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Electron angular momentum is a fundamental quantity of high-symmetry aromatic ring molecules and has many 

applications to chemistry such as molecular spectroscopy. Stationary angular momentum or unidirectional rotation of  π 

electrons is generated by excitation of a degenerated electronic excited state by a circularly-polarized photon. For low- 

symmetry aromatic ring molecules having non-degenerate states, such as chiral aromatic ring molecules, on the other 

hand, whether stationary angular momentum can be generated or not was uncertain and was not clarified so far. We have 

found by both theoretical treatments and quantum optimal control (QOC) simulations that a stationary angular 

momentum can be generated even from a low-symmetry aromatic ring molecule. The generation mechanism can be 

explained in terms of the creation of a dressed-state, and the maximum angular mometum is generated by the dressed 

state with the equal contribution from the relevant two excited states in a simple three-electronic state model. The 

dressed state is formed by inducing selective nonresonant transitions between the ground and each excited state by two 

lasers with the same frequency but having different polarization directions. The selective excitation can be carried out by 

arranging each photon-polarization vector orthogonal to the electronic transition moment of the other transition. We 

have successfully analyzed the results of the QOC simulations of (P)-2,2’-biphenol of axial chirality in terms of the 

analytically determined optimal laser fields. The present finding may open new types of chemical dynamics and 

spectroscopy by utilizing strong stationary ring currents and current-induced magnetic fields, which are created at a local 

site of large compounds such as biomolecules. 
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1. Introduction 

π-Electron rotation is a fundamental concept in chemistry. The 

rotation is the origin of aromatic ring current and angular 

momentum and of angular momentum-induced magnetic field. 

This magnetic field might play an important role in analyzing 

the NMR spectra of compounds.
1
 Recently, with advent of 

both laser technology
2
 and theoretical treatments

3
 of electron 

dynamics in molecules, much interest has been paid to the 

laser driven	π-electron rotations.
4
 The ring currents could give 

about two orders of magnitude stronger field than those 

induced by traditional static magnetic fields.
5
 For example, it 

has been demonstrated by quantum model simulations that 

intense laser fields can generate a strong unidirectional 

electronic ring current in highly symmetric aromatic ring 

molecules such as magnesium (Mg)-porphyrin (D4h)
6
 and 

benzene (D6h)
7
.  In Mg-porphyrin, for example, a unidirectional 

ring current is generated by resonant excitation of doubly 

degenerate excited state 
1
E+ by circularly polarized UV laser 

pulses.
6
 The basic mechanism is the angular momentum 

transfer from the photon to the relevant molecule with	π-

electrons.
8
 So far, it has been common understanding that a 

low-symmetry aromatic molecule cannot produce stationary 

angular momentum because of no degeneracy.  

There are a couple of scenarios for generation of angular 

momentum by applying lasers: one is to force two relevant 

electronic states with different energies to be degenerate.
9
 

This, however, would need intense laser fields. Recently, it was 

shown that transient angular momentum can be generated 

even in low-symmetry aromatic ring molecules.
10,11

 However, 

the resultant angular momentum vector  changes its direction 

from plus to minus direction with the time constant of 

2 1/ ( )ε ε−h , since two quasi-degenerate states with energies 

ε1 and ε2 are coherently excited. It is a challenging issue to find 

a theoretical foundation for how to generate a stationary 

angular momentum (unidirectional ring current)
11b

 in aromatic 

ring molecule having non-degenerate excited states. In this 

paper, we present a theoretical framework to realize this in 

aromatic molecules with low symmetry. 

In the next section, we first present an analytical theory to 

generate a stationary angular momentum in a three-electronic 

-state model. The theory is based on the nonperturbative 

treatment of the electronic and laser interactions. Here, two 

linearly-polarized intense laser fields of the same frequency 

with relative phase difference are independently applied to 

two electronic transitions. An analytical formula for stationary 

angular momentum is derived within rotating wave 

approximation (RWA). The mechanism of generation of the 

maximum stationary angular momentum is formation of the 

dressed state with the equal contribution from two excited 

states. To investigate possibility of another mechanism of the 

maximum stationary angular momentum except the dressed-

state mechanism, we next present quantum optimal control 

(QOC) approach. In principle, the QOC approach can 

determine the laser fields for the maximum stationary angular 

momentum of any electronic system. In the Results and 

discussion, we show the results of the QOC simulations of the 

generation of stationary angular momentum in (P)-2,2’-

biphenol of C2 symmetry and the analysis by using the 

analytical approach. The results of the analysis demonstrate 

that the stationary angular momentum created by the QOC 

approach is due to the formation of the dressed state. Validity 

of RWA is proved by comparison with the analytical results 

with RWA and numerical ones without RWA. 

 

2. Theory 

In this section, we present two theoretical procedures: first we 

describe a general procedure for generation of stationary 

angular momentum of a low symmetric aromatic ring molecule. 

The stationary angular momentum is generated by a dressed 

state within rotating wave approximation, and an analytical 

expression for the angular momentum is derived in a three-

electronic state model. Next, we briefly outline a quantum 

optimal control (QOC) procedure to create stationary angular 

momentum in the three-electronic state model.  

2.1. Analytical approach 

Let us consider a three-electronic-state model consisting of the 

ground state (with energy ε0), two excited states, ϕ1(ε1) and 

ϕ2(ε2) as shown in Fig. 1a. For simplicity, we omit vibrational 

degrees of freedom in the treatment. Vibrational effects on 

electronic rotations in chiral aromatic molecules have been 

discussed elsewhere.
12

 The molecule is assumed to be fixed on 

a surface or in a space by using another laser pulse.
13 

The total 

Hamiltonian of the system in the presence of two stationary 

laser fields  (Ei(t) with i = 1 and 2) is expressed as 

 0
ˆ ˆ ˆ( ) ( )H t H V t= + .  (1)  

Here, 0Ĥ  is the electronic Hamiltonian of the molecule, whose 

Schrödinger equation is given by 

  0
ˆ

n n nH φ ε φ= ,  (2a) 

and ˆ( )V t , the interaction between the electronic states and the 

laser fields, is given as  

 1 2
ˆ ˆ( ) ( ( ) ( ))V t t t= ⋅ +E Eµµµµ ,  (2c) 

in which µ̂µµµ  is the dipole moment operator, and 

( )( ) cos ( )i i i it E  tω δ= +eE  is the electric field of linearly-
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polarized stationary lasers with polarization vector ei, 

amplitude Ei, relative phase δi, and frequency ω.  

Let now the electric field E1(t)(E2(t)), selectively, interact with 

the excited state ϕ1(ϕ2) by setting 1 02⊥e µµµµ  ( 2 01⊥e µµµµ ) (See 

Fig. b), in which 01 0 1| |φ φ≡< >µ µµ µµ µµ µ ( 02 0 2| |φ φ≡< >µ µµ µµ µµ µ ) is the 

transition moment vector between the ground state ϕo and 

excited state ϕ1(ϕ2). That is, the matrix elements of Eq. (2b) 

are denoted as 

 01 0 1 01 1
ˆ( ) | ( ) | (t)V t V tφ φ=< >= − ⋅µµµµ E ,  (3a) 

and 

  02 0 2 02 2
ˆ( ) | ( ) | ( )V t V t tφ φ=< >= − ⋅µµµµ E .     (3b) 

 

Fig. 1 (a) A three-electronic-state model for unidirectional π-electron rotation. Two 

linearly polarized electric fields E1 and E2 with the same frequency ω selectively induce 

nonresonant transitions between the ground state with energy ε0 and two excited 

states with ε1 and ε2. Δ1 and Δ2 are detunings for the excited state ε1 and ε2, 

respectively. (b) Arrangement of photon-polarization unit vectors (e1 and e2) for the 

selective transitions, naturally,  μ02 ⊥ e1 and μ01 ⊥ e2. 

The time-dependent Schrödinger equation for the system 

is given in the semiclassical treatment as  

 
( ) ˆ ( ) ( )
t

i H t t
t

∂Φ
= Φ

∂
h  ,     (4) 

where ( )tΦ  is represented in the rotating frame defined by  

 

0 0
0 0 1 1 2 2

( )
( ) ( ) exp[ ] ( ( ) ( ) )exp[ ]

i t i t
t c t c t c t

ε ε ω
φ φ φ

+
Φ = − + + −

h

h h
 . (5) 

Here, 
0ε ω+ h  is taken as the energy origin in the presence of 

lasers. The coefficients { ( )}ic t  satisfy the normalization 

condition, 

  
2 2 2

0 1 2| ( ) | | ( ) | | ( ) | 1c t c t c t+ + =  . (6) 

The time-dependent expectation value of the angular 

momentum operator ˆL̂ i l= − h
11

, ( )L t , is defined as  

 ˆ( ) ( ) | | ( )L t t L t=< Φ Φ > .  (7) 

The time-dependent Schrödinger equation, Eq. (4) is rewritten 

as, 

 

0 0

1 1

2 2

( ) ( )

( ) ( ) ( )

( ) ( )

c t c t
d

i c t t c t
dt

c t c t

   
   =   
   
   

h H ,  (8) 

where H(t), the Hamiltonian matrix, is expressed as 

 

01 02

10 1

20 2

0 ( )e ( )e

( ) ( )e 0

( )e 0

i t i t

i t

i t

V t V t

t V t

V t

ω ω

ω

ω

− − 
 

= ∆ 
 ∆ 

H .   (9) 

To obtain an analytical expression for the expectation value of 

the unidirectional angular momentum, we solve Eq. (8) in the 

rotating wave approximation (RWA) in which the Hamiltonian 

matrix Eq. (9), denoted by RWA
H , is written by omitting time-

dependent terms having exp( 2 )i tω±  as 

  

1 2

1

2

i

1 2

1 1

2 2

0 e e

e 0

e 0

δ δ

δ

δ

−

−

 
 

= ∆ 
 ∆ 

i

iRWA

i

f f

f

f

H  .         (10) 

Here, f1 and f2, which represent transition strengths and 

depend on electric field amplitude Ei, are defined as 

1 01 1 1 2f E= − ⋅ eµµµµ  and
2 02 2 2 2f E= − ⋅ eµµµµ  , respectively, and 

detunings Δj (j = 1, 2), which are dependent on laser frequency 

ω, are defined as 
1 1 0∆ ε ε ω= − − h  and

2 2 0∆ ε ε ω= − − h  , 

respectively.  

Let the eigenvector of eigenvalue λ for Eq. (10) be expressed as 

( )0 1 2, ,c c cλ λ λ λ
c =                                               (11) 

Here, three components are, respectively, given as 

 
1

1
1 0

1

e if
c c

δ
λ λ

λ

−

=
− ∆

,  (12a) 

 
2

2
2 0

2

e
i

f
c c

δ
λ λ

λ

−

=
− ∆

,   (12b) 

and  

  
0

2 2

1 2

1 2

1

1

c

f f

λ

λ λ

= ±

+ +
− ∆ − ∆

.  (12c) 

The corresponding eigenstate is called dressed state. We now 

take the three coefficients, Eqs. (12), as the initial condition. 

The solution of the time-dependent Schrödinger equation, Eq. 

(4), together with Eq. (10) can be expressed as  

0
0 0 1 1 2 2

( )
( ) { ( )exp( )}exp[ ]t c c c i t i tλ λ λ

λ
ε λ

φ φ φ ω
+

Φ = + + − −
h

 .  (13) 

The expectation value Lλ  of angular momentum operator L̂  

for Eq. (13) is expressed as 
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1 2

1 2
12 1 2 2 2

1 2

1 2

ˆ( ) | | ( )

( )( )
    2 sin( )

1
( ) ( )

λ
λ λ

λ λ
δ δ

λ λ

=< Φ Φ >

− ∆ − ∆
= −

+ +
− ∆ − ∆

h

L t L t

f f

l
f f

.   (14) 

Here, nonzero-matrix elements of operator l̂ are

12 1 2 21
ˆl l lφ φ= = −  , and the other matrix elements are zero in 

the three-electronic-state model.
11

 The expectation value is 

independent of time, namely, it gives a stationary angular 

momentum, though the dressed state depends on time. 

Equation (14) simply indicates that the sign and the magnitude 

of Lλ  are determined by the relative phase 
1 2δ δ−  and the 

magnitudes of the coefficients   1cλ  and 2cλ
. 

The maximum expectation value of the angular momentum 

is obtained when 1 2
| | | |c cλ λ=  at which the maximum 

coherence between the two excited states is attained, 

 1 2

1 2
f f

λ λ− ∆ − ∆
= ± ,  (15) 

where positive sign is the case for the same sign of 1
c λ

and 2
c λ

,while negative sign is for the opposite signs. 

Using the positive sign in Eq. (15), we obtain 

  

2

1 2

2 1

12 1 22

1 2

2 1

2 sin( )

1 2

λ ε ε
δ δ

ε ε

−
−

= −
−

+
−

h

f f

L l
f f

.  (16a) 

This can be expressed in terms of the ground state population, 
2

0| |c
λ

 as 

 
2

12 0 1 2(1 | | )sin( )λ λ δ δ= − −hL l c ,  (16b) 

with 

 
2

0 2

1 2

2 1

1
| |

1 2

c
f f

λ

ε ε

=
−

+
−

.  (16c) 

Equation (16b) shows that the expectation value of the angular 

momentum is a linear function of the ground-state population 

of dressed state λ, 
2

0| |cλ
, which depends on the applied laser 

field amplitudes, E1 and E2.  

Next, we determine the laser fields which give the 

maximum L
λ . From Eq.(15) with positive sign, we obtain an 

analytical expression for the dressed energy as  

 1 2 2 1 1 2 2 1
0

1 2 1 2

f f f f

f f f f

ε ε
λ ω ε

∆ − ∆ −
= = − −

− −
h .  (17) 

The first equation in Eq. (17) can be rewritten as 

 

2 2

1 2

2 1

f f
λ

ε ε
−

=
−

,  (18) 

and from the second equation of Eq. (17) we have 

 
2 2

1 2 0 2 1 0 1 2

1 2 2 1

( ) ( )f f f f

f f

ε ε ε ε
ω

ε ε
− − − −

= −
− −

h .  (19) 

See Appendix A for brief derivation of Eqs. (18) and (19).  

As is described in Appendix B, we can derive the following 

linear-dependent relationship between E1 and E2 as: 

 01 2 02 1 0E Eµ µ+ = .  (20) 

By using Eq. (20), we can easily obtain an analytical expression 

for the expectation value of the angular momentum operator 

in terms of E1 or E2. That is, we can rewrite Eq. (16a) for Lλ
(

L≡ ; omitting λ hereafter)   in terms of E1 as 

   

2
2 2

01 02 1

01 2 1

12 1 22
2 2

01 02 1

01 2 1

( )

( )
2 sin( )

( )
1 2

( )

µ µ
µ ε ε

δ δ
µ µ
µ ε ε

+
−

= −
+

+
−

h

E

L l
E

.  (21) 

Here, we note that the ground state population is expressed in 

terms of E1 as 

 
2

0 2
2 2

01 02 1

01 2 1

1
| |

( )
1 2

( )

c
Eµ µ

µ ε ε

=
+

+
−

.  (22) 

We can also express E1 in terms of 
2

0| |c  as 

 

2
2

2 01 2 1 0
1 2 2 2

01 02 0

( ) 1 | |
| | 2

( ) | |

c
E

c

µ ε ε
µ µ

 − −
=  

+  
.  (23a)  

Similarly, E2 can be obtained in terms of 
2

0
| |c  as 

 

2
2

2 02 2 1 0
2 2 2 2

01 02 0

( ) 1 | |
| | 2

( ) | |

c
E

c

µ ε ε
µ µ

 − −
=  

+  
.  (23b) 

That is, we can determine the absolute value of the amplitude 

of each optimal laser field (E1 and E2) once the ground state 

population is known. 

The central frequency of laser, ω, is expressed in terms of E1 

by using Eq. (19) as 

 
2 2 4 4

201 2 0 02 1 0 01 02
12 2 2

01 02 2 1 02

( ) ( )

4( )
E

µ ε ε µ ε ε µ µ
ω

µ µ ε ε µ
− + − −

= −
+ −

h .   (24) 

Thus, all parameters (E1, E2, and ω) of the two continuous-

wave lasers to generate a stationary angular momentum can 

be determined by the electronic energy difference and the 

corresponding transition moments once the ground state 

population is given. We note in Eq. (24) that for 01 02µ µ= , ħω 

is independent of 2

1E and locates at the midpoint between 1ε
and 2ε , while as 2

1E increases, ħω is shifted to the upper 

energy side for 01 02µ µ<  and ħω is shifted to the lower 

energy side for 01 02µ µ>  .  
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So far we have derived an analytical expression for the 

expectation value of the angular momentum operator with 

positive sign in Eq. (15).  If the negative sign in Eq. (15) is used, 

the laser field parameters are obtained by replacing f2 in the 

already derived expressions by −f2. The angular momentum 

with the opposite direction is attained. 

 In this section we have derived an expression for the 

expectation value of the stationary angular momentum by 

solving time-dependent Schrödinger equation Eq. (8) within 

RWA. If we explicitly solve Eq.(8) without RWA, the resultant 

expression describes a nonstationary angular momentum. That 

is, it is essential to adopt RWA in order to obtain stationary 

angular momentum. Validity of RWA in the calculation of 

angular momentum of a real chiral aromatic ring molecule is 

demonstrated in Results and discussion section.  

 

2.2. Quantum optimal control approach 

In the QOC procedure, we adopted the objective functional 

as
14, 15

 

 
2

0 0

1 | ( ) |ˆ( ) ( ) ( )
T T t

J dt t O t dt
T α

= Φ Φ −∫ ∫
h

E
E  , (25) 

where Ô , a projection operator of target state, is given as 

| |Ô κ κ= Φ Φ . Here, κΦ  is the eigenfunction of an angular 

momentum operator L̂κ  around κ-axis. From the condition 

that the variation of Eq. (25) is zero, we get the optimal 

electric field of the laser as 

 ˆ( ) Im ( ) ( )t t tα= − Ξ ΦE µµµµ , (26) 

where α  is a penalty factor to suppress the intensity of the 

optimal field, and Φ(t) is the time-dependent wavefunction 

under the appropriate initial condition, and Ξ(t) is the 

Lagrange multiplier that satisfies 

 
ˆˆ ( ) ( ) ( )

∂ − Ξ = − Φ ∂ 

h
h

i
i H t t O t

t T
, (27) 

and the final condition ( ) 0Ξ =T .
11c

 

 

3. Results and discussion 

3.1. Results of quantum optimal control simulations 

Let us first present the QOC simulation results for (P)-2,2’-

biphenol as a typical example of a non-planar chiral aromatic 

ring molecule (point group of C2). Three electronic excited 

states (a, b1 and b2), which were obtained by using TDDFT 

calculations,
11

 are shown in Fig. 2a. The coordinates of (P)-2,2’-

biphenol are defined in Fig. 2b. The molecule was assumed to 

be fixed on a surface or in a space by using by using another 

laser pulse. Two types of angular momenta, one in the x-

direction and the other in the z-direction, can be generated by 

choosing an appropriate pair of electronic states.
11a, 11b

 Penalty 

factor α  for the optimal electric field of laser was set to 
4110α = Vm

-2
C

-1
. 

 

Fig. 2 (a) Electronic states and (b) geometrical structure of (P)-2,2’-biphenol (C2). 

(c) Upper (lower): Electronic transition moments in dark green and the polarization 

vectors in red for two linearly polarized electric fields, Ea and Eb1 (Eb1 and Eb2)  with the 

same frequency ω for generation of angular momentum in the x (z)-direction, Lx (Lz). 

The pair of a and b1 (b1 and b2) states generates angular 

momentum in the x- (z-) direction. The directions of transition 

dipole moments (in green) and electric fields (in red), which  

satisfy the conditions shown in Fig. 1b, are described in Fig. 2c. 

The photon polarization arrangement for the x-(z-) direction of 

angular momentum is shown in the upper (lower) of Fig. 2c. 

 

 

 

Fig. 3 Results of quantum optimal control for keeping a stationary angular momentum 

for (P)-2,2’-biphenol. (a) Angular momentum expectation value, (b) Populations of the 

ground state, and two excited states, a and b1. (c) Electric fields of two lasers, Eb1 and Ea. 

Populations of two excited states, a and b1, were taken to be 0.5 as the initial condition. 

(d) Phases of the two electric fields, δb1, δa and its difference at ω = 7.1 eV as a function 

of time. (e) Fourier spectra of the two electric fields, Eb1(t) and Ea(t) in (c). Two broken-

lines indicate the electronic energies of a and b1 states. 
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Figure 3 presents the QOC results for keeping a stationary 

angular momentum in the x-direction for (P)-2,2’-biphenol. 

The molecular parameter set for (P)-2,2’-biphenol are 

εa = 6.67 eV, εb1 = 6.78 eV and εg = 0 eV for energies and 

μag = −1.95 D and μb1g = 4.79 D for the transition moment 

components projected onto the laser polarization axes.
11

= =2
| ( 0)| 0gc t , = =2

| ( 0)| 0.5ac t  and = =2
1| ( 0)| 0.5bc t   were the 

initial conditions. The control time T was tentatively set to 

39 fs, which corresponds to the phase coherence time 

between a and b1 states 1( )b aε ε−h . It should be noted that for 

much longer control time effects of vibrational motions should 

be taken into account.
12

 Figure 3a shows the stationary 

angular momentum with magnitude of 1.1= hxL  in the x-

direction. The target state was set to φ φΦ = + 1( ) / 2x a bi  , 

whose angular momentum is in the x-direction.
11c

 The dotted 

line denotes the angular momentum for no field case for 

comparison. The same initial condition as that for keeping a 

stationary angular momentum. In the latter case, we can see 

oscillatory behaviour with time constant of 38 fs in the angular 

momentum. Figure 3b shows the time dependence of the 

population for each electronic state. It should be noted that 

the populations are constant:  =2
| | 0.07gc  , =2

| | 0.5
a

c  , and 

=2

1| | 0.4
b

c   in between around 10 and 30 fs. Figure 3c shows 

the electric field amplitudes for the optimal lasers, Eb1 and Ea, 

which consist of two time-regions:  in the first region (0 ~ 8 fs) 

two electric fields are nonstationary, and the corresponding 

angular momentum is not constant in time.  In the other 

region after 8 fs, two electric fields are almost stationary with

E ≅1| |(| |)
a b

E   2.6 (4.5) GV/m, and with the same central 

frequency at ω = 7.1 eV. Here, note that the OQC approach 

provides the absolute value of electric field amplitude. The 

Fourier spectra of the two electric fields are shown in Fig. 3e. 

Figure 3d shows the phases of electric fields of two lasers at ω 

= 7.1 eV as a function of time. Time-dependence of the Fourier 

spectrum of electric field E(t) is evaluated by using 

 
ω τ ωτ τ τ= −∫( , ) exp( ) ( ) ( )E t d i w t E

 .     (28) 

Here, w(t)  is the window function, and the Beckman window 

function is adopted: 

2 4
( ) 0.42 0.5cos( ) 0.08cos( )

t t
w t

T T

π π
= − + .  (29) 

These are almost constant in time, and the relative phase is 

π/2. The resultant laser field is elliptically polarized. 

3.2. Analytical approach for analysis of the QOC results                                                                                                                                                

The QOC simulation results after about 8 fs in Fig. 3 indicate 

that the mechanism of generation of the stationary angular 

momentum can be explained by using the analytical theory 

since the two electric fields are constant, and the central 

frequencies are the same, and the relative phase is also 

constant in time. These characters of the two electric fields are 

the same as those adopted in the analytical approach.  Let us 

now analyse the QOC simulation results in Fig. 3 by using the 

analytical expressions derived in the previous section. We 

need only one parameter the ground state population |cg|
2
 to 

determine all the laser parameters, ω, Ea and Eb1. We took 

|cg|
2
= 0.07 from the QOC result. We got Ea = –1.96 GV/m and 

Eb1 = 4.80 GV/m from Eqs. (23) and (20), and got ћω = 7.2 eV 

using Eq. (24). The dressed state energy λ =−0.51 eV was also 

obtained using Eq. (18). The expectation value of the angular 

momentum in this case becomes Lx = 1.1ћ. 

The comparison of the parameters determined by using the 

two approaches indicates that the simple analytical 

expressions can reproduce the optimal laser parameters 

between the OQC and analytical results although there are 

small differences in the magnitude of the amplitudes |Ea| and 

|Eb1|. Possible origin of such differences may be setting of the 

initial condition for each process.  The QOC simulations started 

with the nonstationary electronic state having the equal 

populations in the two excited states and zero in the ground 

state, and then realized the stationary dressed state with the 

maximum angular momentum, while the analytical treatment 

used the ground state population taken from the QOC 

simulation results.  

Figure 4 shows the results of the dynamics simulations for 

angular momentum in the x-direction of (P)-2,2’-biphenol 

without using the RWA. Here, time-dependent Schrödinger 

equation with Hamiltonian matrix Eq. (9) was numerically 

solved. The initial condition, |cg|
2
 = 0.07, was read from the 

optimized result. Figure 4a exhibits constant angular 

momentum of 1.1ħ, which is equal to the value calculated 

within the RWA. The dotted curve denotes the time-

dependent angular momentum for no field case.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Results of the dynamics simulations for (P)-2,2’-biphenol without 

RWA. (a) Angular momentum in the x-direction: solid line denotes the 

angular momentum; broken line denotes the results for no field case.  

(b) Populations of the ground state g and two excited states a and b1. 

(c) Electric fields of two lasers Eb1 and Ea. 
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Figure 4b shows nearly constant populations of the three 

electronic states, although weak modulations can be seen. The 

modulations in the population are due to the breakdown of 

RWA. Such a small oscillation indicates that the RWA is 

sufficient in the present procedure. Figure 4c shows that the 

electric fields, Ea(t) and Eb1(t) whose amplitudes are, 

respectively, Ea = −1.96 GV/m and Eb1 = 4.80 GV/m. 

The resultant laser frequency of the two lasers is ћω = 7.20 eV.  

These results are in good agreement with those evaluated in 

RWA, indicating the validity of the approximation.  

So far we have applied our analytical treatment to 

generation of stationary angular momentum of Lx for (P)-2,2’-

biphenol. Because of nonplanar structure (P)-2,2’-biphenol has 

the angular momentum component Lz as well. We can easily 

design the electric field lasers for Lz. The z-component of 

angular momentum is generated by three electronic states, g, 

b1 and b2 as shown in Fig. 2a.
11

 The target eigenfunction was 

set as 1 2( ) / 2z b biφ φΦ = +  . The laser parameters obtained were 

ħω = 6.66 eV as the central frequency, and Eb1 = 2.32 GV/m 

and Eb2 = 1.54 GV/m as the electric field amplitudes. The 

expectation value of L in the z-direction is Lz = 2.75 ħ. These 

were calculated by using the energies given in Fig. 2a and 

transition moment components onto the polarization axes 

μb1g = 4.79 D and μb2g = 3.18 D given in Fig. 2c. The population 

in the ground state |cg(t=0)|
2
 = 0.07 was taken as the initial 

condition.  

 

 

Fig. 5 Dressed states calculated by the analytical approach: (a) for the stationary 

angular momentum Lx; (b) for Lz. These are formed under off-resonance excitation 

conditions shown in left-hand side for two cases. The dressed state generating the 

maximum angular momentum is specified by a thick and red line for each case. 

Figure 5 shows the dressed states for generation of 

stationary angular momentum Lx and those for Lz, which were 

calculated using the analytical approach. Once the dressed 

state λ  responsible for the maximum angular momentum is 

determined, the other two dressed states can be calculated 

from the secular equation, Eq. (A1). It should be noted in Fig. 5 

that the energy of the dressed state generating the maximum 

angular momentum locates between those of two electronic 

states with equal probability.  

By noting that Rabi frequency 
R

ω  is given in terms of 

energy difference between two dressed states 
dressed

E∆    (see 

Fig. 5) as /
R dressed

Eω = ∆ h   , we can also recognize that the RWA 

is valid since Laser frequency ω  is much higher than 
R

ω . 

We also note characteristic off-resonance behaviours in 

the central frequency between Lx and Lz angular momentum: 

for Lx angular momentum the off-resonance frequency locates 

above the highest excited state 2bφ , while for the Lz angular 

momentum the off-resonance frequency locates below the 

lower excited state
 
ϕb1. These off-resonance behaviours can be 

explained by using Eq. (24) as shown in Subsection 2.1. 
 

It is interesting to see differences in the ground-state 

population between non-degenerate and degenerate cases: 

nonzero for the former, while zero for the latter. This can be 

understood from Eq. (11c). In the non-degenerate case, the 

ground state population can be zero only when one of the two 

electric fields, ( )
ag a

f E  or 1 1
( )

b g b
f E  is infinitely strong. In other 

words, it is practically impossible for the ground-state 

population to be zero. For a degenerate case, on the other 

hand, the maximum angular momentum can be obtained in 

the case of the zero ground-state population. 

 

4. Conclusions 

In this paper, we theoretically verified that low-symmetry 

aromatic ring molecules, like chiral aromatic molecules, can 

produce a stationary angular momentum even without 

degenerate electronic excited states. The key point to keep a 

large angular momentum is to create the dressed state with 

the equal populations for the two excited states. This can be 

realized by applying two linearly-polarized stationary lasers 

with the same frequency and an appropriate relative phase. 

The two lasers independently interact with the two electronic 

transitions. The selective excitation can be carried out by 

setting each photon polarization vector orthogonal to the 

electronic transition moment of the other transition. Analytical 

expressions for the optimal lasers within RWA are derived, 

which have been confirmed to work well by analysing  the QOC 

simulations for (P)-2,2’-biphenol.The RWA is useful for 

understanding the mechanism to create  stationary angular 

momentum in aromatic ring molecules with nondegenerate 

electronic states. It has been shown by our simulations that 

the angular momentum induced by continuous wave lasers in 

visible and UV regions can be well reproduced within RWA. 

The proposed procedure for generation of an angular 

momentum has various kinds of application to large 

compounds. For example, in bio-compounds having a 

phenylalanine (PA) as a residue
16

, the PA can act as an active 

site to induce conformational changes and/or chemical 

reaction and control these events, which can be performed by 

varying the magnitudes of the stationary ring currents. 
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Appendix A: Derivation of Eqs.(16) and (17) 

We express laser frequency ω as a function of E1 and E2. 

Dressed energy λ in Eq. (13) is a solution of the secular 

equation, 

 

1 1 2 2

1 1 1

2 2 2

exp( ) exp( )

exp( ) 0 0

exp( ) 0

f i f i

f i

f i

λ δ δ
δ λ
δ λ

−

− ∆ − =

− ∆ −

,   (A1) 

that is, 

 

2 2

1 2

1 2

f f
λ

λ λ
= +

− ∆ − ∆
,  (A2) 

which is independent of ωh . 

Using Eq. (15) we obtain 

 01 1
1 2 1

01 1 02 2

( )
E

E E

µ
λ ε ε

µ µ
− ∆ = −

−
 ,  (A3a) 

and 

 02 2
2 2 1

01 1 02 2

( )
E

E E

µ
λ ε ε

µ µ
− ∆ = −

−
.  (A3b) 

By substituting Eqs. (A3a) and (A3b) into Eq. (A2), we obtain Eq. 

(16). Using Eqs. (14) and (A4) we obtain Eq. (17). 

 

Appendix B: Derivation of the equation (18) 

Define an objective function for determination of optimal 

expectation value of angular momentum operator L̂ , 
ˆ| |L L≡<Φ Φ >  with dressed state Φ as 

 { }2 2

1 2J E E L Mη= + + −  .  (A4) 

Here, M  denotes the maximum value of L, and η is Lagrange 

multiplier under two conditions shown below, 

1) L M= , and 

2) Minimizing the intensities of the electric fields of the 

applied lasers as E1
2
 + E2

2
. 

 1
1 1

2 0
J L

E
E E

η
∂ ∂

= + =
∂ ∂

 ,  (A5a) 

  2
2 2

2 0
J L

E
E E

η
∂ ∂

= + =
∂ ∂

,  (A5b) 

and 

  0
J

L M
η

∂
= − =

∂
.  (A5c) 

In Eq. (A5a), 

 = 
∂ ∂ ∂
∂ ∂ ∂i i

L L X

E X E
,   (A6) 

with 01 1 02 2

2 12( )

µ µ
ε ε

−
≡

−
E E

X  , 

 

 01

1 2 12( )

µ
ε ε

∂
=

∂ −
X

E
 ,  (A7a) 

and  

 02

2 2 12( )

µ
ε ε

∂
= −

∂ −
X

E
 .  (A7b) 

Equations (A5a) and (A5b) are re-expressed as 

 01
1

1 2 1

2 + 0
2( )

µ
ε ε

∂ ∂
= =

∂ − ∂
J L

E
E X

,       (A8a) 

and 

 02
2

2 2 1

2 0
2( )

µ
ε ε

∂ ∂
= − =

∂ − ∂
J L

E
E X

.      (A8b) 

From Eqs. (A8a) and (A8b), we obtain Eq. (18). 
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