualitative 
examination of the morphologies of SWCNTs. The TEM sample 
was prepared by drop casting and drying SWCNT dispersion on a 
Lacey grid (300 mesh Cu: Ted Pella). The tapping mode AFM 
(Veeco Instruments, Inc. Multimode) was used to acquire images of 
the individualized SWCNTs on a silicon wafer substrate under 
ambient conditions to determine the length distribution and validate 
the GEP-SRSPL results.  

 

2.2 Gel Electrophoresis of SWCNTs mapped by 
Simultaneous Raman scattering and Photoluminescence 
spectroscopy 

  Agarose gel with fixed solid content of 0.7 wt. % was 
prepared for performing the gel electrophoresis of SWCNT 
dispersion. In brief, 1.05 grams of agarose powder (BE A500, 
LOT# -12D2005, MIDSCI – Laboratory Equipment & 
Supplies) was dissolved in 150 ml of 0.7 wt. % SDBS aqueous 
solution by magnetic stirring at elevated temperature.  The clear 
agarose solution was subsequently cooled to 55oC and then 
poured into a gel casting tray (15 cm × 10 cm) for further 
cooling and gel formation. During this process, a comb 
template was inserted for forming sample loading well. To 
perform the gel electrophoresis of SWCNT dispersion, the fully 
gelled agarose slab was carefully placed into the electrophoresis 
chamber (17.5 cm × 26.5 cm gel tank, E1015-10-GT - VMR® 
Midi plus Horizontal Electrophoresis system), in which 400ml 
of 0.7 wt. % SDBS aqueous solution was filled as the buffer 
solution. In a typical electrophoresis run, 100 µl of S2hr-200kg 
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dispersion was loaded and subjected to a constant electric field 
of 10V/26 cm = 0.385 V/cm for 1 hr. Varied field strength was 
also examined to verify that, with this field strength setting, the 
electrophoresis mobility of SWCNTs is field-independent. 
Immediately after the electrophoresis, the gel sample was then 
cut into a small block (2.5cm × 1.5cm× 1.0cm) for mapping the 
Raman scattering spectra of electrophoresed SWCNTs with a 
Reinshaw inVia Raman microscope. The Raman mapping 
process was facilitated by a computer-controlled motorized 
XYZ sample stage that has a step resolution of 1 µm. The gel 
block, which was supported by a glass slide and mounted on the 
XYZ stage, was mapped along the electrophoresis trace with 
the sample well as the origin and equal spaced interval (200 µm 
per spectrum) for simultaneous collection of the Raman 
scattering and PL emission spectra of electrophoresed 
SWCNTs.  The spectra were collected in backscattering 
geometry by a 5× objective with a 785 nm (1.58 eV) diode laser 
as the excitation source.  The beam size was approximately 100 
µm × 150 µm. For each mapping process, a small-sized silicon 
wafer was positioned beside the sample well as a reference for 
facilitating laser beam focus. No attempt was taken to re-adjust 
the focus during the mapping process. This is critical for 
eliminating the optics change induced intensity variation so that 
one can directly associate the detected Raman and PL intensity 
to the SWCNT concentration. The experimental procedure for 
SRSPL mapping was validated by mapping the Raman spectra 
of a silicon wafer placed on a cut gel block. Figure 1 shows the 
integrated intensity of the 520 cm-1 Raman band of the silicon 
wafer at a series of discrete points along the mapping distance. 
Over the entire mapping range, the relative variation of the 
intensity was found to be 1.8 %, which confirms the mapping 
protocols described above.  
 
 

 
Figure 1. Validation of the experimental procedure for SRSPL 
mapping of the gel electrophoresed SWCNTs by using the integrated 
intensity of the 520 cm-1 Raman band of Si acquired along the 
mapping distance (Error bar: 1 standard deviation). The inset 
schematically shows the mapping setup.    
 

3. Results and Discussions  

3.1 Structural Characterization of SWCNT dispersion 

The PUM method has been proved to be useful and reliable in 
characterizing the structures of SWCNT dispersions to establish 
the related processing-structure-property relationships [45-47].  
The key of the PUM is the sedimentation function, which is 
defined as a measure of the time change of SWCNT  
concentration in a control volume of the dispersion when it is 
subjected to centrifugation process [25]. According to the decay  
behavior of the sedimentation function with respect to the 
centrifugation time at a specific g-force, one can quantitatively 
infer the sedimentation coefficient S of SWCNTs  and 
therefore, the particle size by  theoretically fitting the  
sedimentation model  derived by Mason and Weaver [48].  
Figure 2a compares the experimentally determined and 
theoretically fitted sedimentation function for the as-sonicated 
(S2hr) and individualized (S2hr-200kg) SWCNT dispersion. 
The fitted results of the sedimentation coefficients (S) and the 
diffusion coefficients (D) measured by DLS for both S2hr and 
S2hr-200kg are listed in Table 1. With the sedimentation 
coefficient S and diffusion coefficient D determined from PUM 
and DLS respectively, the bulk average length (ܮ) and bundle 
diameter (d) were calculated using equation 1 and 2. The 
results are also listed in Table 1. The structural parameters 
listed in Table 1 and the sedimentation function shown in 
Figure 2a both  indicate that, upon 200,000 g-force 
centrifugation for ~ 3 hrs, the large sized SWCNT bundles have 
been successfully removed from S2hr to leave S2hr-200kg 
sample enriched with individual tubes. The UV-vis-NIR 
spectra, which have been shown to be sensitive to the bundling 
states of SWCNTs [3], were collected to further confirm this 
point. Figure 2b compares the UV-vis-NIR spectra of the as-
sonicated and the individualized SWCNTs. Clearly, the 
spectrum of the as-sonicated dispersion (S2hr) is featured by 
the broadened peak features, which are attributed to the 
intertube interactions existing in a thick SWCNT bundle [49]. 
In contrast, the well resolved sharp peaks observed for S2hr-
200kg indicate the dominance of the individualized tubes in this 
sample. The TEM images shown in Figure 2c provide 
additional evidence to show that the individualized SWCNT 
dispersion (S2hr-200kg) is indeed enriched with individual 
tubes and small sized SWCNT bundles; and the as-sonicated 
dispersion (S2hr) is dominated by large-sized SWCNT bundles. 
AFM was performed to estimate the length distribution of the 
individualized SWCNT dispersion (S2hr-200kg). Figure 2d 
shows the histogram of the length distribution that was acquired 
based upon 400 different measurements. As can be seen in 
Figure 2d, the SWCNT length distribution of S2hr-200kg can 
be nicely fitted by a lognormal distribution with mean value of 
489.5 nm and standard deviation of 290.5 nm. Some previous 
work [31] also identified the lognormal length distribution of 
the SWCNTs that were prepared by the similar protocols used 
in this study. One notes that the SWCNT length determined by 
AFM for S2hr-200kg is significantly lower than that obtained 
by PUM method (Table 1). The discrepancy is attributed to 
that, for a given length distribution g(L), the mean value 
provided by the AFM is a number-averaged quantity - ൏
L ୬ൌ LgሺLሻ  gሺLሻ⁄  and that obtained from the 
sedimentation based PUM method is a weight-averaged 
൏ L ୵ൌ LଶgሺLሻ  LgሺLሻ⁄  quantity [50]. According to the 
previously obtained lognormal distribution parameters for S2hr-
200kg (mean = 489.5 nm and standard deviation of 290.5 nm), 
we can correspondingly estimate the value of ൏ L ୵ as 662.6 
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nm, which shows a reasonable agreement with the PUM result 
as listed in Table 1.  
 

 

Figure 2. (a) Experimentally determined (scattered data) and 
theoretically fitted (smooth lines) sedimentation functions for 
the as-sonicated (S2hr) and the individualized (S2hr-200kg) 
SWCNT dispersion respectively acquired at a centrifugation 
field of 13,000g and 65,000g; (b)  UV-vis-NIR absorption 
spectra of S2hr and S2hr-200kg SWCNT dispersion 
(absorbance is normalized by the value at 400 nm); (c) TEM 
images of S2hr-200kg and S2hr SWCNT samples. B is for 
bundle and I is for individual tube. (d) AFM results for the 
length distribution of the individualized SWCNT sample - 
S2hr-200kg. 

 
Table 1. Summary of the structural parameters of the as-
sonicated (S2hr) and the individualized (S2hr-200kg) SWCNT 
dispersion characterized by PUM and DLS methods 

 

3.2 Mobility Distribution of SWCNTs Determined by Raman 
Mapping and Gel Electrophoresis 

GEP has been proved to be a viable technique to sort 
SWCNTs by lengths[19]. Under the influence of an applied electric 
field, the SWCNTs of longer length have difficulty traveling through 
the gel and show small mobility; while the SWCNTs of shorter 

lengths migrate through the gel faster and have large mobility. The 

electrophoretic mobility  is defined as the migration speed Vm under 
unit electric field strength. With this definition, the SWCNT length-

dependent mobility, , measured along the electrophoresis trace 
from the edge of the loading well at distance d is given by: 

 

ሻܮሺߤ ൌ

ா
ൌ

ௗ

ா௧
                                                                         Eq. (3) 

where t is the time duration of the electrophoresis process and the 
typical setting in our experiments is 1 hr.; and E is the constant field 
strength. The inset of Figure 3 shows a photograph of the 
electrophoresis trace of the S2hr-200kg dispersion. The broad dark 
band observed in Figure 3a suggests the sample S2hr-200kg has a 
broad SWCNT length distribution. In the electrophoresis direction 
indicated by the dashed-line arrow, the SWCNTs with shorter 
length/higher mobility are located in the front of the band and the 
SWCNTs with longer length/smaller mobility are present in the rear 

of the band. The mobility distribution f () of SWCNTs can be 
obtained by mapping the SWCNT concentration along the 
electrophoresis trace. This was performed by using the simultaneous 
Raman scattering and photoluminescence (SRSPL) spectroscopy as 
detailed in the experimental section.  

 
Figure 3. SRSPL spectra of S2hr-200kg mapped along the 
electrophoresis trace at different distances. The PL emission band of 
(6, 5) tube is superposed with the Raman G’ band (2577 cm-1).  The 
inset is the photograph of the individualized SWCNTs (S2hr-200kg) 
experienced gel electrophoresis in agarose for 1hr at an electric field 
of 0.385 V/cm.  

 
The experimentally acquired SRSPL spectra at discrete 

distances along the electrophoresis trace for S2hr-200kg are shown 
in Figure 3b and represented by the circle symbols. The continuous 
lines represent the peak-resolved spectra obtained by peak-fitting 
performed with the GRAMS/AI spectroscopy software (Thermo 
Scientific).  Clearly, the intensity of the PL features, which are 
located around 1318 cm-1, 1802 cm-1, 2161 cm-1, 2395 cm-1, and 
2883 cm-1 and corresponds to the PL emission by (7,5),  (6,5), (8,3), 
(9,1), and  (6,4) tubes [39], as well as that of the Raman RBM (radial 
breathing mode located in the range of 150 – 300 cm-1) and G-bands 
(1590 cm-1) all show a very similar dependence on the mapping 
distance. With increasing the distance from the edge of the sample 

Sample 
Sed. Coeff. 

(S)  
(× 10-13 sec) 

Diff. Coeff.  
(D) 

(× 10-8 cm2/sec) 

Len.  
(L) 

(nm) 

Dia. 
(d) 

(nm) 

S2hr 242.1 0.84  0.05 3400.9 14.9 

S2hr-200kg 3.68 3.6  0.5 832.8 3.1 
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loading well, the PL and Raman intensity monotonically increases to 

reach a maximum at ~ 3000 m, and then it gradually decrease to 
approach zero.  
 Considering that the PL and Raman intensity is 
proportional to the SWCNT concentration, the mobility distribution f 

() of the SWCNTs can then be quantified according to the mapped 
SRSPL intensity by using the distance-mobility relation as given in 
Eq. (3). The RBM-band, G-band, and PL features all can be used for 

calculating the f () and result in the same result if the respective 
integrated intensity (with respect to the mapping distance) is 
appropriately used as the normalization factor. Figure 4 shows the 

averaged result of f () for S2hr-200kg determined from all these 
three different bands. It shows a bell-shaped distribution slightly 
weighted on the low mobility side. It should be noted that, the PL 
quantum yield of SWCNTs has a strong dependence on the tube 
length [21, 57, 58]. The shorter is the length, the smaller is the PL 
quantum yield. This effect creates a difficulty in determining the 

mobility distribution f() by mapping the PL intensity, since the 
latter quantity is a function of both the SWCNT concentration and 

the quantum yield (Eq. 9b). As a consequence, the f() would be 
under-estimated with increasing the mobility. However, such a 
complication does not exist in Raman scattering intensity mapping, 
since the Raman scattering cross section of SWCNTs has a weak or 
negligible dependence on the tube length. This is because the Raman 
scattering of SWCNTs is mostly determined by the local vibration of 
the carbon bond structures [1]. As a result, the Raman intensity (Eq. 
9a) is simply proportional to the SWCNT concentration and 
therefore allows for a reliable estimation of the mobility distribution 

f().                     

 

Figure 4. The SWCNT mobility distribution f() of the sample 
S2hr-200kg derived from the GEP-SRSPL mapped Raman intensity 
for the RBM-band, the G-band, and sum of the PL features. The 
scattered data are the experimental results. The smooth curve is a 
theoretically fitted result by considering the mobility-length 
relationship of 1 ⁄ߤ ൌ ܣ   and the lognormal distribution - g (L) ܮܤ
of the SWCNT length determined by AFM measurements. The 
fitting parameters are A = 1985.3 and B = 10.2.  

 

To derive the length distribution g(L) from f(), a 

functional relationship between  and L for the SWCNTs is 

necessary, which, unfortunately, is lacking in the open literature. 
Given such difficulty, we attempted in the present work a simple 
empirical function 

 
ଵ

ఓሺሻ
ൌ ܣ   Eq. (4)                                                 ܮܤ

to correlate the GEP mobility  of the SWCNT to its length L, where 
the coefficients A and B take into account the effect of charge 
density of SWCNTs, gel composition and structures, and 
SWCNT/gel interactions. Qualitatively, Eq. (4) is consistent with the 
experimental observation on the sorting of SWCNT length by GEP 
technique [19]. Namely, the SWCNTs of longer length travel 

through the gel with a smaller mobility. Moreover, the  - L relation 
in Eq. (4) has been successfully used to describe the length 
dependent GEP mobility for a variety of biopolymers, such as DNAs 
with a broad range of length [34],[35],[51] as well as the rod-like 
bacteriophage fd (length varied from 367 nm to 2808 nm) [52]. The 

theoretical basis of Eq. (4) in explaining the  - L relation of DNA 
has been attributed to the reptation of DNA through a porous gel 
structure [53, 54]. The same mechanism also dictates the dynamics 
of rodlike particles in a polymer liquid [55, 56] which is the case for 
the gel electrophoresis of SWCNTs in agarose. In the sense of 
reptation, it seems that the relation given by Eq. (4) that has been 
tested for DNAs should also be applicable to SWCNTs. Lastly, the 

appropriateness of Eq. (4) in describing the  - L relation of 

SWCNTs can be examined by comparing the f () of S2hr-200kg 
determined by GEP-SRSPL with the one derived from its length 
distribution g(L) as measured by AFM. With the lognormal 
distribution (mean value of 489.5 nm and standard deviation of 
290.5 nm) determined by AFM for S2hr-200kg, we can accordingly 

derive its mobility distribution f() by using Eq. (4). By setting the 

parameters A = 1985.3 and B = 10.2, the best fitted f () for S2hr-
200kg derived from the AFM length distribution was obtained. The 
result is shown in Figure 4. Clearly, except for the small portion of 

the distribution at low mobility end, the f() derived from the AFM 
measurement agrees reasonably well with that directly measured by 
GEP-SRSPL. This agreement further confirms Eq. (4) as a useful 

and reasonable tool in describing the  - L relationship for the GEP 
of SWCNTs. With this relation, the length distribution can be 

derived from the GEP mobility distribution   f (), if the values of A 
and B are known. In the next section, we will present an in-depth 
analysis to show how A and B can be estimated from the GEP-
SRSPL spectra by utilizing a previously developed analytical 
relationship between the SWCNT length and its PL quantum yield 
[40].   
 

3.3 GEP-SRSPL for Determining the Length Distribution of 
SWCNTs  

(a) Intensity of Raman scattering and photoluminescence in SRSPL 
– a theoretical derivation  

As demonstrated in our previous work [39] and shown by 
Eq. (5), the advantage of using SRSPL to characterize SWCNT 
dispersion is that one can readily acquire the valued information 

about the intrinsic optical absorption cross section - , Raman 

scattering cross section - , and PL quantum yield  of SWCNTs 
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through a ratio of the intensity of a PL band - ܫ to that of a Raman 
band, e.g., G-band - IG.   

 
ூುಽ
ூಸ
ൌ

ఌథ

ఉ
                                                      Eq. (5) 

The derivation of Eq. (5) has not been disclosed in [39] and will be 
provided as following .  

We consider an incident laser beam of intensity I0 
propagates from air into a SWCNT dispersion/gel sample of 
concentration C. As schematically shown in Figure 5, at a distance x 
from the sample surface, the beam intensity attenuates to I0(x) due to 
absorption and it is given by the well-known Lambert-Beer law:   

 
ሻݔሺܫ ൌ  ሻ                                                    Eq. (6)ݔܥߝሺെݔ݁ܫ

Denote ܫߜ௦ሺݔሻ and ܫߜሺݔሻ as the differential Raman and PL 
intensity respectively scattered and emitted by SWCNTs that are 
located between ݔ and ݔ   ሻ. Then, accordingݔሺܫ and excited by ݔߜ

to the definition of  - Raman scattering cross section and  - PL 
quantum yield, we have: 
 
ሻݔ௦ሺܫߜ ൌ  Eq. (7a)                            ݔߜܥߚሻݔሺܫ

ሻݔሺܫߜ ൌ ሻሾ1ݔሺܫ െ ߶ሻሿݔߜܥߝሺെݔ݁ ൌ  Eq. (7b)              ݔߜܥߝሻݔሺܫ

It is noted that ܫߜ௦ሺݔሻ and  ܫߜሺݔሻ are subjected to further 
attenuation before reaching the optical detection system. By taking 
into account the re-absorption issue and using Eq. (6), the 
differential scattered and emitted intensity ܫߜ௦ିௗሺݔሻ and ܫߜିௗሺݔሻ 
recorded by the detector is accordingly re-written as:   

ሻݔ௦ିௗሺܫߜ ൌ ܭሻݔܥߝሺെݔሻ݁ݔ௦ሺܫߜ ൌ 	  Eq. (8a)             ݔߜሻݔܥߝሺെ2ݔ݁ܥߚܭܫ

ሻݔିௗሺܫߜ ൌ ܭሻݔܥߝሺെݔሻ݁ݔሺܫߜ ൌ                                                                Eq. (8b)       ݔߜሻݔܥߝሺെ2ݔ݁߶ܥߝܭܫ

The constant K in Eq. (8a) and 8(b) takes into account the 
instrumentation factor in measuring the light intensity, which is the 
same for both Raman scattering and PL emission in SRSPL.  
 

Let H be the sampling depth of a given measurement, then 
an integration of Eq. (8a) and (8b) from 0 to H gives the total 
detected Raman and PL intensity. They are: 
 

ோܫ ൌ 	 ሻݔ௦ିௗሺܫߜ ൌ
ூబఉ

ଶఌ
ሾ1 െ ሻሿܪܥߝሺെ2ݔ݁ ൎ ܪܥߚܫܭ

ு


        Eq. (9a) 

ܫ ൌ 	 ሻݔିௗሺܫߜ ൌ
ூబథ

ଶ
ሾ1 െ ሻሿܪܥߝሺെ2ݔ݁ ൎ ܪܥߝ߶ܫܭ

ு


          Eq. (9b)  

Eq. (5) is then recovered by taking the ratio of IPL to IRaman. The last 
equality in Eq. (9a) and (9b) is an approximation when the SWCNT 
concentration is low.   

 

(b) Determination of the coefficient A and B in the -L relationship 
by GEP-SRSPL   

It has been well established that the PL quantum yield of 

SWCNT -   strongly depends on the tube length and its internal 

defect density [21, 57, 58]. A closed-form solution of  for a 

defective SWCNT of finite length L  has been developed in our 
previous work [40], which is given by Eq. (10): 

 

߶ ൌ ߶ሺ∞, 0ሻ ቊ1 െ ߥ2 ቈ݈݊
ఔ
ଶ
 2݈݊

ቀ
ഌ
మ
ቁ

ቀ
ഌశభ
మ

ቁ
ቋ	 , ߥ ൌ ݈ஶ ቀ݉ 

ଵ


ቁ	     Eq. (10) 

where  (, 0) represents the intrinsic PL quantum yield of a 

SWCNT with infinite length and zero defect density; n is a 

parameter to characterize the defect density, in which l is the 
exciton diffusion length, m is the number density of the internal 
defects associated with a given SWCNT, and 1/L accounts for one 
defect formed by the two ends the SWCNT of finite length.   

Substitute Eq. (10) into Eq. (5) and use the established -L relation 
Eq. (4), we then have 

ூುಽ
ூಸ
ൌ థሺஶ,ሻߝ

ఉ
ቊ1 െ ߥ2 ቈ݈݊

ఔ
ଶ
 2݈݊

ቀ
ഌ
మ ቁ

ቀ
ഌశభ
మ ቁ

ቋ	 , ߥ ൌ ݈ஶ ቀ݉  ఓ

ଵିఓ
ቁ							Eq. (11a)     

By defining	 ଵܲ ൌ 	
ఢథሺஶ,ሻ

ఉ
	, ଶܲ ൌ ݈ஶ݉, ଷܲ ൌ ݈ஶܤ and ସܲ ൌ             ,ܣ

Eq. (11a) can be re-written as a four- parameter equation:  

ூುಽ
ூಸ
ൌ ଵܲ ቊ1 െ ߥ2 ቈ݈݊

ఔ
ଶ
 2݈݊

ቀ
ഌ
మ
ቁ

ቀ
ഌశభ
మ

ቁ
ቋ	 , ߥ ൌ ଶܲ 	

యఓ

ଵିరఓ
	           Eq. (11b) 

 
 
 
 
 
 
 
 
 

 
 
 
 

Figure 5. A schematic diagram for deriving Eq. (5) to show the 
process of absorption, PL emission and Raman scattering of 
SWCNTs in a dispersion sample. I0 is the intensity of the incident 
laser beam at  x = 0 (sample/air interface); I0(x) is the intensity of the 
laser beam at distance x into the sample; ܫߜ௦ሺݔሻ and ܫߜሺݔሻ are the 
differential Raman and PL intensity respectively scattered and 
emitted by SWCNTs that are located between ݔ and ݔ   and ݔߜ
excited by ܫሺݔሻ. 

                              
As a consequence of the relation between the PL quantum 

yield  of a SWCNT and its length L – the shorter is the L, the 

smaller is the ,    Eq. (11a) or 11(b) predicts a monotonically 

decreasing behavior of the IPL/IG with increasing . Clearly, by 

fitting the experimentally measured data set of  vs. IPL/IG through 
GEP-SRSPL, the four unknown parameters P1 – P4 can be 

determined, from which the coefficients A and B of the  - L relation 

can be accordingly derived as A = P4 and B = P3/l. Eq. (11b) was 

applied to fit  vs. IPL-SUM /IG results of the S2hr-200kg sample 
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acquired from the GEP-SRSPL spectra, where IPL-SUM is the intensity 
summed over all the five PL bands as shown in Figure 3. With the 
peak-fitting procedures, one can also use the individually resolved 
PL bands to calculate IPL-(n,m)/IG for a specific (n, m) tube. The 
advantage of using IPL-SUM over IPL-(n,m) is to avoid the 
uncertainties/ambiguities involved in the peak fitting process. Figure 

6a shows the experimentally determined  vs. IPL-SUM /IG for S2hr-
200kg averaged over three repeating GEP runs.  

 

 
Figure 6. (a) Relationship between the GEP mobility and the G-
band normalized PL intensity – IPL-SUM/IG for S2hr-200kg sample: 
the experimental results versus theoretical fitting according to Eq. 
(11). The fitting parameters are: P1 = 656.3, P2 = 1.254, P3 = 714.7, 
and P4 = 1875.1 b) A comparison of the length distribution of S2hr-
200kg measured by AFM and calculated according to its mobility 

distribution determined by GEP-SRSPL through using the  - L 
relationship with the coefficient A = 1875.1 and B = 10.2. 

 
As shown in Figure 6a, one notes an initial increasing 

trend of the IPL-SUM /IG with . This is a result of the presence of 
small amount of SWCNT bundles in the S2hr-200kg sample (Figure 
2c). Due to bundling, the PL emission of SWCNTs can be quenched 
to cause the reduced PL intensity and therefore the value of IPL-SUM 

/IG [39]. With exclusion of the few data points at small values of , 

the  vs. IPL-SUM /IG for s2hr-200kg was fitted according to Eq. (11b) 
and the results are shown in Figure 6a. The coefficient A obtained by 
fitting the GEP-SRSPL spectra is 1875.1, which agrees very well 
with the value of A = 1958.3 determine by AFM measurements 

(Figure 4). Such agreement further confirms the validity of  - L 
relationship as described by Eq. (4) and the usefulness of Eq. (11) in 
extracting the structural parameters of SWCNT by using the GEP-
SRSPL technique. This point can be further strengthened by a good 
agreement between the length distribution of S2hr-200kg determined 
by AFM and the one calculated according to its mobility distribution 

through using the  - L relationship with the coefficient A = 1875.1 
and B = 10.2. The result is shown in Figure 6b. By using the 
coefficient B = 10.2 determined from the AFM measurement and the 
parameter P3 = 714.7 obtained through fitting the GEP-SRSPL 

spectra, the exciton diffusion length l was calculated to be l = P3/B 

= 70.1 nm. This value is ~ 3  smaller than that reported in the 

literature [40, 59]. The reason for such a low value of l is not clear, 
but it is presumably related to the relatively high defect density m of 

the S2hr-200kg sample, which is estimated by P2B/P3 = 

1.25410.2/714.7 = 0.018/nm.  

4. Conclusions   

By taking advantage of the length fractionation of SWCNTs in gel 
electrophoresis (GEP) as well as the previously established 
relationship between the photoluminescence (PL) quantum yield and 
the SWCNT length, the present work established, both theoretically 
and experimentally, a new method – combined gel electrophoresis 
and simultaneous Raman scattering and photoluminescence 
spectroscopy (GEP-SRSPL) to allow for the determination of the 
length distributions of an individualized SWCNT sample. The 
conventional atomic force microscopy (AFM) and the newly 
developed GEP-SRSPL method were applied to examine the length 
distribution of an individualized SWCNT sample prepared by 
sonication and ultracentrifugation. The results show good agreement, 
which confirms the GEP-SRSPL method as a viable and easy-to-
operate technique in characterizing the length distribution of 
SWCNTs.  
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