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In this paper we study the role of topology in DNA gel electrophoresis experiments via molecular dynamics simulations. The

gel is modelled as a 3D array of obstacles from which half edges are removed at random with probability p, thereby generating a

disordered environment. Changes in the microscopic structure of the gel are captured by measuring the electrophoretic mobility

of ring polymers moving through the medium, while their linear counterparts provide a control system as we show they are

insensitive to these changes. We show that ring polymers provide a novel, non-invasive way of exploiting topology to sense

microscopic disorder. Finally, we compare the results from the simulations with an analytical model for the non-equilibrium

differential mobility, and find a striking agreement between simulation and theory.

1 Introduction

The transport properties of circular polymers moving

in crowded environments has been studied for several

decades1–9, but a complete understanding remains elusive. As

well as providing an interesting problem in theoretical physics

in which topology plays a role, the dynamics of ring polymers

in complex environments is a problem that has important prac-

tical applications.

Gel electrophoresis, a ubiquitous technique10–13, relies on

the fact that polymers with different molecular weight, length

or topology migrate at different speeds when forced to move

through an intricate medium, like an agarose gel, by the action

of an electric field14–17. This allows the separation of poly-

mers with different physical properties and is systematically

used for DNA identification and purification10. However, rel-

atively little is known about how ring polymers move through

a real gel5,6,11,18,19.

Previous theoretical models have often treated gels as a per-

fect mesh of obstacles4,8,9,18,20. On the other hand, it is well

known that physical gels have irregularities, such as dangling

ends19,21,22. These are more common in agarose gels formed

at low agarose concentrations because many of the agarose

bundles fail to cross-link with other fibers, thereby generating

partially cross-linked open strands21. More recently, dangling

ends have also been directly observed in artificial gels made of

solid nano-wires using transmission electron microscopy22.
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The presence of these dangling ends plays a very weak

role when linear polymers are undergoing gel electrophore-

sis. Conversely, gel electrophoresis experiments involving

polymers with looped structures are expected to depend rather

strongly on the topological interactions between the polymers

and the gel structure (see Fig. 1). When a dangling end threads

through the ring polymer, the latter becomes “impaled” and

its free motion is re-established only when the threading is re-

moved. This makes the presence of dangling ends in the gel

a crucial element for any realistic model aiming to faithfully

describe gel electrophoresis dynamics of polymers with an ar-

chitecture that includes one or more closed loops.

Here we study the dynamical properties of charged rings

subject to an external electric field that move within a mesh of

obstacles that is regular except for the presence of randomly

positioned dangling ends. These defects strongly interact with

the topology of the rings and these interactions may give rise

to striking, counter-intuitive behaviour.

In particular we show that, in the regime of strong elec-

tric field and sufficiently high concentration of dangling ends,

rings migrate slower as the external bias (field) is further in-

creased. This gives rise to negative differential mobility23–25.

The phrase “getting more from pushing less” has often been

used to describe this behaviour, where the flux generated by

external fields is smaller for stronger fields than for weaker

ones. The system we study therefore represents an interest-

ing new example of negative differential mobility. Later in tis

article we exploit some recent theoretical results to relate the

source of this unusual behaviour to the correlation between

forces and displacements.

The topological interactions between ring polymers and the

gel architecture can also provide information on the micro-
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scopic structure of the gel. Our results suggest that a gel elec-

trophoresis experiment can establish the level of disorder in

the medium by comparing the results obtained by running lin-

ear and ring polymers. This represents a novel way to ex-

ploit topology preservation to “sense” the disorder in the mi-

croscopic structure of a material in a non-invasive way.

The paper is structured as follows: In Sec. 2 we introduce

the model and describe the computational details. In Sec. 3

we present our findings and compare them with analytic pre-

dictions. In Sec. 4 we give our conclusions and discuss further

the application of topology as a method for sensing the micro-

scopic disorder in materials.

2 Model and Methods

The random gel through which the rings move is modelled as

a regular cubic lattice in which a fraction p of dangling ends

is produced by halving randomly the edges of the cubic lat-

tice with probability p. A typical configuration of this random

mesh is reported in Fig. 1. By properly tuning the value of

p, random meshes with different average number of dangling

ends can be obtained. The lattice spacing of the gel is 200 nm

and has been chosen to reproduce the pore size of an agarose

gel at 5%26. While this value is rather high for the gel used in

standard experiments of gel electrophoresis, it is comparable

to the typical gel lattice spacing involved in high resolution

experiments where, for instance, polyacrylamide gel at 5%T

and 2.7%C27 is considered. This value is also well within the

range of pore-sizes accessible to arrays of solid nano-wires22,

which represents a candidate for ultra-fast gel electrophoresis.

The mesh of the gel is here constructed as a cubic lattice made

of static beads of diameter σg = 10σ , where σ is the size of

the beads forming the polymer chains (see below). By taking

σ = 2.5 nm, which is the typical diameter size of hydrated ds-

DNA, the thickness of the mesh is 25 nm which is compatible

with the typical diameter of either agarose bundles (30 nm26)

and nano-wires (20 nm22). Note that the gel is assumed not to

significantly deform due to both, thermal fluctuations or col-

lision events with the beads of the moving polymers. This is

something of an oversimplification for agarose or polyacry-

lamide gels, which have a relatively small Young’s modulus,

but it is quite reasonable for gels made of solid nano-wires,

whose Young’s modulus is 105 times bigger than the agarose

one22. Our gel structure can therefore be interpreted as a close

representation of the structure of solid nano-wires mentioned

above, or a (zero order) approximation of an agarose or poly-

acrylamide gel. This assumption of rigidity has significant

computational advantages in terms of algorithmic speed.

Rings moving through the gel are modelled by a set of N cir-

cular worm-like chains each of M beads of diameter σ = 2.5
nm. Here we consider either systems of N = 10 rings with

M = 512 beads each or systems of N = 20 rings and M = 256

beads. These two cases correspond to circular DNA of about

3.7 kbp (contour length Lc ≃ 1.3 µm) and 1.9 kbp (Lc ≃ 0.65

µm) respectively. The whole system is contained within a

box of linear dimension L = 320σ and has periodic bound-

ary conditions in all three directions. In both cases, the sys-

tem volume fraction is φ ≃NMσ3/(L3−Vgel(p)). 1.6 ·10−4,

much smaller than the value at which the chains start to over-

lap (φ ∗ = 33.3 ·10−4). This means that the systems are in the

dilute limit. Interactions between rings are therefore neglected

in the analytic calculations, although they do occur (rarely) in

the simulations. In the following we shall indicate with rrri the

position of the center of the i-th bead and with dddi, j ≡ rrri−rrr j the

virtual bond vector of length di, j connecting beads i and j. The

connectivity of the chain is treated within the finitely extensi-

ble non-linear elastic model28 with potential energy defined

as,

UFENE(i, i+1) =− k

2
R2

0 ln

[

1−
(

di,i+1

R0

)2
]

for di,i+1 < R0 and UFENE(i, i+ 1) = ∞, otherwise; here we

chose R0 = 1.6 σ and k = 30 ε/σ2 and the thermal energy

kBT is set to ε . The bending rigidity of DNA is captured with

a standard Kratky-Porod potential,

Ub(i, i+1, i+2) =
kBT lK

2σ

[

1− dddi,i+1 ·dddi+1,i+2

di,i+1di+1,i+2

]

,

where lK = 40σ ≃ 100nm is the known Kuhn length of uncon-

strained DNA. The steric interaction between beads belonging

to the polymers or the gel is taken into account by a truncated

and shifted Lennard-Jones potential

ULJ(i, j) = 4ε

[

(

σc

di, j

)12

−
(

σc

di, j

)6

+1/4

]

θ(21/6σc −di, j).

where θ(x) is the usual step function and σc is the minimum

distance between bead centres, i.e. σc = σ between polymer

beads and σc = (σg +σ)/2 = 5.5 σ between a polymer bead

and a gel bead. The beads forming the mesh are placed σg

apart and steric interactions between themselves are excluded

from the computation.

Denoting by U the total potential energy, the dynamic of

the beads forming the rings is described within a Langevin

scheme:

mr̈rri =−ξ ṙrri −∇U +ηηη (1)

where ξ is the friction coefficient and ηηη is the stochastic delta-

correlated noise. The variance of each Cartesian component

of the noise, σ2
η satisfies the usual fluctuation dissipation rela-

tionship σ2
η = 2ξ kBT .

As customary28, we set m/ξ = τLJ , with τLJ = σ
√

m/ε =

σ
√

m/kBT being the characteristic simulation time. From the

Stokes friction coefficient of spherical beads of diameters σ
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ity) and overtake the diffusion term to render the response neg-

ative.

In conclusion, with new theoretical results and above all

with the proper choice of the polymeric probe, we conjecture

that there is the possibility to explore the properties of com-

plex molecular environments from fresh perspectives. In fact

polymers with specific topologies can be exploited to design

novel ways of sensing the changes in the microscopic struc-

ture of complex environments in a new and non-invasive way,

e.g. by looking at their mobilities.
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Appendix

Here, the formula for the non-equilibrium mobility µA
D is de-

rived for one degree of freedom z(t). For simplicity, we

consider over-damped dynamics, an approximation that ap-

plies well to the case we studied. The case of underdamped

Langevin dynamics was also discussed in a previous work31.

The over-damped equation of motion of a bead driven by the

force Ψ(z(t)) and which is perturbed by the addition of a po-

tential −V (z)h(t) (where h is a small parameter) and with in-

verse friction coefficient ν = 1/ξ at temperature T (kB = 1)

is

ż(t) = ν

[

Ψ(z(t))+h(t)
∂V

∂ z

]

+
√

2νT η̃(t) (10)

where η̃(t) is a standard white noise. Under quite general

conditions, the response function for the observable O(t) in

overdamped systems30,31 is

ROV (t,s) =
δ 〈O(t)〉h

δh(s)

∣

∣

∣

∣

h=0

= (11)

=
1

2T

[

d

ds
〈V (s)O(t)〉−〈LV (s)O(t)〉

]

,

where L is the backward generator of the Markov dynamics,

L = νΨ(z)
∂

∂ z
+νT

∂ 2

∂ z2
(12)

in this case. The susceptibility

χOV (t) =
∫ t

0
ROV (t,s)ds = (13)

=
1

2T

[

〈[V (t)−V (0)]O(t)〉−
〈

∫ t

0
LV (s)dsO(t)

〉]

.

represents the linear response to a constant perturbation turned

on at time t = 0. In our case, the mobility is the susceptibility

of the average velocity to the addition of a constant force, i.e.

the observable is O(t) =∆z(t)/t and the perturbation is V (z) =
z, leading to LV (z) = νΨ(z). Hence (13) simplifies to

µA
D(t) =

1

2T

[〈

∆z(t)
∆z(t)

t

〉

−
〈

∫ t

0
νΨ(s)ds

∆z(t)

t

〉]

. (14)

Since we are out of equilibrium, the average displacement

〈∆z(t)〉 is not zero. It is appropriate to remove it from the

terms in eq. (14) and using 〈∆z(t)〉=
〈
∫ t

0 νΨ(s)ds
〉

we get

µA
D(t) =

1

T

[ 〈∆z(t); ∆z(t)〉
2t

− 1

2t

〈

∫ t

0
νΨ(s)ds; ∆z(t)

〉]

(15)

where 〈a;b〉 ≡ 〈ab〉−〈a〉〈b〉 denotes the covariance. The first

term estimates the spread around the average position and can

thus be interpreted as a diffusion constant, while the second

represents a novel nonequilibrium term. The formula remains

unaltered if the force Ψ depends on many degrees of freedom,

as long as their noises are statistically independent. The ex-

pression in (15) is the one we used to compute the differen-

tial nonequilibrium mobility µA
D in eq. (6), letting t become

sufficiently large. Since beads are equivalent, we have also

averaged the mobility of all beads.
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19 K. D. Cole and B. Åkerman, Separ. Sci. Technol., 2003, 38, 2121–2136.

20 M. Cates and J. Deutsch, J. Phys. Paris, 1986, 47, 2121–2128.

21 S. Whytock and J. Finch, Biopolymers, 1991, 31, 1025–1028.

22 S. Rahong, T. Yasui, T. Yanagida, K. Nagashima, M. Kanai, A. Klam-

chuen, G. Meng, Y. He, F. Zhuge, N. Kaji, T. Kawai and Y. Baba, Sci.

Rep., 2014, 4, 5252.

23 R. K. P. Zia, E. L. Praestgaard and O. G. Mouritsen, Am. J. Phys., 2002,

70, 384.

24 P. Baerts, U. Basu, C. Maes and S. Safaverdi, Phys. Rev. E, 2013, 88,

052109.

25 P. K. Ghosh, P. Hänggi, F. Marchesoni and F. Nori, Phys. Rev. E, 2014,

89, 062115.

26 N. Pernodet, M. Maaloum and B. Tinland, Electrophoresis, 1997, 18, 55–

58.

27 N. C. Stellwagen and E. Stellwagen, J. Chromatogr., 2009, 1216, 1917–

29.

28 K. Kremer and G. S. Grest, J. Chem. Phys., 1990, 92, 5057.

29 C. Weber, A. Stasiak, P. De Los Rios and G. Dietler, Biophys. J., 2006,

90, 3100–5.

30 M. Baiesi, C. Maes and B. Wynants, Phys. Rev. Lett., 2009, 103, 010602.

31 M. Baiesi, C. Maes and B. Wynants, Proc. R. Soc. A, 2011, 467, 2792–

2809.

32 P. Bohec, F. Gallet, C. Maes, S. Safaverdi, P. Visco and F. Van Wijland,

Europhys. Lett., 2013, 102, 50005.

33 J. Viovy, F. Miomandre and M. Miquel, Electrophoresis, 1992, 13, 1–6.

8 | 1–8

Page 8 of 9Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t



  

 

 

Ring (yellow) and linear (green) polymers moving in a random environment (blue) in response to an 
external field. Studying the change in mobility of ring polymers moving in a complex medium can give some 
information on its microscopic structure. Linear polymers instead provide a control system as they are 

insensitive to any microscopic change. In our work we illustrate novel ways of exploiting topology to 
investigate disorder in complex materials.  
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