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Correlation between Geometrical Shape and Growth 

Behaviour of Surfactant Micelles Investigated with 

Small-Angle Neutron Scattering 

 

L.M. Bergström*a and I. Grillob,  

The correlation between growth behaviour and geometrical shape for CTAB-rich mixed mi-
celles formed by the cationic surfactant hexadecyl trimtheyl ammonium bromide (CTAB) and 
the anionic surfactant sodium octyl sulphate (SOS) has been investigated with small-angle 
neutron scattering (SANS). Rather small tablet-shaped micelles formed by CTAB are found to 
grow only weakly in size with increasing surfactant concentration. The extent of growth be-
comes increasingly stronger as the fraction of SOS is increased. At higher fractions of SOS, a 
rather weak growth at low surfactant concentrations is followed by a sharp increase in aggrega-
tion numbers beyond a certain surfactant concentration. Such an abrupt transition from weakly 
to strongly growing micelles has been observed in the past for several micellar systems and is 
usually referred to as the second critical micelle concentration. The growth behaviour has been 
rationalized from a theoretical point of view by means of employing the recently developed 
general micelle model. The theory excellently predicts micellar growth behaviours as well as 
the observed correlation between geometrical shape and micellar growth. In accordance, both 
width and length are found to slightly increase for weakly growing tablet-shaped micelles. On 
the other hand, strongly growing micelles that are observed above the second cmc display a 
completely different behaviour, according to which the length increases considerably while the 
width of the micelles decreases. Most interestingly, by means of optimizing the agreement 
between the general micelle model and experimentally determined aggregation numbers, we 
are able to determine the three bending elasticity constants spontaneous curvature, bending 
rigidity and saddle-splay constant. 

 

 

 

1. Introduction 

It is well-known that surfactant micelles grow in size with 

increasing surfactant concentration. It was demonstrated by 

Tanford1 that, according to simple geometrical constraints, 

micelles can only be strictly spherically shaped below a cer-

tain aggregation number corresponding to a radius equal to 

the length of a surfactant molecule. Thus, a micelle must as-

sume some kind of non-spherical shape as it grows beyond 

a certain aggregation number. A typical feature displayed 

by several micellar systems shows that micelles grow weak-

ly at low surfactant concentration and begin to grow more 

strongly above a certain concentration usually denoted the 

second critical micelle concentration (second cmc).2-7 This 

transition from weakly to strongly growing micelles has of-

ten been interpreted as due to a transition from spherical to 

rodlike micelles, a so called sphere-to-rod transition. How-

ever, the aggregation numbers of micelles at the second cmc 

have usually been found to largely exceed values consistent 

with a spherical micellar shape according to the geometrical 

analysis of Tanford. 

The geometrical shape of micelles may be determined 

with small-angle neutron scattering (SANS). It is well 

known that the small-angle scattering data of rather small 

and weakly growing micelles formed by, for instance, sodi-

um dodecyl sulphate (SDS) and hexadecyl trimethylammo-

nium bromide (CTAB) is not at all compatible with the as-

sumption of a model for monodisperse and strictly spherical 

micelles.8-10 The agreement between experimental data and 

model may be significantly improved by assuming spherical 

micelles to be highly polydisperse, i.e. about 0.2-0.25 with 

respect to radius R corresponding to 70-75 % with respect to 

aggregation number N (see the Electronic Supplementary 

Information (ESI) for the derivation of a relation between 

σR/〈R〉 and σN/〈N〉).8,10 However, such a high polydispersity 

contradicts the observation of a weak growth behaviour of 

these micelles as may be deduced from the following im-

portant relation 
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 ���    (1) 

 
derived by Hall and Pethica11 and shown in detail in the ESI.  

According to eqn (1), σN/〈N〉 = 0.7-0.75 corresponds to a 

much stronger growth behaviour, dln〈N〉/dlnφt ≈ 0.5-0.55, 

than consistent with experimental observations, i.e. 0.15 for 

SDS12,13 and about 0.125 for CTAB (see further below). 

It is well known that long rodlike or wormlike micelles 

may grow more strongly than anticipated by spherocylindri-

cal micelles that grow exclusively in the length 

direction.3,14-16 Moreover, it has previously been demon-

strated from small-angle neutron scattering (SANS) meas-

urements that ordinary surfactant micelles are not usually 

shaped as spheres or spherocylinders but are, in fact, shaped 

as triaxial tablets that may grow both with respect to width 

and length.9,10,17-21 Hence, in order to rationalize as well as 

generate a detailed understanding of the growth behaviour 

of surfactant micelles it is of decisive importance to corre-

late the growth behaviour of micelles with their geometrical 

shape. 

In the present paper we investigate micelles formed in 

CTAB-rich mixtures of sodium octyl sulphate (SOS) and 

CTAB, the growth behaviours of which are found to be 

strongly dependent on surfactant composition, with SANS 

in order to correlate the growth behaviour with the detailed 

geometrical shape of the micelles. Our experimental results 

are compared and rationalized with predictions deduced 

from a recently derived theoretical model - the general mi-

celle model22 - based on thermodynamics of self-assembly 

combined with bending elasticity theory. Below we demon-

strate that, as a result of our combined experimental and 

theoretical study, we are able to rationalize the growth be-

haviours of ordinary surfactant micelles in terms of the 

three bending elasticity constants spontaneous curvature 

(H0), bending rigidity (kc) and saddle-splay constant (���). 
 

2. Experimental 

2.1 Sample preparation 

Stock solutions containing hexadecyltrimethylammonium 

bromide (CTAB) and sodium octyl sulphate (SOS) with 

[SOS] + [CTAB] = 40 mM and surfactant compositions 

equal to y ≡ [SOS]/([SOS] + [CTAB]) = 0, 0.05, 0.10, 0.20 

and 0.25 were prepared in deuterium oxide (D2O) by simply 

mixing the two surfactants with D2O. The final samples 

were obtained by means of diluting the stock solutions with 

pure solvent to obtain a range of total surfactant concentra-

tion [SOS] + [CTAB] = 10, 20 and 40 mM. All samples 

were equilibrated at least 24 hours at 30 °C before meas-

ured. The temperature 30 °C was chosen since CTAB pre-

cipitates in deuterium oxide below about 29 °C. The Krafft 

point in CTAB/SOS mixtures decreases with an increasing 

fraction of SOS. Deuterium oxide was chosen as solvent in 

order to minimize the incoherent background from hydro-

gen and obtain a high scattering contrast in the SANS ex-

periments.23 

2.2 Small-angle neutron scattering 

The small-angle neutron scattering (SANS) experiments 

were carried out at the D33 SANS instrument at Institut 

Laue-Langevin (ILL), Grenoble, France. The measurements 

were carried out with the three settings combining sample-

to-detector distance d and neutron wavelength λ, i.e. [d = 2 

m, λ = 4.6 Å], [d = 12.8 m, λ = 4.6 Å] and [d = 12.8 m, λ = 

12 Å], giving a range of scattering vectors 0.002-0.29 Å−1. 

The middle setting was used as the reference setting for the 

absolute scale. The wavelength resolution was 10 % (full 

width at half-maximum value). 

The samples were kept in quartz cells (Hellma) with 

path lengths 1 or 2 mm. The raw spectra were corrected for 

background from the solvent, sample cell and other sources 

by conventional procedures.24 The SANS data were set to 

absolute scale units and normalized by means of dividing 

with the concentration cmic in [g mL−1] of surfactant (SOS 

and CTAB) aggregated in micelles, giving the unit [mL g−1 

cm−1] for the normalized scattering cross-section. The latter 

may written as 
 


�����

� ≡ �

����

����

� = Δ���� !�"�#1 + &�"��'�"� − 1�)   (2) 

 

for weakly interacting dispersed aggregates, where ∆ρm is 

the difference in scattering length per unit mass solute be-

tween particles with a homogeneous core and solvent, Mw is 

the mass of a single particle and P(q) is the form factor.25 

The model fits of best quality were obtained by a form 

factor for either monodisperse triaxial ellipsoids (small mi-

celles) or polydisperse rods with an elliptical cross-section 

(large and considerably polydisperse micelles). Electrostatic 

interactions among ion-impenetrable micelles in a rather di-

lute solution were taken into account using a structure factor 

S(q) in the rescaled mean spherical approximate (RMSA) as 

derived by Hansen and Hayter26, based on the mean spheri-

cal approximation (MSA)27, in combination with a decou-

pling approximation28,29. The introduction of this structure 

factor introduces three additional fitting parameters related 

to the relative effective charge of the micelles (α = zeff/zid), 

electrolyte concentration (cel) and concentration of surfac-

tant aggregated in micelles (cmic) (see Table 1 below). The 

detailed models with form factors are provided in the ESI. 

The structure factor is derived for the case of strictly 

spherical aggregates with charge densities considerably 

lower than expected for the micelles in our investigated 

samples. Hence, one cannot expect the values of α, cel and 

cmic to be highly accurate, although we obtain values of rea-

sonable orders of magnitudes. Nevertheless, we always ob-

tain very good agreement between SANS data and model, 

which is our main reason for using this structure factor, with 

a reduced chi-squared always below χ2 = 5 for the majority 

of samples and below 10 for all samples except pure CTAB 
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at 40 mM, despite the very high quality of our SANS data. 

In this work we are interested in determining the geometry 

of the micelles, the information of which is mainly provided 

by scattering data in the high q-range, i.e. above about 0.05 

Å−1, whereas structure factor effects mainly influence the 

scattering data in the lowest q-range.9,25,30-32 

The average excess scattering length density per unit 

mass of solute (i.e. scattering length density divided by den-

sity of solute25) for SOS in D2O, ∆�+,+�  = −4.52×1010 cm/g, 

was calculated using the appropriate molecular volume -.+,+  

= 302 Å3 and molecular weight MSOS = 232.27 g/mol20,33-35 

and CTAB35, ∆�/012�  = −6.66×1010 cm/g, -./012  = 599 Å3 

and MCTAB = 364.45 g/mol. The scattering length density (in 

units cm/molecule) of mixed micelles has been set equal to 

∆ρ = x∆ρSOS + (1 – x)∆ρCTAB, where the mole fraction of 

SOS in the aggregates x is calculated according to a proce-

dure described in reference 20. This procedure takes into 

account non-ideal synergistic effects as predicted from the 

Poisson-Boltzmann mean field theory.36,37 More details are 

provided in the ESI. 

Throughout the data analysis corrections were made for 

instrumental smearing. For each instrumental setting the 

ideal model scattering curves were smeared by the appro-

priate Gaussian resolution function when the model scatter-

ing intensity was compared with the measured absolute 

scale intensity in least-square model fitting data 

analysis.38,39 The parameters in the model were optimized 

by means of conventional least-squares analysis and the 

quality of the fits was measured in terms of the reduced chi-

squared parameter (χ2).25,40  

 

3. Results and discussion 

3.1 SANS measurements of mixed CTAB-rich SOS/CTAB 

micelles 

In recent works we have investigated SOS-rich mixtures of 

CTAB and SOS.20,21 Due to the comparatively high critical 

micelle concentration of SOS (cmc = 133 mM in absence of 

added salt), we demonstrated that there is a dramatic change 

in surfactant composition with changes in total surfactant 

concentration below about the cmc of pure SOS. As a result, 

we were able to observe micelles growing in size upon 

simply diluting a sample below about 160 mM, and subse-

quently a transition to different bilayer aggregates was de-

tected. We demonstrated that the composition in the surfac-

tant aggregates could to be accurately calculated from the 

Poisson-Boltzmann (PB) mean-field theory31,37,41 and it was 

found that the mole fraction of SOS (x) in aggregates 

formed by two oppositely charged surfactants approaches 

equimolar composition with decreasing surfactant concen-

tration20. 

In the present paper we investigate micelles formed in 

CTAB-rich solutions of CTAB and SOS. Since the cmc of 

CTAB (cmc ≈ 1 mM) is much lower than of SOS, CTAB-

rich aggregates behave rather differently from SOS-rich ag-

gregates. In accordance with detailed calculations based on 

the PB theory, it can be demonstrated that the surfactant 

composition (x) does not depend on total surfactant concen-

tration (ct) above about ct = 10 mM. The results of these 

calculations are tabulated in the ESI. As a result, we are 

able to observe mixed CTAB-rich CTAB/SOS micelles 

growing in size with increasing surfactant concentration in a 

similar manner as is generally observed in pure surfactant 

systems. 
 

3.1.1 Results from SANS data analyses. The results from 

the SANS data analysis of pure CTAB micelles as well as 

mixed CTAB/SOS micelles are tabulated in Table 1. In pure 

CTAB solutions as well as in mixtures of CTAB and SOS, 

with mole fractions of SOS y = 0.05 and 0.10, rather small 

CTAB-rich micelles are present that were always best fitted 

with a model for monodisperse tri-axial ellipsoids.  

In Fig. 1 SANS data for the sample [CTAB] = 20 mM 

are shown together with best fittings using models for triax-

ial general ellipsoidal micelles as well as oblate and prolate 

spheroidal micelles, respectively. It is seen that the tri-axial 

ellipsoidal model (χ2 = 4.3) gives significantly better 

agreement with data than assuming oblate or prolate sphe-

roids (χ2 = 6.4 and 7.3, respectively). This difference in fit-

ting quality in favour of triaxial ellipsoidal tablet-shaped 

micelles holds true for all our investigated samples in which 

fairly small and monodisperse micelles are present. The mi-

celles are found to grow in size as an increasing amount of 

oppositely charged surfactant (SOS) is added to the CTAB 

solutions. As the micelles grow larger, the difference in fit-

ting quality between ellipsoidal and spheroidal models be-

comes more obvious. For instance, for the sample [y = 0.15, 

20 mM] the tri-axial ellipsoidal model still gives excellent 

agreement with SANS data (χ2 = 2.3) whereas huge devia-

tions between the oblate (χ2 = 26.3) and prolate (χ2 = 60.3) 

spheroidal models and data are found at scattering vector 

moduli larger than about q = 0.15 Å−1 [cf. Fig. 2]. 

As a consequence of our SANS data analysis, we may 

thus conclude that the micelles are shaped as triaxial ellip-

soidal tablets with three half axes a (related to thickness) < 

b (related to width) < c (related to length). The three half 

axes as obtained from our model fitting analysis are plotted 

in Fig. 3 as functions of the total surfactant concentration ct 

≡ [SOS] + [CTAB] for the two cases pure CTAB micelles 

(y = 0) and mixed CTAB/SOS micelles with y = 0.10. It is 

seen that the half axis related to thickness of the micelles (a) 

is fairly constant with respect to surfactant composition and 

more or less identical for pure (y = 0) and mixed (y = 0.10) 

micelles, respectively. The micelles are found to grow with 

respect to width (b) and, to a larger extent, length (c) with 

increasing ct. 
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Table 1 Results from least-square model fitting analysis of SANS data. Dimensional properties (a, b, c, 〈L〉 and lp) are given in units of Ång-

ström (Å) 

 y = 0 y = 0.05 y = 0.10 y = 0.15 y = 0.20 y = 0.25 y = 0.30 
40 mM Ellipsoids 

a = 20.9 
b = 28.2 
c = 36.5 
N = 151 
α = 0.19 
cel = 4 mM 
cmic = 39 mM 

Ellipsoids 
a = 20.8 
b = 29.9 
c = 38.9 
N = 174 
α = 0.18 
cel = 5 mM 
cmic = 38 mM 

Ellipsoids 
a = 20.7 
b = 31.5 
c = 43.9 
N = 212 
α = 0.17 
cel = 6 mM 
cmic = 36 mM 

Polydisperse 
rods 
a = 18.2 
b = 29.1 
〈L〉 = 130 
N = 391 
σL/〈L〉 = 0.61 
α = 0.11 
cel = 7 mM 
cmic = 17 mM 

Polydisperse rods 
a = 18.3 
b = 27.8 
〈L〉 = 600 
N = 1790 
σL/〈L〉 = 0.16 
α = 0.01 
cel = 1 mM 
cmic = 67 mM 

Polydisperse rods 
a = 18.4 
b = 29.1 
〈L〉 = 740 
N = 3000 
σL/〈L〉 = 0.18 
α = 0.01 
cel = 1 mM 
cmic = 65 mM 

Polydisperse worms 
a = 18.1 
b = 32.3 
lp = 107 
 

20 mM Ellipsoids 
a = 20.8 
b = 27.3 
c = 34.7 
N = 138 
α = 0.17 
cel = 2 mM 
cmic = 19 mM  

Ellipsoids 
a = 20.7 
b = 28.7 
c = 36.7 
N = 157 
α = 0.17 
cel = 3 mM 
cmic = 19 mM 

Ellipsoids 
a = 20.7 
b = 30.4 
c = 40.0 
N = 186 
α = 0.16 
cel = 3 mM 
cmic = 19 mM 

Ellipsoids 
a = 20.6 
b = 32.0 
c = 45.5 
N = 228 
α = 0.15 
cel = 4 mM 
cmic = 18 mM 

Polydisperse rods 
a = 18.4 
b = 31.2 
〈L〉 = 95.7 
N = 322 
σL/〈L〉 = 0.77 
α = 0.16 
cel = 4 mM 
cmic = 4.4 mM 

Polydisperse rods 
a = 18.4 
b = 28.7 
〈L〉 = 560 
N = 1780 
σL/〈L〉 = 0.32 
α = 0.03 
cel = 2 mM 
cmic = 18 mM 

Polydisperse rods 
a = 18.3 
b = 31.3 
〈L〉 = 1110 
N = 3900 
σL/〈L〉 = 0.23 
α = 0.01 
cel = 6 mM 
cmic = 24 mM 

10 mM Ellipsoids 
a = 20.4 
b = 27.0 
c = 32.5 
N = 125 
α = 0.16 
cel = 1 mM 
cmic = 9 mM 

Ellipsoids 
a = 20.5 
b = 27.8 
c = 34.4 
N = 142 
α = 0.16 
cel = 1 mM 
cmic = 9 mM 

Ellipsoids 
a = 20.5 
b = 29.6 
c = 36.6 
N = 164 
α = 0.13 
cel = 1 mM 
cmic = 9 mM 

Ellipsoids 
a = 20.5 
b = 31.3 
c = 40.8 
N = 199 
α = 0.21 
cel = 3 mM 
cmic = 9 mM 

Ellipsoids 
a = 20.3 
b = 33.1 
c = 45.9 
N = 242 
α = 0.18 
cel = 3 mM 
cmic = 8 mM 

Polydisperse rods 
a = 18.5 
b = 33.8 
〈L〉 = 86.9 
N = 330 
σL/〈L〉 = 0.75 
α = 1.6 
cel = 11 mM 
cmic = 2 mM 

Polydisperse rods 
a = 18.2 
b = 31.1 
〈L〉 = 547 
N = 1920 
σL/〈L〉 = 0.22 
α = 0.10 
cel = 4 mM 
cmic = 7 mM 

 

 

 

Fig. 1 Normalized scattering cross section as a function of the scat-

tering vector q for CTAB in deuterium oxide at an overall surfac-

tant concentration [CTAB] = 20 mM. Symbols represent SANS da-

ta and the lines represent the best available fit with a model for 

general ellipsoids (solid line), oblate spheroids (dashed line) and 

prolate spheroids (dotted line). The quality of the fits as measured 

by χ2 is 4.3 (solid line), 6.4 (dashed line) and 7.3 (dotted line). The 

result of the best fit is given in Table 1. 

 
 
 
 

 

 
Fig. 2 Normalized scattering cross section as a function of the scat-

tering vector q for a mixture of SOS and CTAB in deuterium oxide 

at a given mole fraction of SOS in solution y = 0.15 and an overall 

surfactant concentration [CTAB] + [SOS] = 20 mM. Symbols rep-

resent SANS data and the lines represent the best available fit with 

a model for general ellipsoids (solid line), oblate spheroids (dashed 

line) and prolate spheroids (dotted line). The quality of the fits as 

measured by χ2 is 2.3 (solid line), 26.3 (dashed line) and 60.3 (dot-

ted line). The result of the best fit is given in Table 1. 
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Fig. 3 Half axes related to thickness (squares), width (circles) and 

length (triangles), as determined by the SANS data analyses, plot-

ted against the total concentration of surfactants [CTAB] + [SOS]. 

Filled symbols corresponds to pure CTAB micelles whereas open 

symbols represents mixed micelles with mole fraction of SOS y = 

0.10. 

 

3.1.2 Growth behaviour of mixed CTAB/SOS micelles. 

Examples of normalized SANS data together with model 

fits for mixed micelles that grow moderately with surfactant 

concentration (y = 0.10) are shown in Fig. 4. Intermicellar 

interactions increase strongly with increasing concentration 

of micelles and has an obvious impact on the scattering data 

displayed as a decrease in the scattering intensity below 

about q = 0.03 Å−1. Nevertheless, the micelles are found 

from our SANS data analysis to grow slightly in size with 

increasing surfactant concentration. Due to the interactions 

this growth in size is less obvious from the appearances of 

the scattering curves than for a system of more weakly in-

teracting micelles. The consequences of the micellar growth 

may, nevertheless, be seen as a slight increase in scattering 

intensity in the vicinity of the maxima of the curves. 

The aggregation numbers N have been calculated from 

the geometrical dimensions of the micelles by simply divid-

ing the volume of a micelle with the average surfactant mo-

lecular volume. N is included in Table 1 as well as plotted 

against the surfactant concentration in Fig. 5. The aggrega-

tion number is found to monotonously increase with surfac-

tant concentration ct for a given composition y. The smallest 

micelles are formed in pure CTAB solutions and the aggre-

gation number (N > 125) is found to considerably exceed 

the value (Nmax = 95) consistent with strictly spherical mi-

celles as calculated from the procedure suggested by Tan-

ford1,34. For low fractions of SOS, i.e. y ≤ 0.10, the aggrega-

tion number grow rather weakly with increasing surfactant 

concentration and the micelles are found to be shaped as 

fairly monodisperse ellipsoids at all investigated concentra-

tions. 

 

Fig. 4 Normalized scattering cross section as a function of the scat-

tering vector q for mixtures of CTAB and SOS in deuterium oxide 

for a given mole fraction of SOS in solution y = 0.10. The overall 

surfactant concentrations of the samples are [SOS] + [CTAB] = 40 

mM (squares), 20 mM (circles) and 10 mM (triangles). Symbols 

represent SANS data and the solid lines represent the best available 

fits with a model for general ellipsoids. The results of the fits are 

given in Table 1. The quality of the fits as measured by χ2 is 3.5 

(squares), 2.4 (circles) and 2.6 (triangles). 

  

Fig. 5 The micelle aggregation number (N) plotted against volume 

fraction of surfactants aggregated in micelles at different mole frac-

tion of SOS. Symbols represent experimental data obtained from 

SANS data analyses at different mole fractions of SDS (y = 0 (as-

terisk), y = 0.05 (circles), y = 0.10 (squares), y = 0.15 (up triangles) 

and y = 0.20 (down triangles). The lines represents theoretical pre-

dictions from the general micelle model, where the three bending 

elasticity constants H0, kc and ��� have been optimized to generate 

best agreement between theory and data. The resulting values of H0, 

kc and ��� are given in Table 2. 

 

The corresponding N versus ct plot may rather accurate-

ly be described with the linear function N = A + Bln(ct/mM) 

with values of intercept and slope equal to A = 81.8, B = 
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18.8 (y = 0), A = 88.5, B = 23.1 (y = 0.05) and A = 83.6, B = 

34.6 (y = 0.10). The critical micelle concentration (cmc) for 

CTAB is about 1 mM which means that the intercept (A) 

roughly corresponds to the aggregation number at cmc. It is 

found to be rather constant for the three series and agrees 

well with the previously determined number N = 91 (in H2O 

at 35 °C) obtained with static light scattering.42 Notably, by 

means of extrapolating the experimentally determined half 

axes b and c for pure CTAB micelles one obtains almost ob-

late spheroidal micelles with a = 20 Å, b = 24.7 Å and c = 

25.9 Å at cmc ≈ 1 mM. In contrast to the intercept, the slope 

(B) is found to increase significantly with y, indicating that 

the micelles grow increasingly stronger as the fraction of 

SOS in the micelles is increased. 

SANS data for the composition y = 0.20, together with 

model fits, are shown in Fig. 6 for different total surfactant 

concentrations. It is evident from the increase in scattering 

intensity in the low-q regime that the aggregation number 

changes more conspicuously with surfactant composition at 

higher fractions of SOS. In accordance, when increasing ct 

above 20 mM at y = 0.15 and 0.20, N raises dramatically 

and the quality of the model fits could be significantly im-

proved by employing a model for polydisperse rods with 

volume-weighted average length 〈L〉 and an elliptical cross-

section with half axis a and b, rather than a model for mon-

odisperse ellipsoids. This sudden change in the extent of 

growth above a certain surfactant concentration has previ-

ously been observed for several systems and is often re-

ferred to as the second cmc.2,4-7 It is generally believed that 

the appearance of a second cmc indicates the transition from 

spherical micelles, which grow only weakly with ct, to rod-

shaped micelles that are expected to show much stronger 

growth behaviour. However, the aggregation numbers of 

mixed CTAB/SOS micelles at the second cmc are found to 

be larger than about N = 200 or 300, i.e. far beyond aggre-

gation numbers consistent with the presence of strictly 

spherical micelles with a maximum radius set by the length 

of a fully stretched out C16 tail, i.e. Nmax = 101 at y = 0.15 

and Nmax = 103 at y = 0.20 (see ESI for calculations). Nota-

bly, a sudden growth of small spheroidal or ellipsoidal to 

much larger rodlike or wormlike micelles was also recently 

observed in SOS-rich samples of SOS and CTAB by chang-

ing the surfactant concentration slightly before the point of 

transition to bilayer aggregates.20,21 

Further increasing the amount of SOS, the second cmc 

is shifted to even lower concentrations. In accordance, long 

polydisperse rodlike micelles are observed at all measured 

concentrations at y = 0.25, indicating that the second cmc is 

lower than 10 mM. The micelles grow strongly with in-

creasing surfactant concentration. At y = 0.30 the micelles 

grow beyond 1000 Å and at 40 mM long wormlike or 

threadlike micelles are present that are too large for their 

size to be determined with SANS. At y = 0.35, long thread-

like micelles are found to coexist with vesicles and other bi-

layer aggregates. 

 

Fig. 6 Normalized scattering cross section as a function of the scat-

tering vector q for mixtures of CTAB and SOS in deuterium oxide 

for a given mole fraction of SOS in solution y = 0.20. The overall 

surfactant concentrations of the samples are [SOS] + [CTAB] = 40 

mM (squares), 20 mM (circles) and 10 mM (triangles). Symbols 

represent SANS data and the solid lines represent the best available 

fits with a model for general ellipsoids (triangles) or polydisperse 

rodlike micelles with an elliptical cross-section (squares and cir-

cles). The results of the fits are given in Table 1. The quality of the 

fits as measured by χ2 is 3.7 (squares), 2.2 (circles) and 1.6 (trian-

gles). 

 

As discussed above, the structure factor we have em-

ployed in the SANS data analysis is strictly valid for rather 

small and compact micelles. Hence, the structure factor is 

expected to underestimate intermicallar interactions for sub-

stantially elongated and polydisperse micelles. As a result, 

the aggregation numbers as obtained for samples where data 

were fitted with a model for long and polydisperse micelles 

are probably somewhat underestimated. This effect is ex-

pected to increase with increasing size of the micelles. 

Hence, there are reasons to believe that the extent of micel-

lar growth at y = 0.25 and 0.30, in reality, is considerably 

stronger than indicated from our fitting results displayed in 

Table 1. 
 

3.1.3 Geometrical shape of mixed CTAB/SOS micelles. 

In Fig. 7 the half axis related to length (c) (or 〈L〉/2 for sam-

ples that were best fitted with the model for polydisperse 

rods) is plotted against ct for the various compositions. It is 

seen that the dependence of the length of the micelles on 

surfactant concentration follows closely the corresponding 

behaviour of the aggregation number. In accordance, the 

micelle length is found to increase only slightly with ct for 

pure CTAB micelles as well as mixed micelles with y = 

0.05 and 0.10, whereas the length increases more abruptly 

above about ct = 20 mM at y = 0.15 and 0.20 as the second 

cmc is reached. 
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Fig. 7 The half axis related to length (c) of ellipsoidal micelles or 

the average half-length of polydisperse rods 〈L〉/2, as determined by 

the SANS data analyses, plotted against the total concentration of 

surfactants [CTAB] + [SOS] at different mole fraction of SOS, y = 

0 (squares), y = 0.05 (circles), y = 0.10 (up triangles), y = 0.15 

(down triangles) and y = 0.20 (diamonds). 

   

Fig. 8 The half axis related to width (b), as determined by the 

SANS data analyses, plotted against the total concentration of sur-

factants [CTAB] + [SOS] at different mole fraction of SOS, y = 0 

(squares), y = 0.05 (circles), y = 0.10 (up triangles), y = 0.15 (down 

triangles) and y = 0.20 (diamonds). 

 

Fig. 8 shows the corresponding plot for the half axis re-

lated to the width. The change in width also shows a strong 

correlation to the micellar growth behaviour. Most interest-

ingly, it looks completely different as compared to the be-

haviours of aggregation number and length. In accordance, 

the micelle width is found to increase slightly with surfac-

tant concentration for the three compositions where micelles 

grow weakly with ct, i.e. y = 0, 0.05 and 0.10. At y = 0.15 

the width also increases slightly in the weakly growing re-

gime as ct is increased from 10 to 20 mM. However, as ct is 

increased beyond 20 mM, i.e. the concentration above 

which N and 〈L〉 increases dramatically with ct as the second 

cmc is reached, the width is found to decrease with increas-

ing ct. This behaviour is even more evident for the composi-

tion y = 0.20, where the micelle width is found to monoto-

nously decrease with increasing ct in the entire regime of 

measured concentrations in-between 10 and 40 mM. 

3.2 Theoretical calculations and comparison with experi-

ments 

3.2.1  The general micelle model. We have recently 

demonstrated that the behaviour of generally shaped triaxial 

micelles with distinct thickness, width and length may be 

rationalized from a theoretical point of view by the general 

micelle model.22 The general micelle model combines ther-

modynamics of self-assembly with bending elasticity theory 

and may be described by the following relation that gives 

the volume fraction φmic of surfactants aggregated in triaxi-

al, generally shaped, micelles as a function of the dimen-

sionless half width r 22  
 

3�4� = 56789:
;.< = >?<@A5?@5<

B@CD? EFGH�?�F5B?F�5D?<IJK
L  (3) 

 

The theory is based on the geometrical model of triaxial tab-

let-shaped shown in Fig. S1 in the ESI. The general micelle 

model demonstrates that at least three parameters are neces-

sary to fully describe the behaviour of surfactant micelles. 

In accordance with the Helfrich expression43, the three 

bending elasticity constants spontaneous curvature (H0), 

bending rigidity (kc) and saddle splay constant (���) are able 

to describe different aspects of a curved surfactant mono-

layer, for instance a micelle. The three bending elasticity 

constants may be interpreted as thermodynamic parameters 

and calculated from a suitable molecular model by means of 

minimizing the free energy per molecule of a surfactant in-

terfacial layer at given values of H and K.44-46 

The additional quantities that appear in eqn (3) are de-

fined as follows. ξ denotes the half thickness of the tablet-

shaped micelles and -. is the average surfactant volume. M ≡ 

N�OP/�R is the reduced and γp the real planar interfacial ten-

sion of a self-assembled interface. S ≡ 2UV3�� + 2��� −
8N��YLZ/�R + 4UM, & ≡ U���1 − 4NYL�/�R + 2UM and 

\ ≡ 2U��/�R are three dimensionless parameters taking in-

to account the bending free energy. The ψ-function (0 < ψ < 

1) equals unity in the limit r → 0 and zero as r → ∞. More 

details, including the derivation of eqn (3), are provided in 

ref 22. 

The distributions in length and width of generally 

shaped micelles may be deduced from eqn (3) and, as a re-

sult, it is straight forward to calculate the average width 〈Ω〉 

≡ 2(〈R〉 + ξ) and length 〈Λ〉 ≡ 〈L〉 + 〈Ω〉 as functions of the 

concentrations of aggregated surfactants. By means of di-

viding the average volume of a micelle with the average 

surfactant molecular volume it is thus straight forward to 

calculate the micelle aggregation number as a function of 

φmic and surfactant concentration. 
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3.2.2 Growth behaviour and aggregation number. In ac-

cordance with our experimental results, we have set the half 

thickness of the micelles equal to ξ = 20 Å in eqn (3) for all 

surfactant compositions whereas the molecular volume was 

set to its appropriate value -. = ]-.+,+ + �1 − ]�-./012 . This 

leaves the three bending elasticity constants H0, kc and ��� as 

unknown parameters in eqn (3). Hence, by means of opti-

mizing the agreement between theory and experimental ag-

gregation numbers with respect to H0, kc and ��� we are able 

to generate theoretical growth curves. Thus, the aggregation 

numbers of mixed CTAB/SOS micelles, as predicted from 

the general micelle model, as functions of the volume frac-

tion of aggregated surfactant are plotted in Fig. 5, together 

with experimental results, for the different compositions we 

have investigated and the resulting values of H0, kc and ���  
are tabulated in Table 2. 

 

Table 2 The bending elasticity constants bending rigidity (kc), 

saddle-splay constant (���) and half micellar thickness times spon-

taneous curvature (ξH0) as obtained by optimizing the agreement 

between the general micelle model and experimental results 

 

  kc/kT �̂�/kT ξH0 ξkcH0/kT 

CTAB 3.4 < −11.5 > 0.45 > 1.5 

y = 0.05 3.0 < −8.0 > 0.37 > 1.1 

y = 0.10 2.6 < −4.0 > 0.31 > 0.81 

y = 0.15 2.3 1.35 0.38 0.87 

y = 0.20 1.5 9.1 0.36 0.54 

 

The general micelle model predicts weakly growing mi-

celles at low surfactant concentrations followed by a rather 

sharp and progressively steeper increase in N above concen-

trations roughly corresponding to the second cmc, in very 

good agreement with experiments. Since the three bending 

elasticity constants H0, kc and ��� influence the growth curves 

in fundamentally different ways, it is, in principle, possible 

to unambiguously determine all three bending elasticity 

constants from experimental growth curves comprising at 

least three aggregation numbers below as well as above the 

second cmc. The statistical errors of the aggregation num-

bers shown in Fig. 5 are very small and the detailed appear-

ance of the growth curves is very sensitive to each of the 

three bending constants. As a result, the three parameters 

are virtually uncorrelated and can be determined rather ac-

curately from our data. This is supported by the reasonable 

values and trends of the resulting H0, kc and ��� as given in 

Table 2. 

The saddle-splay constant is expected to influence the 

size of a self-assembled surfactant aggregate, thus favouring 

large aggregates for high values of ���.47,48 For micelles, it 

turns out that the saddle-splay constant mainly has the effect 

of shifting the curve along the x-axis, which means that its 

value is largely determined by the location of the second 

cmc at the sharp increase in aggregation number. The higher 

value of ��� , the lower is the second cmc. At low fractions of 

SOS, i.e. y = 0, 0.05 and 0.10, a second cmc is never ob-

served in the range of measured concentrations. This simply 

means that  ��� is too low for the second cmc to appear in 

our experimental results and we may only conclude that ��� 
must fall below a certain value as indicated in Table 2. Suf-

ficiently low values of ���  may correspond to a second cmc 

close to, or even above, φmic = 1 implying that the micelles 

will grow moderately in the entire range of surfactant con-

centrations. 

The spontaneous curvature is expected to directly influ-

ence the size of micelles since the micelles become less 

curved as the aggregation number increases.48 It is found 

that H0 mainly has the effect of shifting the curve vertically 

along the y-axis, while influencing the second cmc only 

slightly. Thus, lower values of H0 correspond to higher val-

ues of N and vice versa. In the cases where a second cmc is 

not observed within the range of measured surfactant con-

centrations (y = 0, 0.05 and 0.10), and we are not able to de-

termine ���, H0 as determined from the optimization depends 

on the chosen value of ��� which means that we are only 

able to determine a minimum value of H0 as indicated in 

Table 2. Notably, we have chosen to include kcH0, in addi-

tion to H0, in Table 2 since this quantity is easier to physi-

cally interpret than the bare spontaneous curvature H0.
44,45,49 

The always positive quantity bending rigidity kc has no 

direct influence on the size of surfactant aggregates but is 

related to the geometrical heterogeneity of the aggre-

gates.22,48 In accordance, low values of kc promote a high 

polydispersity of the aggregates.31 For micelles it follows 

that kc determines the appearance of the N versus φmic curve 

in the way that high values of kc gives a rather sharp and ab-

rupt increase of N at the second cmc, whereas the growth 

behaviour appears smoother and the second cmc less well-

defined as kc assumes lower values. This difference in ap-

pearance of the growth curves is clearly seen for the two 

cases y = 0.15 (kc/kT = 2.3) and y = 0.20 (kc/kT = 1.5) in Fig. 

5. 

It is also possible to determine kc from the growth 

curves at y = 0, 0.05 and 0.10 that are located below the se-

cond cmc, assuming that the experimental values are still 

fairly close to the second cmc. Here, kc determines the slope 

of the nearly linear curves shown in Fig. 5. Thus, the slope 

increases in magnitude with decreasing values of kc. As a 

result, the bending rigidity is found to decrease with in-

creasing mole fraction of SOS, i.e. kc/kT = 3.4 (y = 0), 3.0 (y 

= 0.05) and 2.6 (y = 0.10), for mixed CTAB/SOS micelles.  

This decrease in bending rigidity with increasing frac-

tion of SOS is in qualitative agreement with theoretical es-

timates according to which the process of mixing surfac-

tants have an explicit effect to reduce the magnitude of kc.
50-

52 This effect is expected to be particularly evident in mix-

tures of two oppositely charged surfactants.45 Notably, the 

derivative of N with respect to surfactant concentration is 

directly related to the polydispersity through eqn (1), which 

means that kc is expected to directly influence the polydis-

persity of micelles (see section 3.3 below). 
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3.2.3 The geometrical shape and its correlation with 

growth behaviour. The general micelle model not only 

predicts the change in aggregation numbers with surfactant 

concentration as shown in Fig. 5. The theory also predicts 

the geometrical shape of micelles and its relation to the 

growth behaviours. In Figs. 9 and 10 we have plotted the 

average length 〈Λ〉 and width 〈Ω〉, respectively, of micelles, 

as theoretically predicted by the general micelle model, 

against volume fraction of surfactant aggregated in micelles. 

The length is found to depend on surfactant concentration in 

a similar way as the aggregation number does according to 

Fig. 5. As a result, the curves much resemble the experi-

mental plots of the half axis related to length (c) versus sur-

factant concentration shown in Fig. 7. 

 

Fig. 9 The average length (〈Λ〉) of micelles plotted against volume 

fraction of surfactants aggregated in micelles at different mole frac-

tion of SOS. The lines represent theoretical predictions using the 

general micelle model with the bending elasticity constants H0, kc 

and ��� set to their optimized values given in Table 2. 

 

Most interestingly, the theoretically obtained micelle 

widths plotted in Fig. 10 behave in the same way as the ex-

perimentally obtained half axis related to width (b) shown 

in Fig. 8. In accordance with both theory and experiments, 

the micelle width is found to slightly increase with concen-

tration in regions where micelles grow weakly, whereas the 

width reaches a maximum and begins to decrease in re-

gimes above the second cmc where micelles grow strongly. 

Hence, we are able to conclude that, according to both 

experiments and theoretical predictions, there is a strong 

correlation between growth behaviour and geometrical 

shape of the micelles. The weak growth behaviour found at 

y = 0, 0.05 and 0.10, and at low concentrations at y = 0.15 

and 0.20, may be rationalized as a consequence of the fact 

that the local curvature of the micelle interfaces changes 

with increasing aggregation number as both width and 

length increases in magnitude. In accordance, the extent of 

the micellar growth is inhibited in this region by an energet-

ic penalty due to changes in local curvature. 

 

Fig. 10 The average width (〈Ω〉) of micelles plotted against volume 

fraction of surfactants aggregated in micelles at different mole frac-

tion of SOS. The lines represent theoretical predictions using the 

general micelle model with the bending elasticity constants H0, kc 

and ��� set to their optimized values given in Table 2. 

 

According to both theory and experiments at y = 0.15, 

micelles grow more strongly in length, whereas the width is 

found to decrease, above about the second cmc. The maxi-

mum in width is found at about φmic = 0.02 in the theoretical 

curve for y = 0.15 [cf. Fig. 10], which roughly corresponds 

to cmic = 60 mM. In contrast, the maximum in width is lo-

cated at about 20 mM according to experiments [cf. Fig. 8]. 

Likewise, according to the experimental results for y = 0.20, 

shown in Fig. 8, b decreases in the entire range of measured 

concentrations, indicating that the maximum in width is lo-

cated below ct = 10 mM. The corresponding theoretical pre-

dictions imply a slight increase in width between φmic = 

0.003 and 0.006 (roughly corresponding to ct = 10 and 20 

mM, respectively) with a maximum located at φmic = 0.007 

(i.e. slightly above ct = 20 mM). Despite this discrepancy 

between theory and experiments regarding the absolute lo-

cation of the maximum in width, it is clearly seen, as the 

two theoretical curves for compositions y = 0.15 and 0.20 in 

Fig. 10 are compared, that the maximum in width is signifi-

cantly shifted towards lower surfactant concentrations as the 

fraction of SOS is raised, in agreement with the experi-

mental observations displayed in Fig. 8. 

The experimental observations of the second cmc, as 

well as of the width of micelles reaching a maximum fol-

lowed by a decrease as the surfactant concentration is raised 

beyond the second cmc, may be rationalized as a result of 

micellar curvature effects taken into account by the general 

micelle model. The driving force for micelles to grow in 

width, in addition to length, is the reduction in curvature en-

ergy of the semi-toroidal end caps. We have previously 
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demonstrated that, in accordance with the general micelle 

model, the width and length within a size distribution of tri-

axial tablet-shaped micelles, are coupled in the free energy 

expression for tablet-shaped micelles.22,53 As a conse-

quence, width and length are strongly correlated. Thus, the 

width always decreases with increasing length within a sin-

gle distribution of micelles with different lengths and 

widths. This means that micelles, in order to grow substan-

tially in length, must reduce their width. As a consequence, 

micelles become less wide, and more resembles spherocy-

lindrical micelles, as they grow sufficiently long. However, 

decreasing the width means that the curvature energy is 

raised and, in order to counteract this increase in end cap 

curvature energy, the micelles start to grow more strongly in 

length, thus reducing the number of micelles and unfavour-

able end caps. 

3.3 Polydispersity of mixed CTAB/SOS micelles. 

It is possible to calculate the polydispersity as a function of 

surfactant concentration for any given function of N versus 

φmic using the important relation derived by Hall and Pethi-

ca11 shown in eqn (1). As a result, it is possible to determine 

the polydispersity of micellar systems once the growth be-

haviour is understood from a theoretical point of view. In 

accordance, we have plotted the volume-weighted relative 

standard deviation σN/〈N〉 as a function of φmic in Fig. 11 for 

the various investigated surfactant compositions of mixed 

CTAB/SOS micelles. It is seen that the polydispersity, as 

expected, is rather low for weakly growing micelles and in-

creases slightly from about σN/〈N〉 = 0.35 (y = 0) to 0.45 (y 

= 0.10) depending on surfactant composition. The polydis-

persity is found to be fairly constant with respect to surfac-

tant concentration (as a matter of fact it slightly decreases 

with φmic). At the compositions y = 0.15 and 0.20, σN/〈N〉 is 

fairly constant, equalling about 0.5, at low surfactant con-

centrations, but increases sharply above the second cmc and 

may eventually exceed unity. 

The trends in polydispersity shown in Fig. 11 qualita-

tively agree very well with our experimental observations. 

In accordance, the SANS data for weakly growing micelles 

formed at low fractions of SOS, as well as at low surfactant 

concentration at higher fractions of SOS y = 0.15 and 0.20, 

could be fitted with a model for monodisperse ellipsoidal 

micelles. On the other hand, it was necessary to include 

polydispersity in the models used to fit data for samples 

above the second cmc. However, the quantitative numbers 

for σL/〈L〉, as obtained from our SANS data analysis for 

polydisperse rodlike micelles and included in Table 1, ap-

pears considerably smaller than expected from the observed 

growth behaviour. Probably, comparatively strong intermi-

cellar interactions among substantially elongated micelles 

may interfere and influence the scattering data so that the 

apparent polydispersity becomes underestimated and signif-

icantly lower as compared to reality. Nevertheless, the pol-

ydispersity σL/〈L〉 = 0.77, as obtained from our model fitting 

analysis for the sample [y = 0.20, 20 mM] (corresponding to 

φmic ≈ 0.006), is in fair agreement with the result shown in 

Fig. 11. 

 

Fig. 11 The relative standard deviation σN/〈N〉 of mixed 

CTAB/SOS micelles at different mole fractions of SDS (y = 0 (sol-

id line), y = 0.05 (dashed line), y = 0.10 (dotted line), y = 0.15 

(dash-dotted line) and y = 0.20 (dash-dot-dotted line). The lines 

have been as calculated using eqn (1) for the various theoretical 

curves shown in Fig. 5. 

 

A polydispersity equal to σN/〈N〉 = 1, as expected for 

strictly spherocylindrical micelles in the limit of large ag-

gregation numbers48,54,55, corresponds to dN/dln φmic = N in 

accordance with eqn (1). As a result, the spherocylindrical 

micelle model appears to underestimate the polydispersity 

as well as the extent of growth of micelles formed above the 

second cmc. As a matter of fact, enormous concentration-

induced growth behaviours, exceeding dlnN/dln φmic = 1, 

have frequently been observed in systems with long worm-

like micelles.14-16 

Conclusions 

We have demonstrated, using small angle-neutron scatter-

ing, that the growth behaviour of mixed CTAB-rich hexa-

decyl trimethylammonium bromide (CTAB)/sodium do-

decyl sulphate (SOS) micelles is strongly influenced by the 

surfactant composition in the micelles. In accordance, pure 

CTAB micelles grow only weakly with increasing surfac-

tant concentration, and the extent of growth increases slight-

ly as a small amount of SOS is added.  At higher SOS mole 

fractions, the micelle aggregation number is found to in-

crease progressively from a weakly growing regime at low 

surfactant concentrations to a strongly growing regime 

above a certain concentration. This transition from a weakly 

to a strongly growing regime has frequently been observed 

in the past and is usually referred to as the second cmc.2,4-7  

Above this concentration, the extent of micellar growth be-

comes conspicuously strong. Moreover, from SANS data 
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analysis we have been able to determine the detailed geo-

metrical shape of the micelles in order to correlate changes 

in geometry with micellar growth behaviour. It turns out 

that micelles grow weakly with respect to both width and 

length at low SOS mole fractions, as well at low surfactant 

concentrations at higher fractions of SOS, whereas the 

length increases strongly while the width decreases above 

the second cmc. 

Our experimental results have been rationalized and 

compared with predictions deduced from the recently de-

veloped general micelle model22. The theory takes into ac-

count bending elasticity properties in terms of the three 

quantities spontaneous curvature (H0), bending rigidity (kc) 

and saddle-splay constant (���). The theoretically predicted 

growth curves, as optimized with respects to H0 kc and ���, 
gives excellent agreement with experimental results. More-

over, the theoretical model predicts the observed change in 

micelle geometry with increasing surfactant concentration. 

That is, weakly growing micelles grow with respect both 

width and length whereas strongly growing micelles grow 

considerable in length while decreasing in width as the sur-

factant concentration is raised above the second cmc. In ac-

cordance with theoretical predictions, the growth behaviour 

may be rationalized as a consequence of changes in local 

curvature in the semi-toroidal end caps upon varying both 

width and length. This gives rise to a curvature energetic 

penalty, upon increasing both width and length, which in-

hibits the extent of growth of the micelles. As the micelles 

grow longer they become less wide due to a coupling be-

tween width and length in a micelle distribution. Conse-

quently, the end cap curvature energy is raised for consider-

ably elongated micelles and, as a result, the micelles start to 

grow more strongly in size in order to reduce the number of 

micelles and unfavourable end caps. 

By means of optimizing the agreement between the gen-

eral micelle model and experimental results we have been 

able to determine the three bending elasticity constants 

spontaneous curvature (H0), bending rigidity (kc) and sad-

dle-splay constant (���) for mixed CTAB/SOS micelles. It is 

found that both kc and kcH0 decreases with an increasing 

mole fraction of SOS whereas  ��� increases from negative 

values for pure CTAB micelles to positive values for mixed 

CTAB/SOS micelles that display a second cmc. These 

trends for all bending elasticity constants qualitatively agree 

with calculations using the Poisson-Boltzmann mean field 

theory for ionic surfactant systems.41,45 
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