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Kinetic modeling of self-aggregation in solutions with
coexisting spherical and cylindrical micelles at
arbitrary initial conditions

A. K. Shchekin,“1. A. Babintsev,” L.Ts. Adzhemyan,” N. A. Volkov*

We have numerically studied the nonlinear dynamics of aggregation of surfactant monomers
in a micellar solution. The study has been done on the basis of a discrete form of the Becker-
Doéring kinetic equations for aggregate concentrations. The attachment/detachment coeffi-
cients for these equations were determined from the extended Smoluchowski diffusion mod-
el. Three typical situations at arbitrary large initial deviations from the final aggregative
equilibrium with coexisting premicellar aggregates, spherical and cylindrical micelles have
been considered. The first situation corresponds to micellization in the solution where ini-
tially only surfactant monomers were present. Other two situations refer to nonlinear relaxation
in the cases of substantial initial excess and deficit of surfactant monomers in solution over
their equilibrium concentration in the presence of spherical and cylindrical aggregates. The
interplay between non-equilibrium time-dependent concentrations of premicellar aggregates,
spherical and cylindrical micelles in relaxation far from equilibrium has been found. The exist-
ence of ultrafast relaxation and possibility of nonmonotonic behavior of the monomer concen-
tration has been confirmed. Comparison with predictions of analytical kinetic theory of relaxa-
tion and micellization for concentration of monomers and total concentrations for spherical and
cylindrical micelles has been given. It has been shown that the analytical theory is in fine
agreement with the results of the difference Becker-Doring kinetic equations both for fast and
slow nonlinear relaxation.

omers, are more complicated. With increasing the total surfac-
tant concentration, micelles of new shapes and sizes appear.

Self-assembling of stable surfactant aggregates in micellar
systems and relaxation of the ensembles of these aggregates to
aggregative equilibrium are vivid examples of statistical be-
havior in complex systems initiated by the hydrophobic effect.
Micelle formation, i.e. micellization, is a fundamental property
of surfactants in solutions.'* Understanding thermodynamic
and kinetic regularities of micellization opens new possibilities
for experimental study and applications of micellar systems. It
gives a key to design of new detergents, solvents and nanoreac-
tors.

In many aspects, micellization is similar to nucleation phe-
nomena.’ Its thermodynamics is governed by the work of ag-
gregation as a function of the aggregation number, surfactant
concentration and temperature in the surfactant solution. Its
kinetics via the stepwise molecular mechanism can be de-
scribed with the help of the Becker-Déring kinetic equations®
initially proposed for nucleation kinetics. However the mi-
celles are not the nuclei of a new phase. Their thermodynamic
models, as well as the rates of attachment-detachment of mon-

This journal is © The Royal Society of Chemistry 2013

Thus, in addition to the spherical micelles observed above the
first critical micelle concentration (cmc;), cylindrical micelles
are formed above the second critical micelle concentration
(cmc,).

While a number of works on molecular modeling of micel-
lar systems via molecular dynamics and Monte Carlo methods
increased significantly during last decades,”® studies of self-
aggregation kinetics via numerical approaches were relatively
rare. One of the ways to address this problem is a stochastic
simulation. A corresponding variant of Monte Carlo method,
introduced by Gillespie’ and employed by other groups for the
studies of micellar systems,'®!" gave a valuable information on
micellization kinetics.

Mavelli and Maestro'® adapted Gillespie's general method
for stochastic simulations of surfactant solutions. Their model
for micelle formation allowed fusion and fission of the aggre-
gates with various aggregation numbers. A semi-empirical
approach was used to determine kinetic constants. The results
of the simulations appeared to be in good agreement with
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Aniansson's kinetic theory'>"?

which was the first application
of the Becker-Doring equations to kinetics of micellar systems.

Marrink et al'' investigated aqueous solution of do-
decylphosphocholine by molecular dynamics simulations. Dif-
fusion coefficients of the aggregates, their sizes, and corre-
sponding rate constants were obtained. Along with that, the
results of the stochastic simulations carried out in Ref.'
showed a discrepancy for the rate constants in comparison with
the molecular dynamics data.

Micelle formation and disintegration are processes involv-
ing many time scales. A sophisticated model for treating these
phenomena was proposed by Mohan and Kopelevich.'* This
model provided a link between stochastic description of micel-
lar kinetics and underlying molecular mechanisms modeled by
the molecular dynamics method. For a system of nonionic
spherical micelles, the authors studied fast processes via the
coarse-grained molecular dynamics. The attachment-
detachment rates were obtained from the Brownian dynamics
simulations with the assumption of the dominant stepwise
mechanism of the aggregate formation. These rates were later
used in the kinetic equations describing the aggregation. Thus,
a multi-scale model for micellar kinetics was formulated.

A description and numerical investigation of the possible
aggregation models, even beyond the stepwise mechanism, for
surfactant solutions was given by Starov et al.'"> Four models
denoted in Ref.!'’ as A, B, C, and D were considered. Accord-
ing to A and B models, aggregation/disaggregation occurs
symmetrically by attachment/detachment of single surfactant
molecules (A) or clusters of arbitrary size (B). Models C and D
describe an asymmetric mechanism: clusters of any size can
associate but only single molecules can leave aggregates (C),
or opposite (D). Analytical and numerical treatment of the ki-
netic equations showed'” that C was the only model yielding a
transition from the equilibrium distribution of the low sized
clusters to the bimodal distribution of premicellar aggregates
and micelles above the critical surfactant concentration.

Here we will be interested in results based on the approach
with direct numerical solution of the difference Becker-Dé&ring
equations for non-equilibrium aggregate concentrations in the
kinetics of micellization and relaxation. Initially this approach
has been developed for spherical micelles.'*!*192% In Refs. 26?7
the approach had been extended to the case of mixed and ionic
spherical micelles. Last years the kinetic description in frame-
works of the Becker-Doring equations has been extended to
systems with cylindrical micelles and coexisting spherical and
cylindrical micelles.?®%*

We will focus in this paper on description of aggregation
dynamics in a micellar solution with coexisting premicellar
aggregates, spherical and cylindrical micelles at large initial
deviations from the final equilibrium. The description is as-
sumed to be a complete, i.e., to give a total behavior of the
system since initial moment to establishing final equilibrium
state. A similar approach has been recently applied by us to
systems with spherical micelles® and systems with cylindrical
micelles.** However, a kinetic behavior far from equilibrium in
the systems with coexisting premicellar aggregates, spherical
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and cylindrical micelles has not yet been considered in the
literature. As follows from the study of exponential relaxation
at small deviations from final equilibrium,* there are several
different time scales in such systems determining fast and slow
processes. At large deviations from final equilibrium, one may
expect an appearance of additional time scales as a result of
considerable interplay between aggregates of different shapes
and sizes in their consumption and emission of surfactant
monomers. A question arises about the direct influence of ini-
tial conditions on the total kinetic behavior of micellar sys-
tems. It will be also of interest to compare the numerical re-
sults with the analytical ones for the nonlinear continuous
Becker-Doring  kinetic equation for such complex sys-
tems, 283132

The paper is organized as follows. The nonlinearized dif-
ference equations of stepwise aggregation with models for
their coefficients are considered in Section 1. The time-
dependent behavior of concentrations of aggregates with dif-
ferent aggregation numbers in three typical situations far from
final equilibrium is analyzed in sections 2 - 4. In Section 2, the
case of solutions with total surfactant concentration exceeding
the cmc, and with zero initial concentrations of spherical and
cylindrical micelles is considered. In this case we observe a
proper micellization with formation of premicellar aggregates,
stable spherical micelles and cylindrical micelles. Time evolu-
tion of aggregate concentrations in the course of relaxation in
the case of substantial initial excess of surfactant monomers is
present in section 3. The case of substantial initial deficit of
surfactant monomers is considered in section 4. Sections 3 and
4 include also a comparison with predictions of analytic non-
linear kinetic theory of self-aggregation and relaxation. Con-
clusions are made in the last section.

1. Kinetic equations of self-aggregation

Kinetics of stepwise formation and fragmentation of aggre-
gates with different aggregation numbers 7, including mono-
mers as a particular case of aggregates with n=1, is governed
by the system of the Becker-Doring difference equations for
non-equilibrium aggregate concentrations cn(t) as functions

of time ¢ .>%2"2324 For a closed system with fixed total surfac-
nm

tant concentration C = chn and finite upper aggregation
n=1

number n,, , the Becker-Doring difference equations can be

written as®>343
-1
acl My
67 == Z (anclcn - bn+lcn+1) > (1)
¢ n=1
oc 1
2 _ 2
ra Ealcl —bycy —aycic, +byey, 2)
L =3 3
o n-1€1Cn-1 nCn — GGy ni1Cntl > N seee Pl ( )
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Here g, are the aggregate-monomer attachment coefficients, the
¢,C

n

aggregate-monomer detachment coefficients b,,, =a,

A are

n+l
expressed via the detailed balance relations through a, , the Boltz-
mann distribution ¢,,; and the monomer concentration ¢, in the

state of final equilibrium of the micellar solution,
é =celn=clen. 4)

We will distinguish the proper aggregation work W, (free energy
of aggregate formation expressed in thermal energy units kzT
where kj is the Boltzmann constant and 7 is the absolute tem-
perature of solution) and the shifted aggregation work
W, =W, +(n - l)lnc1 which depends only on aggregation number
n in the case of ideal mixture of aggregates. Here and below, the
monomer concentration ¢; is assumed to be dimensionless and
measured in units of the monomer concentration at which W, =W, .

A micellar solution with coexisting premicellar aggregates,
spherical and cylindrical micelles exists at the total surfactant
concentration in the vicinity and above the cmc,. A corresponding
model equilibrium distribution ¢, had been previously considered

in literature.”®*>%* The aggregation work W, at such total surfactant
concentrations should have as a function of aggregation number two

maxima at points ngl) and ngz), two minima at points nEl) and

nﬁz) and slowly increasing linear tail at n >n,. Such model func-
tion generalizes the models for the work W, which we have recently
used for separate kinetic modeling of spherical and cylindrical mi-
celles.*** Evidently, the values ) ngz) R n‘gl) R ngz) , and n; de-

c
pend on the surfactant monomer concentration. Taking parameters
of the model in such way that monomer concentration ¢; =1 corre-

sponds to the total concentration in the vicinity of cmc,, we propose

(=" 4wy (=1 +mwyn—17>, 1<n<n®,
W = (n—7OY 40y (=Y vy (=Y 10 7O <n<iy, (5)

k(n—np)+W,, n>n,

Here the values ﬁs(l),ﬁs(z), and 7, coincide with the values

. () .
ngl) ,n§2) ,and n, at the monomer concentration ¢; =1, W(q is the

value of the first minimum of the work W,, Wy=W,| _ . 1It is
0

assumed in eq.(3) that work W, for aggregates with aggregation

numbers n < nq(l) corresponds to the simplified droplet model for

with maximum at ﬁc(l)

25,39

spherical aggregates and minimum at

ﬂgl) , while the work at n>17, refers to the linear model****** for
cylindrical aggregates. In the transient (from spherical to cylindrical
aggregates) range ﬁ51)< n,, 1, , we use a polynomial interpolation
having a maximum at 1752) and two minima at ﬁs(l) and ﬁs(z) . As
the parameters of the work 77, , we have fixed several characteristic

points: the locations ﬂgl) and 7zs(2) of two minima of the work, the

—1 —@ . —1
values Wg ) and Wg ) of these minima and the values W(C) and

This journal is © The Royal Society of Chemistry 2014
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W(CZ) (Wﬁ»l) > W(CZ)) of the maxima of the work (but not the loca-

tions of these maxima). These six conditions determine six parame-
ters w; and v; (i=1,2,3), while additional two conditions of

continuity of function W, and its derivative with respect to aggre-

gation number at n=7, at fixed k determine 7z, and W, . Selec-

tion of the point of minimum ﬁq(l) as a point of patching the droplet

and transient models is convenient for finding the parameters of the
aggregation work. However it has a major drawback because it does
not ensure equality of second derivatives of the model functions at
the minimum and makes asymmetric potential well even for small
deviations from the minimum point. Nevertheless we can minimize
the degree of this asymmetry and consider the following set of fixed
parameters determining work W, :

we =15, 1 =100, W =5,

WP =14, 7@ =300, W =9, k=001. (6)
As a consequence, other parameters entering eq.(5) are

) =16, 7® =211, w, =0.4317, w, = -4.0955,
wy; =9.9403, v, =6.8358-107°, v, =-2.8343-107°,
v;=3.0343-107, 7, =301, Wo=9.0025. (7)

It is possible to say that fixing the values of the aggregation
work parameters we fix the properties of surfactant and solu-
tion. We chose these values as quite representative, for in-
stance, for water solutions of nonionic surfactants of the alkyl
poly(ethylene glycol) type.*® The results of computations with
the help of eqgs.(1)-(3) are sensitive to these values as they
should be sensitive to a specific surfactant. Shift in these val-
ues will change the values of cmc; and cmc,.

Wn
16 -

14
12

10

(1) =4l
\nc : ins
0 100 200 300 400 SIEJ}O

0

Fig.1 The micellization work Wn as a function of the aggregation

number 7 .

The detailed behavior of work Wn as a function of aggrega-
tion number n is shown in Fig.1. The asymmetry of the work

in the vicinity of minimum at n= ﬂgl) is small. Maximal value

J. Name., 2014, 00, 1-3 | 3
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n, of the aggregation number for work W, is n, =3500 . This

m
value was chosen to provide that the main part of surfactant
(more than 99,97%) is gathered in equilibrium in aggregates
with 1<n<n,, .

The equilibrium monomer concentration for the micellar
system at cmc, can be determined from the condition that the
total number of surfactant molecules in cylindrical micelles
equals at equilibrium 10 percent of the total surfactant concen-

tration. This condition can be written in the form
n

m nm
> né, | Dné,=0.1. ®)
n:n(‘z) n=1

Solving eq.(8) after substituting eqgs.(4)-(7) gives

(@) eme, =0.9977 .

The kinetic model for the aggregate-monomer attachment
coefficients a, should correspond to the model for the aggre-
gation work W, and be different for spherical aggregates at
aggregation numbers ISnSEY(l), for transient aggregates at
aggregation numbers 7" <n<m,, and for cylindrical aggre-
gates at n>7,. Such a model has been considered in Refs.***
Under assumption of the Brownian diffusion kinetics*' for
molecular aggregates and monomers in solution, attachments
of monomers to a spherical aggregate occur with a stationary
diffusion  rate. This rate can be  written as
a, < (R +R,)(D;+D,) where R, and D, represent the radi-
us and the diffusion coefficient of aggregate {n} in surfactant
solution. With using the Stokes—Einstein formula for diffusivi-
ties of spherical aggregates, D, «1/R, , and the droplet model
for the dependence of aggregate radius on n in the form
a, wn? 2 At n> n, the

diffusivities of cylindrical micelles become small. Then it is

R, an'?, we have at 1<<n<n£2):

sufficient for calculation of g, to find the stationary flux of
monomers onto immobile cylindrical body in polar coordi-
nates. This flux will be proportional to the length of the cylin-
drical body. Since the radius of the body is fixed for cylindrical
micelles, the length of the body itself is proportional to the
aggregation number n . Thus we have a,cn at n>n, 3 n
view of the above consideration, we will use the following
continuous model for the attachment coefficients a, at arbi-
trary n :
2/3

_ nl/3(n+ﬁ0)

, 1<n<n,-1,a, =0. )

n m

n,
ny

This formula matches the asymptotic cases for spherical aggregates
at n<<n, and for cylindrical aggregates at n >>n,, . It includes the
specific factor coming from the proportionality constants as a scale
into the quantitya, . As is clear, the attachment coefficient a,

should have a dimensionality of reciprocal time. Representation of
the quantity a, in the form (9) means that we consider a dimen-
sionless time.

In our study of initially large deviations of non-equilibrium state
of the micellar system with coexisting premicellar aggregates,
spherical and cylindrical micelles, the concentrations of aggre-
gates at arbitrary moment of time ¢ can be represented in view of
eq.(4) as

e, ()= A, (1) (t)exp(~W 1) . (10)

4 | PCCP., 2014, 00, 1-3

Here the pre-exponential factor 4, (t) tends to 1 and ¢,(t) > ¢, as

t — o . In view of eq.(10), the initial distribution of surfactant ag-
gregates in solution is characterized as

¢,(0)=4,(0)c! (0)exp(—I¥.,) . (11)

As follows from eqs.(4) and (10), the pre-exponential factor 4, (t)

has a meaning of the aggregate distribution in aggregation number
normalized to the quasi-equilibrium distribution at current monomer
concentration ¢, (¢) . Deviation of quantity 4, from unity indicates

a nonequilibrium state of micellar solution. If 4, (t) appears to be
independent on n in some range of aggregation numbers, the mi-
cellar system approaches a locally quasi-equilibrium state in this
range.

2. Micellization at initial zero concentrations of
aggregates with n > 1

First we will consider dynamics of micellization, i.e., transition in
the surfactant solution to final equilibrium at total surfactant con-
centration above the cmc, in the situation when initially the solution
contains only surfactant monomers. Thus we set

An (0) = é‘ln (12)

in eq.(11) for the distribution c¢,(0) which serves as initial condi-
tion for eqs.(1)-(3).
x10*

10t

t=1.9-10* :
5t 3 ; N _
\ e65.10
4 -y : :
50 100 150 200 250 300
n
An T T T T T

0 500 1000 1500 2000 2500

t=3.5-10°

t=9.8-10° : 3

2(‘ : :
t=1.1:108
t=5.7- 107 # :

'| T - . r I
0 500 1000 1500 2000 2500

3000 3500

n
Fig.2 Normalized aggregate distribution 4 (¢) at different stages of
micellization at ¢, (0)=73.474 and ¢ =1.004 .

This journal is © The Royal Society of Chemistry 2014
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80, . . : :
€1 || — Solution of nonlinear difference equations
—o— ¢ =1.004
1.2
604 - ]
11
40 1o — —\— — e —0— = = 1
09
20¢ 1
10° 107 10° 0, 110
0 == c— o ——— 'MW
10° 10? 104 10° 441 10°
2.5 . . .
1
Csm * Csm(0) =0
2 —— Solution of nonlinear
difference equations
—o— Cs M =0.37991
1.5
0.5

10° 102 10¢
0.08 - .
Coppss = === =} 9 = =
0.07t =
* Conm(0)=0
0.06}| ——Solution of nonlinear
0,051 cﬁﬁerence_eq@ﬂons
—o— Co v =0.076841
0.04+
0.03¢
0.02¢
0.01¢+
0 * 1¥] 2 4 I 5 ; 8
10 10 10 10 41 10

Fig.3 The monomer concentration c, (t) , the total concentration

C,, (t) of spherical micelles and the total concentration C,,, (¢) of

cylindrical micelles at different stages of micellization at
¢,(0)=73.474 and ¢ =1.004 .

Solving egs. (1)-(3) simultaneously with initial condition (12)
and the coefficients a, determined according to eqs.(4)-(7),(9) at

This journal is © The Royal Society of Chemistry 2014

¢, (0)=73.474 and & =1.004 (& >(&)ape, =0.9977), we have

computed aggregate concentrations c,(¢) as functions of time at

cmey

any aggregation number n . The corresponding behavior of the
normalized aggregate distribution 4, (t) at different time scales is
shown in Fig.2.

In addition, the whole picture of micellization and its stages
can be illustrated by dependences on time of the monomer

concentration ¢, (¢) , total concentration Cg,, (t) = Z c, (t) of
nE{SM}
spherical and total concentration Cy, (t)z z c, (t) of cy-
nE{CM}
lindrical micelles shown in Fig.3. The range {SM} of aggrega-

tion numbers for spherical micelles lies in the vicinity of first
maximum of the aggregate distribution, while the range {CM }
of aggregation numbers for cylindrical micelles extends from
the vicinity of second maximum of the aggregate distribution
to number n,,. For quasi-equilibrium and equilibrium states

we can write {SM } = (ngl),nf,z)) and {CM }= (nf?) A1

The large concentration of monomers at the beginning of
micellization provides that initial value of ngl) is very small.
As a result, the activation barrier for passing from monomers
to spherical micelles is low.>*' All of this enables a very fast
and intensive formation of spherical aggregates with consump-
tion of monomers until the monomer concentration drops from
¢;(0)=73.474 to its intermediate value ¢, ~1.2. It occurs to
the moment of time 7~ 70. In Fig.3, the total concentration of
spherical micelles reaches its maximal value Cg,, =2.2939 to
the same moment of time. After that to the moment of time
t~3-10%, the monomer concentration continues to decrease to
its minimal value ¢; =0.8631, lying considerably below the
final value ¢, =1.004 . Thus the monomer concentration ¢, ()
and the total concentration Cg,, (t) of spherical aggregates
demonstrate a nonmonotonic time behavior. There is no visible
change in total concentration of cylindrical aggregates of such
times.

The nonmonotonic behavior of the total concentration of
the spherical micelles and the monomer concentration can be
commented in the following way. With decreasing the mono-
mer concentration during the initial stage, the current value of
ngl) and the activation barrier for passing from monomers and
premicellar aggregates to spherical micelles grow. As a result,
a number of stable spherical aggregates which have been
formed from the very beginning turn back to be premicellar
aggregates. The number of cylindrical micelles stays to be very
small at this stage. For times larger than 7~ 3-10% but less than
t=6.5-10°, we observe in the first slides of Figs.2 and 3 an
increase of the monomer concentration due to detachment of
monomers from premicellar and micellar aggregates and a
decrease of the total concentration of aggregates, especially
with small aggregation numbers. Larger aggregates grow due
to disintegration of smaller premicellar aggregates. At the same
time, the normalized aggregate distribution 4, (t) tends to be
independent of aggregation number n in the region of spheri-
cal micelles, and this means establishing a local equilibrium in

J. Name., 2014, 00, 1-3 | 5
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this region. Still there is only a small number of cylindrical
micelles on this stage of micellization. As follows from the
second slide in Fig.2, the number of cylindrical micelles be-
comes significant on time scale Af=~10°, and up to the mo-
ment of time 7~4.3-10° we observe approaching A, (t) to a
horizontal line in the region of cylindrical micelles, i.e., estab-
lishing the local equilibrium in this region.

Since the horizontal linear parts of 4, (7) are different in
the regions for spherical and cylindrical micelles on the third
slide in Fig.2, the local aggregate equilibriums for these mi-
celles are also different and merge only to moment of time
t~6-107 . It is not a complete equilibrium, because the equilib-
rium of micelles with monomers and premicellar aggregates is
not yet reached. The complete equilibrium is achieved at times
t>10° when equality A, (t) =1 holds everywhere.

3. Relaxation at large initial excess of monomers

Let us now turn to the case of large initial excess of surfactant
monomers in comparison to the equilibrium concentration of
monomers. Spherical and cylindrical aggregates are also pre-
sent at the initial moment of time.

We determine initial distribution of aggregates in the aggrega-
tion number in the form

ke,
¢, (0)=3,(1+n) ") =l (13)

m

3t (1+5) @
=

Cn,( U) —€n

E"?’!-q.

0.8
0.6
0.4
0.2
0
-0.2
-0.4
-0.6
-0.8
~'0 500 1000 1500 2000 2500 3000 3500
Fig.4 Initial aggregate distribution (cn (0)—5n ) / ¢, in aggregation

number at 7=0.1 and & =1.004 (c, (0)=1.8971).

Here 7 is a perturbing parameter and ¢, is the equilibrium distri-

bution (4) of the aggregates at the same temperature and total sur-
factant concentration as for unperturbed system. Last factor with the
ratio of sums in eq.(13) ensures that the total surfactant concentra-

tion C satisfies equality C =) né, = nc,(0). At 7=0 there is

n=1 n=1

6 | PCCP., 2014, 00, 1-3

no disturbance, and ¢, (0)=¢,. At 7=0.1 and & =1.004 (this
monomer concentration corresponds to C =73.474 ) it follows from
eq.(13) that ¢ (0)=1.8971. This allows us to choose the value
1n=0.1 as providing a large initial excess of surfactant monomers.
At 71=0.1 the relative deviation of the aggregate concentrations
(c,(0)-¢, )/En has the form shown in Fig.4.

In view of eqs.(4), (11) and (13), the initial value of the
pre-exponential factor 4, (¢) in eq. (10) can be written now as

nm
2 ke
k=1

3t (1+5) "1

I=1
Solving numerically eqs.(1)-(3) with initial condition (13) at
17 =0.1 and the coefficients defined according to eqs.(4)-(7),(9) at
¢;(0)=1.8971 and ¢ =1.004 (thus & > (&), =0.9977), we

have found the relaxation behavior of the normalized aggregate

(14)

cme;
distribution A4, (¢) at different times as shown in Fig.5.

I1?1
1

0.5

0 50 100 150 200 250 300

An .
12

1.1

t=54- 10°.

0.9} | S T
0 5(50 '|0IGO 1500 2000 2500 3000 3500
n
fl?l . 4
1.2 =35 106 |
- _1=98.10°
= 1=15.10%
t=79-10 /

1 # I T I I
0 500 1000 1500 2000 2500 3000 3500
71

Fig.5 Normalized aggregate distribution A4 (¢) at different stages of
relaxation at 7=0.1 and ¢ =1.004 (c, (0)=1.8971).

This journal is © The Royal Society of Chemistry 2014

Page 6 of 23



Page 7 of 23

€1
1.9 c
1 = Solution of nonlinear
1.8 1.009 difference equations ||
7 © Theory of nonlinear
1.7 1.008 fast relaxation
16 | ®  Theory of nonlinear
1.007 slow relaxation
1.5 | —o—¢y=1.004
1.006 —o—¢1=1.004
T4 | g | + c0) =1.8071

043 | 1
0.42 | 1
—— Solution of nonlinear
0.41 difference equations
’ x Theory of nonlinear
0.40 slow relaxation ]
) —o— 551 r =0.44032
039 || —o— Cgar =0.37991 |
+ Csa(0) = 044032
038¢o0— — — — — — 5 - —0— — @ — —O0— 1
100 102 10* 10° ¢4 1 108
CoMba — — & = — o @ o — o — o —
0.076} x Theory of nonlinear 1
slow relaxation
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0.064} 1
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Fig.6 The monomer concentration c, (t) , the total concentration

C,, (t) of spherical micelles and the total concentration C,,, (t) of

cylindrical micelles at different stages of relaxation at 7=0.1 and
¢, =1.004 .

As follows from the first slide in Fig.5, function 4, (t) be-
comes independent on » in the range n=1+10 to the moment
of time ¢=5.5-10>. Thus the quasi-equilibrium distribution of
premicellar aggregates establishes very fast. Then, to the mo-
ment of time #=2.1-10°, we can observe establishing a quasi-

This journal is © The Royal Society of Chemistry 2014
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equilibrium state for spherical aggregates within range
n=30+170 . Almost the same time is required for establishing
the quasi-equilibrium state of smallest cylindrical micelles
within the range n=230+500. With increasing the time, the
states of the aggregate distribution in these ranges of aggrega-
tion number stay to be quasi-equilibrium. However the total
numbers of spherical and cylindrical micelles change due to
transitions over potential peak of the aggregation work be-
tween spherical and cylindrical aggregates. These transitions
cause displacement of the local horizontal linear parts of distri-
bution 4, (t) in a vertical direction.

The second slide in Fig.5 shows that the micellar system on
the next stage of evolution tends to establishing of local quasi-
equilibrium in the whole range of aggregation numbers for
cylindrical micelles, n=230+3500. This stage ends to the
moment of time ¢=1.2-10°.

The final stage of micellar relaxation is shown in the third
slide in Fig.5. We observe here two different linear parts of
function 4, (1) decreasing to the moment of time #=7.9-10 to
the join value. These parts relate to the quasi-equilibrium dis-
tributions of spherical and cylindrical micelles, respectively.
The join plato for spherical and cylindrical micelles merges in
the final equilibrium distribution with concentrations of mon-
omers and premicellar aggregates to moment of time
t=1.5-10°.

To make more clear the whole picture of evolution of the
micellar system with coexisting spherical and cylindrical mi-
celles at large initial excess of surfactant monomers, let us
analyze in addition the dependences on time for the monomer
concentration ¢, (¢), total concentration Cgy, (7) of spherical
and total concentration Cg, () of cylindrical micelles. These
dependences follow from the computations of separate aggre-
gate concentrations c, (¢) and are shown in Fig.6.

As is seen from Figs.5 and 6, establishing the quasi-
equilibrium distribution of premicellar aggregates to the mo-
ment of time ¢=5.5-10" is accompanied by the rapid drop of
the surfactant monomer concentration from c; (0) =1.8971 to
¢; =1.0082 . Subsequent decrease in the monomer concentra-
tion is slower. At the value ¢, =1.004 which practically coin-
cides with the final equilibrium value ¢, establishing a quasi-
equilibrium state for spherical aggregates within range
n=30+170 occurs to the moment of time 7=2.1-10’. On larg-
er time scale, we observe further slow drop of the monomer
concentration below its equilibrium value and then slow
growth back to the equilibrium value. Thus the total behavior
of the monomer concentration ¢ (f) turns to be non-
monotonic. We observed a similar behavior of the monomer
concentration in the previous section when considered micelli-
zation at initial zero concentrations of spherical and cylindrical
micelles. Such similarity in the results for the monomer con-
centration is not surprising. The micellar system in presence of
large aggregates with high aggregate-monomer attachment rate
a,c, and detachment rate b,,, =a,¢,/c,,; becomes an inert
one. By contrast, the time behavior of total concentrations of
spherical micelles Cg, (7) and Cgy, (1) appear to be monoton-
ic i considered Cqy (1) drops  from

ic in the case,
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Cgy (0)=0.44032 to Cg, =0.37991 while Cgy (f) grows
from Cgy, (0)=0.063248 to Cgy =0.076841. It is seen from
Fig.6, that there is no change in the concentrations Cg;, (t) and
Cey (¢) until the moment of time 7=1+2-10°. This allows us
to consider the corresponding stage of micellar relaxation as
the fast relaxation stage.'>'***32 1t is not characterized by pure
exponential dependence on time, and the deviations of the
monomer concentration from its quasi-equilibrium value ¢, on
this stage are nonlinear. Another stage when the total concen-
trations Cgy, (1) and Cgy, (1) slowly approach their values at
final equilibrium can be called a slow relaxation stage.”®** It is
also the stage with nonlinear deviations of the monomer and
micellar concentrations from their final equilibrium values,
which demonstrates non-exponential behavior.

One of the goals of this study is to compare the numerical
results obtained from the difference Becker-Doring equations
for nonlinear micellar relaxation in solutions of coexisting
spherical and cylindrical micelles with the analytical ones. An
analytical theory for fast and slow relaxation in such complex
systems was built on the basis of the continuous Becker-
Déring kinetic equation,®®3!*2

The set of two coupled equations had been derived in
Ref.*! for evolution of coexisting spherical and cylindrical
micelles on the stage of fast relaxation. In our notation, it can
be rewritten as

L an = ~a, & Sou, 2 = |AM + S A | (15)
dt G ( Aiigy, ) G
iAMlCM: _ ifiau g CCMVﬁCM I vl AMICM "
dt ey ¢ Afiy,
G
UM AN+ (AM +AM1CM)AM1CM}, (16)
a
where
AMIS M =j n[c ] 17)
1 nefsm}
AMICM = j n [c ] (18)
8} ne{CM

26 (n=igy Y. (19

m

> e, (n-ntey ) - (20)

M 0

c

_ 1 & .
Aoy == chn, (AnCM )2 ==

It follows from the condition of surfactant matter balance

nm ”m
C= chn = ZnEn that the quantities AM ™

n=1 n=1

(1)and AM™ (1)

are related to the monomer concentration ¢, (t) as

—Cl(t2_51:—AMfM (£)-AME (7). @1

8 | PCCP., 2014, 00, 1-3

Simultaneous solving egs. (15), (16) with initial conditions

[ ou (

Cewm (0)

AM 1SM CSM

0)—iigy | Cs (0)=Cgy . (22)

AMM(0) = [nCM (0)_ﬁCM:|’ Cen (0)=Cepr - (23)
and substituting the result on the right-hand side of eq. (21)
gives the function ¢, (t) shown in the first slide in Fig.6 by
hollow circles. As is seen, the curves for the monomer concen-
tration obtained by two approaches coincide for the stage of
nonlinear fast relaxation.

In the case of nonlinear slow relaxation, we will use the
formulation of the analytical theory done in Refs.”®*? In our
notation, we have the following three equations describing the
slow evolution of the monomer concentration c¢, (t) and the
total concentrations of spherical micelles Cg, (¢) and cylindri-
cal micelles Cgy, (1)

st i - (13-73), (9
dt

dCey,

—=L = =J), 25
dt 202 25)

ﬁ:_ ngy dCgyy /dt +ngyy dCeryy [ dt 26)

dt 1+ (Angy, )2 Capr [ +(Ancy )2 Cem/cr

where J| and J} are the quasi-steady direct fluxes of ag-
gregates over the first and second potential peaks of the ag-
gregation work as a function of aggregation number, and J
and JJ are the corresponding backward fluxes. These fluxes
can be determined as

_w
Ji=a ¢ eXp( - ) 7
ne Ttl/zAngl)
" exp(_VVC(l)) 1
Ji=a 4y¢,Cgy V25,00 Z exp(—17,) (28)
¢ ne{SM }
exp(—Wc(z)) 1
J2 =an£2)cl SM Tcl/zAn(z) z exp( W)’ (29)
¢ ne{SM}
I c exp( ") ! 30
@4Ctcem V2 5,(2) Z exp(-1,)’ >
¢ ne{CM}
21 :
gy = z Calt 5 (MSM) :T Cn(n_nSM) ’ o
SM ne{SM} SM e S
1 21 i
Rey =—— e, (Mngy) = > G(n=nar) s (32)
Cou ncin Com ndanr
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\? 2 2)\2 2 if we take negative values of the perturbing parameter 7. At
(an) = m— (a) = (33) :
¢ ‘W””n:n(.l) ¢ ‘VV"”‘n:n(.z) 1n=-0.1 and ¢ =1.004 (C=73.474) it follows from eq.(13) that

The definitions of fluxes in eqgs.(28)-(30) slightly differ from
those in Refs.”®* by last factors. Instead of using the Gauss
approximation for the aggregation work in the vicinity of the
first potential well of the work and the Poisson approximation
for the aggregation work for cylindrical aggregates at n > ngz) R
we have used here the formula W, =W, —(n—1)In¢, with work
W, determined by eq.(5).
Simultaneous solving eqs. (24)-(26) with initial conditions

¢ (0)=¢, Csy(0)=Coy» Cer(0)=Cey (34)

gives the functions ¢, (), Cg, (f) and Cgy, (1) shown in Fig.6
by symbols x. As is seen, the curves for these concentrations
obtained by the solution of the difference Becker-Doring equa-
tions and by solution of eqgs. (24)-(26) are in a fine agreement
for the stage of nonlinear slow relaxation at initial excess of
surfactant monomers.

4. Relaxation at large initial excess of surfactant
matter in aggregates

By contrast to the linear deviations, relaxation at nonlinear
deviations from the final state reveals different behavior with
changing the sign of initial deviation. Let us now consider the
situation of large initial deficit of surfactant monomers in
comparison to the final equilibrium state of the micellar system
with coexisting spherical and cylindrical aggregates. This situ-
ation is opposite to the case analyzed in the previous section.

C-’:'J,(O)—Ef-n
En
7 | B
6l .

5t

0 500 1000 1500 2000 2500

3000 3500
n
Fig.7 Initial aggregate distribution (Cn (0) -C, ) / ¢, in aggregation

number at 7=-0.1 and ¢ =1.004 (c, (0)=0.46853).

We still can set initial distribution of aggregates in the aggrega-
tion number in the form of eq.(13). We provide ¢, (0) < ¢, in eq.(13)

This journal is © The Royal Society of Chemistry 2014

¢;(0)=0.46853.

At n=-0.1 the relative deviation of the aggregate concentra-
tions (cn (0)-¢, )/EW has the form shown in Fig.7.

Solving numerically eqs.(1)-(3) with initial condition (13) at
n=-0.1 and the coefficients defined according to eqs.(4)-(7),(9) at
¢(0)=0.46853and & =1.004 (& > (&), =0.9977), we have

found the relaxation behavior of the normalized aggregate distribu-
tion A4, (1) at different times as shown in Fig.8.

An T T T T T

cme;

16}
14
12|
]
0.8} . . . .
0 50 100 150 200 250 300
n
1 , |
1411. :
=5.4-10°
FOR T B e e
4310 t=15-10
O8] Je=12.10°
0.7 ; ; ; ; : .
0 500 1000 1500 2000 2500 3000 3500
n
1 T T T T LY
n t=79-100 '\
T 8
G | 215110
t=9.8-10°
081~ - 435108 - v o ]
070560 71000 1500 2000 2500 3000 3500
n

Fig.8 Normalized aggregate distribution A4 (r) in aggregation num-
ber at different stages of relaxation at 7=-0.1 and ¢ =1.004
(¢, (0)=0.46853).

As follows from the first slide in Fig.8, the quasi-
equilibrium distribution of premicellar aggregates in the range
n=1+10 establishes to the moment of time ¢=5.5-10>. This
ultrafast stage has been revealed also in the case of initial ex-
cess of monomers in Fig.5. As in Fig.5, establishing a quasi-
equilibrium state for spherical aggregates within range
n=30+170 is observed to the moment of time #=2.1-10°.
The same time is required for the establishing of the quasi-
equilibrium state for the smallest cylindrical micelles in the
range n=230+500. With increasing the time, the quasi-
equilibrium states of the aggregate distribution in these ranges
of aggregation number related to the local horizontal linear

J. Name., 2014, 00, 1-3 | 9
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parts of function 4, (t) stay to be quasi-equilibrium. Again, as
in Fig.5, total numbers of spherical and cylindrical micelles
change due to transitions over potential peak of the aggregation
work between spherical and cylindrical aggregates.

G
1
1&—0—
0.9
0.8
— Solution of nonlinear
1.0035 difference equations
0.7 © Theory of nonlinear
1.003 fast relaxation
- % Theory of nonlinear
; slow relaxation
Lo 0% —a-¢; =L0044
—o-¢; =L004
0.5 1.002 |
' 10° 107 104 108 f‘_lmﬂ
10° 10? 10% 108 i iy | 1-'[}B
Csnm . . . .
038¢-0— — — — — — ©— —0— — & — 00— —

0.37 | | == Solution of nonlinear
036 difference equations
““I'| % Theory of nonlinear

0351 slow relaxation
—o— Clspr=0.30628
034} o Cspr=0.37991
033l + Csn(0) = 0.30628

0.32¢
0.31}

10° 10° 10° 0, e 10°
C ML : / ‘ ;

0.09

0.088}

x Theory of nonlinear
slow relaxation
0.084) —o— Crpr=0.090808
0.082 —0— E‘C'_M =0.076841
4+ Coar(0) =0.090808
0.08 | —— Solution of nonlinear
0,078 difference equations

0.086

10%= 4 ] 108
Fig.9 The monomer concentration c, (t) , the total concentration

C,, (t) of spherical micelles and the total concentration C,, (t)

of cylindrical micelles at different stages of relaxation at 7 =—0.1
and ¢, =1.004 .
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The second slide in Fig.8 shows that the micellar system
tends on the next stage of evolution to establishing of local
quasi-equilibrium in the whole range of aggregation numbers
for cylindrical micelles, n=230+3500. This stage ends to the
moment of time #=1.2-10°. The time scales are the same as
for the second slide in Fig.5 although the displacement of the
curves with time is opposite.

The final stage of micellar relaxation is shown in the third
slide in Fig.8. We observe here two different linear parts of
function 4, (t) which rise with the growth of time to the value
1. These parts relate to the quasi-equilibrium distributions of
spherical and cylindrical micelles, respectively. They first form
a joined quasi-equilibrium distribution to the moment of time
t=7.9-10" and then merge to the moment of time #=1.5-10°
in the final equilibrium distribution with concentrations of
monomers and premicellar aggregates. Again, these time scales
coincide with those in Fig.5.

Let us now analyze in addition the dependences on time for the

monomer concentration ¢, (¢) , total concentration Cg,, (t) of spher-

ical and total concentration C,, () of cylindrical micelles. These
dependences follow from the computations for separate aggregate
concentrations c, () and are shown in Fig.9.

As is seen from Figs.8 and 9, establishing the quasi-
equilibrium distribution of premicellar aggregates to the mo-

ment of time #=5.5-10% is accompanied by the rapid rise of the
surfactant monomer concentration from ¢ (0)=0.46853 to
¢; =1.0022 . Then the growth of monomer concentration be-
comes slower. The monomer concentration reaches the value
¢; =1.0044 (which is larger than the final equilibrium value
¢ =1.004 ) to the moment of time ¢=2.1-10° when establish-

ing a quasi-equilibrium state for spherical aggregates within
range n=30+170 appears. The growth of the monomer con-
centration continues even further until maximal value
¢, =1.0048 is reached at the moment of time ¢r=1.2-10°. To

that moment, a local quasi-equilibrium in the whole range of
aggregation numbers for cylindrical micelles is established.
Subsequent monotonic slow decay of the monomer concentra-
tion to the final equilibrium value ¢, =1.004 occurs until the

moment of time ¢#=1.5-10°. Thus the total behavior of the
monomer concentration ¢, (¢) turns to be non-monotonic. By
contrast, the time behavior of total concentrations of spherical
micelles Cgy, (¢) and Cgy, (7) appear to be monotonic, Cg, (¢)

grows from Cg, (0)=0.30628 to
Cey () drops from Cgy, (0)=0.090808 to Cgy, =0.076841. It

is seen from Fig.9, that there is no change in the concentrations
Cgy (1) and Cy, (¢) until the moment of time 7 =10". Thus we

Cqy =0.37991  while

confirm existence of the nonlinear fast and slow relaxation
stage at initial deficit of monomers is the system with coexist-
ing spherical and cylindrical micelles. Existence of the inflec-
tion points in curves for monomer concentration and total con-
centration of cylindrical micelles demonstrate general non-
exponential behavior of these concentrations as functions of
time at fast and slow relaxation.

This journal is © The Royal Society of Chemistry 2014
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Simultaneous solving eqs. (15), (16) with initial conditions
(22) and (23) and eqgs. (24)-(26) with initial conditions (34) at
n=-0.1 and ¢ =1.004 gives the function ¢, (¢) shown in the
first slide in Fig.8 by hollow circles and the functions
(1), Cgy () and Cgy (1) shown in the in Fig.9 by symbols
x. As is seen, the curves for these concentrations obtained by
the solution of the difference Becker-Doring equations and by
solution of egs. (22), (23) and (24)-(26) are in a fine agreement
for the stages of nonlinear fast and slow relaxation at initial
deficit of monomers.

Conclusions

Our results for kinetic modeling of self-aggregation in surfac-
tant solution with coexisting spherical and cylindrical micelles
show the total behavior of all aggregate concentrations as func-
tions of time at arbitrary initial conditions. We have considered
the case of proper micellization with formation of premicellar
aggregates, stable spherical micelles and cylindrical micelles,
and the cases of micellar relaxation in such systems at large
initial excess and deficit of surfactant monomers in solution
over their equilibrium concentration. In all cases, we observed
a stage of ultrafast relaxation at which concentration of surfac-
tant monomers changes rapidly together with concentration of
premicellar aggregates. A similar behavior was noted previous-
ly for systems with cylindrical micelles.’** The stages of fast
and slow relaxation are characterized by non-monotonic de-
pendence on time for the monomer concentration. In the case
of micellization, also the behavior of total concentration of
spherical micelles is non-monotonic in time.

We have shown that the stages of fast and slow relaxation
in solution with coexisting spherical and cylindrical micelles at
arbitrary initial conditions include substages. It is possible to
clarify the physical processes on these substages as corre-
sponding to different quasi-equilibrium states for spherical and
cylindrical micelles. The slowest stage is the stage with a
joined quasi-equilibrium for spherical and cylindrical micelles.
This stage was observed for all considered cases, including
micellization. The time scales for similar substages of fast and
slow relaxation at large initial excess and deficit of surfactant
monomers are the same.

We have shown that the results of the difference Becker-
Déring kinetic equations for fast and slow nonlinear relaxation
at large initial excess and deficit of surfactant monomers are in
fine agreement with predictions of analytical kinetic theory of
relaxation for concentration of monomers and total concentra-
tions of spherical and cylindrical micelles.

Let us note that micelle formation/breakdown processes
can be reversed by corresponding change of the monomer con-
centration. We have considered here micellization where any
aggregates with aggregation number »>1 initially were ab-
sent. Our study in section 2 and 3 showed that at sufficiently
high initial monomer concentration in the vicinity and above
the cmc,, spherical micelles are formed consequently from
monomers, and then part of spherical micelles transforms into
cylindrical micelles. The reverse process was observed in the
case of large initial deficit of surfactant monomers in compari-
son to the final equilibrium state of the micellar system consid-
ered in section 4. The number of cylindrical micelles diminish-
es in this case while the number of spherical micelles grow.
Thus our approach works for both the sphere-to-cylinder and
the cylinder-to-sphere transitions, demonstrating their barrier

This journal is © The Royal Society of Chemistry 2014

RSC Advances

dependence on the surfactant monomer concentration. This is
in agreement with known coarse-grained molecular dynamics
simulations for pentaethylene glycol monodecyl ether in aque-
ous solution”>. As we noted previously, we did not consider
here other fission mechanisms of breaking the long cylindrical
micelles which can be of importance in the case of micelles
made of amphiphilic block copolymers.*® Tt could be a subject
of future work.

Unfortunately, it is impossible at this moment to compare
our results with that from experiments on dynamics of coexist-
ing spherical and cylindrical micelles. There is experimental
evidence concerning co-existence of spherical and rod-like
micelles obtained with the help of cryo-TEM technique,** dy-
namic light scattering,**¢ and time-resolved small angle X-ray
and neutron scattering techniques.*’*® These data is related to
equilibrium states of nonionic and ionic direct micelles and
non-equilibrium cylinder-to-sphere transitions in block copol-
ymer micelles. Although specific relaxation times and rate
constants for spherical and separately for cylindrical micelles
breakdown had been measured,*'® however there were no ex-
periments on total time evolution of the systems with coexist-
ing spherical and cylindrical direct nonionic micelles.

Nevertheless, such experiment can be designed. The most
appropriate for that could be synchrotron small-angle X-ray
scattering in combination with the stopped-flow mixing tech-
nique. Recently this approach has successfully been applied for
study of micelle formation at rapid mixing of a solution of
dissolved dodecyl maltoside in dimethylformamide with wa-
ter.*” Such experiment allows one to control the changing con-
centrations of aggregates with different aggregation numbers
and shapes under arbitrary initial conditions. It is just our case.
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