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enough to describe the data over a large range, with some authors

suggesting that the type of defects and defect clusters change with

composition.5,21,22

In this work the problem of fitting equilibrium data with an

analytical thermodynamic model is revisited. Experimental equi-

librium data for oxygen vacancy concentration as a function of

temperature and partial pressure is presented for both CeO2 and

Ce0.85Zr0.15O2. A simple thermodynamic model is developed, us-

ing a dilute species statistical model for the entropy, and allowing

the enthalpy to have a composition dependence. This model is

then fit using the experimental data obtained here and additional

equilibrium data from the literature. The model does not require

any change in the type of defects or defect clusters. It has a sim-

ple analytical form making it an attractive tool for simulations as

well as offering researches a simple method of modelling non-

stoicheometry in ceria based materials.

Thermodynamic Model

It is assumed that there is a maximum reduction state that the

reaction is proceeding towards, giving the complete reaction as

1

δm
CeO2 −→

1

δm
CeO2−δm

+
1

2
O2, (2)

where δm is the maximum possible non-stoichiometry. In the lit-

erature it is common to fix this value to δm = 0.5 in the case of

CeO2,5,25 which corresponds to all of the cerium atoms switching

from Ce4+ to Ce3+. Here we assume that it could be less than this

value and instead leave it as a free parameter that is fit using the

experimental data.

Using Kröger-Vink notation for the defects, the unit-less va-

cancy concentration δ is defined as

δ =
δmNV••

O

NA

, (3)

where the number of oxygen vacancies NV••

O
is normalised with

respect to the constant number of cerium atoms in equation 2,

NCe =
1

δm
NA. Similarly the unit-less concentration of oxygen which

can be removed from the lattice is given by

δm −δ =
δmNO×

O

NA

, (4)

where NO×

O
only corresponds to the removable oxygen.

The equilibrium equations for the reduction reaction are,

∆gδ = ∆g◦
δ
+

1

2
RT ln

( pO2

p◦

)

= 0, (5)

∆g◦
δ
= ∆h◦

δ
−T ∆s◦

δ
. (6)

where the δ subscript indicates they are partial molar quantities

∆gδ =
∂∆g

∂δ
, and the circular superscript indicates the value is at

standard pressure. If the partial molar enthalpy change ∆h◦
δ
, and

entropy ∆s◦
δ

are determined, then equations 5 and 6 give an equa-

tion of state.

Entropy

For the reaction given in equation 2, the change in entropy to

produce δ oxygen vacancies starting from CeO2 is given by

∆s◦vac = δ∆s◦th +∆scon. (7)

The thermal entropy change ∆s◦th is the entropy of oxygen gas plus

the change in the lattice vibrational entropy caused by introduc-

ing vacancies

∆s◦th =
1

2
s◦O2

+∆s◦v . (8)

The entropy of oxygen gas depends on the temperature and in

the range considered (1073-1773 K), 1
2 s◦O2

has a small variance

of 128± 4.5JK−1 mol−1,26 but for simplicity it is assumed to be

constant in the model.

The configuration entropy is determined by considering the

statistical mechanics of lattice configurations, and in its most gen-

eral form is given by

∆scon = kB

Ωcon

∑
n=1

Pn ln(Pn), (9)

where Ωcon is the number of configurations, with each configura-

tion having a probability Pn. This is the number of distinct ways

the oxygen ions O×

O , oxygen vacancies V••

O, cerium ions Ce×Ce and

charged cerium ions Ce′Ce can be arranged within the constraints

of the lattice. In the work of Gopal et al. they simulate many con-

figurations of vacancies and cluster formations using DFT, and

then using the ground state energies of these configurations to-

gether with a partition function the probabilities can be calcu-

lated.20 Here we would like a simple analytical expression that

can be fit to experimental data, so we make the dilute species

assumption that all configurations have an equal probability re-

ducing equation 9 to

∆scon = kB ln(Ωcon). (10)

For δ > 0.01 there is agreement in the literature that the de-

fects are primarily doubly ionized oxygen vacancies.5,21,22 The

reduction reaction can then be written in Kröger-Vink notation as

O×

O +2Ce×Ce = V••

O +2Ce′Ce +
1

2
O2, (11)

where the products can also form defect clusters of the form

(Ce′CeV••

OCe′Ce)
×.

A formulae for the number of configurations is then given by

Ωcon =
(NV••

O
+NO×

O
)!

NV••

O
!NO×

O
!

+
(NCe′Ce

+NCe×Ce
)!

NCe′Ce
!NCe×Ce

!

+N(Ce′CeV••

O Ce′Ce)
ω(Ce′CeV••

O Ce′Ce)
, (12)

where the first two terms are the standard configurations for the

binary oxygen and cerium sub lattices respectively, and the last

term accounts for the degrees of freedom of the defect clusters.

This latter term assumes that each cluster has ω(Ce′CeV••

O Ce′Ce)
pos-

sible configurations (or micro-states). A useful simplification at
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this point is to first count the configurations of the oxygen sub-

lattice as a fully dilute species system, which for equation 2 gives

the constraint

NV••

O
+NO×

O
= NA. (13)

The effect of defect clusters can then be accounted for when

counting the configurations of the cerium sub-lattice. For the

cerium sub-lattice we have the general constraint

NCe×Ce
+NCe′Ce

+2N(Ce′CeV••

O Ce′Ce)
= 2NA (14)

Let’s consider the two extreme cases of equation 12; all defects

are randomly distributed with no defect clusters, and all defects

form clusters of the form (Ce′CeV••

OCe′Ce)
×. This results in addi-

tional constraints for the two cases respectively

NCe×Ce
= 2NO×

O
, NCe′Ce

= 2NV••

O
and N(Ce′CeV••

O Ce′Ce)
= 0, (15)

N(Ce′CeV••

O Ce′Ce)
= NV••

O
and NCe×Ce

= NCe′Ce
= 0. (16)

Combining these constraints with equations 3, 4, 10 and 12, and

applying Stirling’s approximation leads to the configuration en-

tropies

∆scon = 3R(x ln(x)+(1− x) ln(1− x)), (17)

∆scon = R(x ln(x)+(1− x) ln(1− x))+ xR ln(ω(Ce′CeV••

O Ce′Ce)
), (18)

again for the two cases mentioned respectively, where the mole

fraction x = δ

δm
, and the first term in both equations is the stan-

dard entropy of mixing formulae.

A very good fit of the experimental data could be obtained

using the second case given in equation 18 (see results section),

which implies that most defects form (Ce′CeV••

OCe′Ce)
× defect clus-

ters. This is elaborated upon in the discussion section.

It should be noted here that the last term in equation 18 is a

very simplified approach to accounting for the configurations of

the defect clusters, but from the results it appears to be sufficient

and physically meaningful.

Now, combining equation 7 and 18 gives

∆svac = δ∆s◦th +R(x ln(x)+(1− x) ln(1− x)), (19)

with

∆sth =
1

2
s◦O2

+∆sv +
1

δm
R ln(ω(Ce′CeV••

O Ce′Ce)
). (20)

Here the term δ

δm
R ln(ω(Ce′CeV••

O Ce′Ce)
) from equation 18, has been

combined into the thermal entropy as it is also linear in δ . This

highlights the fact that the thermal and configuration entropy are

often ambiguous, and this method is simply a means of interpre-

tation.

From this interpretation, adding Zr4+ into the ceria lattice will

block cerium lattice sites, thus reducing the degrees of freedom

for the clusters. This term δ

δm
R ln(ω(Ce′CeV••

O Ce′Ce)
), was included

in the thermal entropy, and so the addition of Zr4+ is therefore

expected to reduce the thermal entropy. This is discussed in more

detail in the results section.

Finally in order to obtain the partial molar entropy we must

take the derivative of equation 19 with respect to the vacancy

concentration δ , giving

∆s◦
δ
(δ ) =

∂∆svac

∂δ
= ∆sth +

1

δm
R(ln(δm −δ )− ln(δ )). (21)

Simple model

Combining equation 21 for the partial molar entropy with equa-

tions 5 and 6 gives the equation

1

2
ln
( pO2

p◦

)

=
−∆h◦

δ

RT
+

∆sth

R
+

1

δm
ln
(

δm −δ

δ

)

(22)

which can be re-arranged to give an equation of state

(

δ

δm −δ

)n
=
( pO2

p◦

)−
1
2

exp
(∆sth

R

)

exp
(−∆h◦

δ

RT

)

. (23)

where n =
1

δm
if the law of mass action is obeyed. Mathematically

this is similar to a previous equilibrium model developed from

kinetic considerations.27

Corrected model

One issue with this model is that it requires a constant enthalpy

of reaction. Experimental findings however show that the par-

tial molar enthalpy varies with δ for both pure and Zr added ce-

ria.5,6,21,28

In order to correct the simple model, the entropy dependence

is assumed to be unchanged and the enthalpy dependence is added

iteratively. The simple model (equation 23) is used to obtain a

first approximation of vacancy concentration denoted δ ′, which

is then used in the corrected model to determine ∆h◦
δ
,

(

δ

δm −δ

)n
=
( pO2

p◦

)−
1
2

exp
(∆sth

R

)

exp
(−∆h◦

δ
(δ ′)

RT

)

. (24)

The partial molar enthalpy is now ∆h◦
δ
(δ ′). The dependence of the

enthalpy on δ can be determined from experimental equilibrium

data.

Experimental

Thermogravimetric analysis (TGA) was performed on samples of

CeO2 and Ce0.85Zr0.15O2 in order to determine equilibrium va-

cancy concentrations δ (pO2
,T ). This experimental data can then

be used, along with other literature sources to check the model.

To prepare the samples CeO2 and Ce0.85Zr0.15O2 powder were

synthesized by Pechini method.29 These powders were then kneaded

with starch glue, dried and subsequently sintered at 1923K for

2h, forming porous granules (4-5mm diameter) for the TGA.

The samples were subject to XRD analysis to confirm that they

were in the fluorite phase. The Ce0.85Zr0.15O2 sample showed

peak shifting which was consistent with Zr doped ceria.30,31 In

addition, EDX scans were also analysed to confirm the stoichiom-

etry of the Zr doped sample. Sample characterization data and

more details on the synthesis method are available in the ESI.

The thermogravimetric analyser (TGA) used in these experi-

ments is a standard instrument offered by Netzsch (Model STA

449 F3 Jupiter). The concentration of oxygen in the TGA was

controlled and measured using a combined pump and oxygen de-
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thalpy and entropy of the reduction reaction. The decrease in the

change in entropy can now be understood as Zr4+ ions blocking

lattice sites in the cerium sub-lattice and thus reducing it’s asso-

ciated configuration entropy. The methodology used here should

also apply to many perovskites, which show very similar redox

behaviour to the ceria system36.

Nomenclature

δ Oxygen non-stoichiometry

δm Maximum oxygen non-stoichiometry

∆g Molar change in Gibbs free energy

∆h Molar change in enthalpy

∆s Molar change in entropy

∆gδ Indicates partial derivative w.r.t. δ ,
∂∆g

∂δ

g◦ ◦ indicates the value is at standard pressure

pO2
Oxygen partial pressure

R Gas constant

kB Boltzmann constant

NA Avogadro’s number

∆s◦vac Change in entropy for CeO2 → CeO2−δ + δ
2 O2

∆s◦th Thermal entropy change

∆scon Configuration entropy change

s◦O2
Entropy of oxygen gas

∆s◦v Change in lattice vibrational entropy

NM Number of species M

Ce×Ce Cerium ion, Ce4+

Ce′Ce Ionized cerium ion, Ce3+

O×

O Oxygen ion O2−

V••

O Doubly ionized oxygen vacancy

(Ce′CeV••

OCe′Ce)
× Defect cluster
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