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Quantitative analysis of bending hysteresis by real-time 
monitoring of curvature in flexible polymeric films
Ryo Taguchi,ab Kohei Kuwahara,ab Norihisa Akamatsuab and Atsushi Shishido*ab

Flexibility, viscoelasticity and stress-strain relation in bending polymeric films are key factors in designing mechanically 
durable flexible electronic devices and soft robots. However, bending hysteresis, which appears as a precursor phenomenon 
of fracture and fatigue, remains unclear; no one quantitatively evaluated a bending curvature causing hysteresis. Herein, we 
report the bending hysteresis of polymeric films used as common substrates in flexible electronics through precisely 
monitoring bending curvatures. By real-time measuring curvatures of films upon bending and subsequent unbending,  we 
have successfully determined the curvatures that cause the hysteresis. These curvatures also depend on a film thickness. 
Furthermore, we revealed that the occurrence of bending hysteresis is explained by bending strains that have a nonlinear 
relation with internal stresses. This enables us to predict strain limits that cause the bending hysteresis, based on a stress-
strain curve of polymeric films. 

Introduction
Since the first studies on all polymer electronic devices have 
been reported in 1990s,1–4 flexible electronic devices and soft 
robots are emerging and even now garnering attention in 
commercial and consumer good applications. Reflecting the 
increasing trend on flexible electronics and soft robotics, 
various types of flexible materials and devices have been 
developed, e.g. flexible thin-film transistors (TFTs),5,6 flexible 
photovoltaic cells,7 flexible organic light-emitting diodes 
(OLEDs),8,9 flexible batteries,10 flexible tactile pressure, strain, 
temperature sensors11–13 and actuators.14–17 The flexible 
electronic devices demand high performance comparable to 
conventional hard electronic devices.18–21 Therefore, most 
flexible electronic devices recently reported employ hybrid 
systems that integrate mechanically flexible polymeric film 
substrates and inorganic materials which exhibit excellent 
electrical properties.

Polymer film substrates that have both high Young modulus 
(= 1–9 GPa) and high bendability are suitable in these 
systems.18,22 In general, they exhibit bending hysteresis. For 
example, a polyethylene naphthalate (PEN) film, which is used 
as a common substrate in flexible electronic devices, does not 
immediately recover to the initial flat state after it undergoes a 
large bending with a small curvature radius (Fig. 1a-c). Such 
bending hysteresis causes fractures such as crack, slip and 

delamination at the interface between polymeric film 
substrates and inorganic materials, which is the present 
concern in the hybrid system design.18,19,23–25 Researchers and 
engineers should place importance on appropriate selection of 
substrates based on their mechanical hysteresis properties. 
However, hysteresis behaviours of polymeric materials have 
been studied mainly on tensile deformations.26–33 Surprisingly, 
the studies on bending-induced hysteresis have rarely been 
reported: although it is recognised that polymeric films do not 
exhibit hysteresis after they undergo a small bending with a 
large curvature radius (Fig. 1d-f), no one even evaluated the cur-

Fig. 1. Photographs of bent and unbent PEN films. The film (a) before, 
(b) during and (c) after large bending with a small curvature radius (red 
circle). The film (d) before (e) during and (f) after small bending with a 
large curvature radius (red circle).
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vature radius threshold that begins to exhibit bending 
hysteresis (Fig. 1).

Recently, we have reported that bent shapes of polymeric 
films depend on their inherent relations between stress and 
strain of the materials.34–39 This achievement has been obtained 
through measuring a curvature of bending polymeric films with 
our laboratory-made equipment.37,39 In this article, we have 
evaluated bending hysteresis of PEN films by quantitatively 
measuring their bending curvature. This quantification 
successfully revealed that the film bent above a certain 
curvature exhibits bending hysteresis. The curvature, at which 
bending hysteresis occurs, also depended on a film thickness, 
and these dependences were well explained by bending strains 
calculated from thicknesses and curvatures. Through the 
theoretical calculations, we have revealed that bending 
hysteresis of the film occurs when its relations between stress 
and strain make the transition from linear to nonlinear. This 
finding enables us to predict a curvature at which hysteresis 
begins to occur based on calculations using stress-strain curves.

Results and discussion
To quantitatively investigate bending hysteresis behaviours that 
the PEN film exhibited, we captured cross-sectional images of 
the bending film with our laboratory-made equipment (Fig. 2a). 
The flat film with a length of L was bent by pushing its both 
edges with the distance of ∆L to the applied strain (∆L/L) of 90% 
(Fig. 2b), and subsequently returned to the initial state (the 

applied strain of 0%) (Fig. 2c). In bending and unbending 
processes, the captured images of bent shapes were clearly 
different: the shapes at the centre of the film became sharper 
in the unbending process than those in the bending process 
even at the same applied strain. Figure 2d and 2e show the 
curvature radius and curvature geometrically calculated from 
the images as a function of applied strain, respectively. In 
bending, the curvature radius decreased (Fig. 2d) and the 
curvature increased (Fig. 2e) as the applied strain increased 
from 0% to 90%; subsequently, the unbending, induced by 
decreasing the applied strain from 90% to 0%, resulted in the 
increase in curvature radius (Fig. 2d) and the decrease in 
curvature (Fig. 2e). The residual curvature disappeared after a 
while. This means that the PEN film behaves elastically up to the 
bending with the applied strain of 90%.

The degree of the bending hysteresis strongly depended on 
a turnaround applied strain. Figure 3a-d shows the curvatures 
of the 125-µm-thick PEN film in the bending and unbending 
processes at the turnaround applied strain of 85%, 80%, 75% 
and 70%. Although curvatures in the unbending process were 
not identical to those in the bending process at the turnaround 
applied strains of 85%, 80% and 75%, their hysteresis became 
smaller with decreasing the turnaround applied strain. It should 
be noted that the bending and unbending at the turnaround 
applied strain of 70% did not show the apparent hysteresis. 
Therefore, the bending hysteresis of the PEN film begins to 
appear at the bending where the applied strain ranges from 
70% to 75%, and the degree of hysteresis expands with increas-

Fig. 2. (a) Illustration of the laboratory-made equipment used for measurement of curvature radius of bending films. A charge-coupled device (CCD) 
camera equipped captures the shape of bent films. Photographs of the PEN film during (b) bending and (c) unbending. (d) Curvature radius and (e) 
curvature of the PEN film with a thickness of 125 µm during bending (black plots) and subsequent unbending (red plots). 
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Fig. 3. Curvatures of the PEN film with a thickness of 125 µm during bending and subsequent unbending at the turnaround applied strain of (a) 
85%, (b) 80%, (c) 75% and (d) 70%. Curvatures of the PEN film with a thickness of 100 µm during bending and subsequent unbending at the 
turnaround applied strain of (e) 85%, (f) 80%, (g) 75% and (h) 70%. Curvatures of the PEN film with a thickness of 75 µm during bending and 
subsequent unbending at the turnaround applied strain of (i) 85%, (j) 80%, (k) 75% and (l) 70%. Light and dark plots correspond to bending and 
unbending, respectively. Solid and dashed lines show the theoretical curvatures calculated from the Elastica and the modified Elastica theories, 
respectively. Insets show magnified graphs.

ing the turnaround applied strain.
The applied strain, at which the bending hysteresis begins to 

occur, depends on a thickness of the PEN film. In the case of the 
100-µm-thick PEN film, the bending and unbending at the 
turnaround applied strains of 85% and 80% produced the 
bending hysteresis (Fig. 3e and 3f); however, the degrees of the 
hysteresis were smaller compared with those of the 125-µm-
thick film. The hysteresis was not observed in bending and 
unbending at the turnaround applied strain below 75% (Fig. 3g 
and 3h), indicating that the bending hysteresis begins to appear 
at the bending of the applied strain between 75% and 80% for 
the 100-µm-thick PEN film. The thinner PEN film with a 
thickness of 75 µm showed the similar experimental trend: the 
degrees of bending hysteresis became smaller compared those 
for the PEN films with thicknesses of 100 and 125 µm (Fig. 3i-l); 
furthermore, the occurrence of bending hysteresis was 
suppressed in the turnaround applied strain between 80% and 

85% for the 75-µm-thick film.
Of interest, the degree of hysteresis is determined by 

bending strains calculated from a film thickness and a curvature. 
The degree of hysteresis observed in bending and unbending is 
quantified as bending hysteresis ratio by using eqn (1):

       𝐵𝑒𝑛𝑑𝑖𝑛𝑔 ℎ𝑦𝑠𝑡𝑒𝑟𝑒𝑠𝑖𝑠 𝑟𝑎𝑡𝑖𝑜 (%) =
(𝐴𝑢𝑛𝑏𝑒𝑛𝑑𝑖𝑛𝑔 ― 𝐴𝑏𝑒𝑛𝑑𝑖𝑛𝑔)

𝐴𝑏𝑒𝑛𝑑𝑖𝑛𝑔
      (1)

where Abending and Aunbending represent the areas of curvature-
applied strain curves in bending and unbending processes, 
respectively. Figure 4a displays the bending hysteresis ratios for 
each case of the films tested. The bending hysteresis ratio 
monotonically increased with increases in a turnaround applied 
strain and a film thickness. Since the bending strains (ε) in a film 
are the product of the distance from the middle of thickness (z) 
and the curvature (1/R: R is the curvature radius at the film cent-
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Fig. 4. Bending hysteresis ratio for the PEN films with thicknesses of 125 
µm (pink plots), 100 µm (purple plots) and 75 µm (blue plots) as a 
function of (a) turnaround applied strain and (b) turnaround surface 
bending strain. A dashed line shows the energy loss ratio calculated 
from internal stresses.

re), they can be calculated from ε = z/R. For example, the 
surface bending strain can be calculated from h/2R (where h 
represents a film thickness). We have found that the increase in 
the bending hysteresis ratio of each film shows a similar trend 
for the turnaround surface bending strain (Fig. 4b). This result 
indicates that the increase in bending strain imposed on the 
films lead to the extensive bending hysteresis. 

The large bending strain within a nonlinear region in a 
stress-strain (S-S) curve induces the bending hysteresis. Figure 
5 shows the S-S curve of a PEN film, which was obtained at the 
strain rate of 0.3% min-1 similar to the bending strain rate. The 
strain range of the S-S curve that follows Hooke’s law is in the 
linear-elastic region, which corresponds to approximately 
<1.1% strains; the other range shows the nonlinear-elastic 
region (or the plastic region), which corresponds to 
approximately >1.1% strains. By imposing the tensile strain 
within the linear-elastic range (0.5%) upon the PEN film and 
subsequently removing it, the loading and unloading curves 
became identical. In contrast, the unloading stress was lowered 
when the tensile strains within the nonlinear-elastic range 
(1.5% and 3.0%) was applied to the PEN film and then removed. 
This energy loss is generally observed by applying large strains 

within nonlinear region of S-S curves as can be seen in Fig. S1. 
Similar to such tensile deformation, the nonlinear-elastic 
bending, whose bending strains are within the nonlinear region 

Fig. 5. Stress-strain curve of the PEN film. The cycle curves of uniaxial 
mechanical testing to 0.5%, 1.5% and 3.0% strains. White and blue areas 
correspond to the linear and the nonlinear regions, respectively. The 
dashed line shows Hooke’s law.
of the S-S curve, may lower the internal stress in unbending 
process due to the energy loss. Here, we assume that S-S curves 
of the film upon tension and compression are equivalent, and 
thereby, can calculate the stress (σ) from the S-S curve 
formulated by the following equation: 37,39

                                             𝜎 =
𝑛

∑
𝑖 = 1

sgn(𝜀𝑖 ― 1)𝐸𝑖𝜀𝑖                                      (2)

where Ei represent the polynomial coefficient, and the higher 
polynomial degree can accurately fit the curve. By 
approximating the loading curve with the polynomial function 
of degree six (n = 6), we determined Ei as shown in Fig. S2a. 
Unlike the tensile deformation where the internal stress at the 
vertical cross-section to the mechanical direction is uniform, the 
internal stresses of a bent film have the gradient in the thickness 
direction. They can be calculated via bending strain (ε = z/R) in 
the film that fulfils the Bernoulli-Euler beam condition in which 
the vertical cross-section is perpendicular to the material axis 
under bending (Fig. 6a).40 Thus, eqn (2) can be rewritten as:

                               𝜎𝑏𝑒𝑛𝑑𝑖𝑛𝑔 =
𝑛

∑
𝑖 = 1

sgn[(𝑧
𝑅)𝑖 ― 1]𝐸𝑖(𝑧

𝑅)𝑖.
.
.
                         (3)

By calculating eqn (3), we obtained the internal stress 
distribution at the central cross-section of the 125-µm-thick 
PEN film bent with the applied strain of 55% (1/R = 0.137 mm−1) 
as a typical example (Fig. 6b). Figure 6c shows internal stress 
distributions in bending process at various applied strains. We 
have found that the bending with applied strain of >75% 
becomes nonlinear-elastic. Next, let us consider the internal 
stress distribution in unbending process. Supposing that the 
relation between stress and strain is linear upon unloading, the 
unloading S-S curve is σ = Aε + B. The slope (A) and the intercept 
(B) depend on the turnaround strain (εta) as shown in Fig. S2b; 
thus, A and B can be expressed as polynomial functions of 

and  where Ai and Bi represent the ∑𝑚
𝑖 = 1𝐴𝑖𝜀𝑡𝑎

𝑖 ∑𝑛
𝑖 = 1𝐵𝑖𝜀𝑡𝑎

𝑖

polynomial coefficient obtained by approximating the slope and 
intercept curves in Fig. S2b with the polynomial function, 
respectively. We assume the equivalent S-S curves in tension 
and compression again, and the internal stress in the unbending 
process is given as a function of turnaround strain (εta = z/Rta 

where Rta represents the turnaround curvature radius):

𝜎𝑢𝑛𝑏𝑒𝑛𝑑𝑖𝑛𝑔 =
𝑚

∑
𝑖 = 1

sgn[( 𝑧
𝑅𝑡𝑎)𝑖]𝐴𝑖( 𝑧

𝑅𝑡𝑎)𝑖(𝑧
𝑅)                   

                                                     +
𝑙

∑
𝑖 = 1

sgn[( 𝑧
𝑅𝑡𝑎)𝑖 ― 1]𝐵𝑖( 𝑧

𝑅𝑡𝑎)𝑖.
.
.
               (4)

The least squares method determined Ai (m = 4) and B (l = 3), 
and then, the calculations of eqn (4) yielded the internal stress 
distributions upon unbending (Fig. 6d). We found that the 
internal stresses in unbending process decreases as the 
turnaround applied strain increases. These decreases occur 
after the nonlinear elastic bending as shown in Fig. 6b-d. Similar 
trends were also observed from the calculations of internal stre-
Fig. 6. (a) A model of the bending film at the applied strain of 55%. The 
bent film is assumed to have vertical cross-section perpendicular to the 
material axis as shown in the magnified illustration. (b) Internal stress 
distribution of the PEN film upon bending with the applied strain of 55%. 
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(c) Internal stresses in the thickness direction of the PEN film bent with 
various applied strains. (d) Internal stress distribution of the PEN film 
bent with the applied strain of 55% in unbending process at turnaround 
applied strains of 85%, 80%, 75% and 70%.

ss distributions for the films with thicknesses of 100 µm and 75 
µm (Fig. S3). The internal stresses obtained in bending and 
unbending processes were converted to an energy loss ratio 
using the following equation:

𝐸𝑛𝑒𝑟𝑔𝑦 𝑙𝑜𝑠𝑠 𝑟𝑎𝑡𝑖𝑜 (%) =  
∫

ℎ
2
0
∫𝜌𝑡𝑎

0 (𝜎𝑏𝑒𝑛𝑑𝑖𝑛𝑔 ― 𝜎𝑢𝑛𝑏𝑒𝑛𝑑𝑖𝑛𝑔)𝑑𝜌𝑑𝑧

∫
ℎ
2
0
∫𝜌𝑡𝑎

0 𝜎𝑏𝑒𝑛𝑑𝑖𝑛𝑔𝑑𝜌𝑑𝑧

#(5)

where ρ (=1/R) is curvature, and namely, ρta = 1/Rta. The energy 
loss ratio as a function of turnaround surface bending strain 
agreed with the bending hysteresis (see the dashed line in Fig. 
4b). This result indicates that the energy loss caused by the 
nonlinear-elastic bending results in the bending hysteresis, 
suggesting that the observed bending hysteresis has the origin 
similar to a typical tensile deformation as follows: large strain 
within the nonlinear-elastic region, imposed on the outer 
surface of the film, elongate polymer main chains along the 
tensile direction and thereby generates the friction heat 
dissipation due to slipping of the polymer main chains. This 
energy loss in the nonlinear-elastic bending causes the 
curvature difference in the bending and unbending processes.

On the basis of the above understanding, we can predict the 
bending parameters that cause the bending hysteresis, such as 
the applied strain, the film thickness and the curvature radius. 
Recently, we have established the modified Elastica theory 
which provides numerical solutions of curvature radius of 
bending polymeric films.37,39 The film shapes in the nonlinear-
elastic bending exhibit the smaller curvature radius (i.e., the 
larger curvature) compared to those in the linear-elastic 
bending at the same applied strain, which can be calculated 

from S-S curves of polymeric films. Since a curvature radius in 
the linear-elastic bending is in accordance with that of the 
classic beam theory,37,39,40 bending behaviour with no bending 
hysteresis follows the Elastica theory (see solid lines in Fig. 3d, 
3g, 3h, 3j, 3k and 3l). In contrast, the modified Elastica theory 
agreed with the bending curvatures exhibiting the hysteresis in 
unbending (see dashed lines in Fig. 3a, 3b, 3c, 3e, 3f and 3i). 
These results also support that the nonlinear-elastic bending 
leads to the bending hysteresis, indicating that we can predict 
the turnaround curvatures at which the bending hysteresis 
begins based on the Elastica and modified Elastica theories. The 
theories will help the design of polymeric films for developing 
mechanically durable flexible electronic devices. Note that the 
theories are applicable only to the small strain range where 
tensile and compressive S-S curves are equivalent.37,39–41 For 
example, polymer films, of which one surface undergoes plastic 
deformation, are beyond the applicable limits of the theories. 
The detailed calculation procedure of the theories is shown in 
Experimental section.

Experimental
Film samples.

PEN films (Q65-HA) with thicknesses of 125 µm, 100 µm and 75 
µm were purchased from Teijin Limited. The films were cut to 
the sizes of 30 (height) × 40 (width) mm2 for bending curvature 
measurements.

Real-time measurement of curvature upon bending and unbending.

Films were bent at the applied strain rate of 8.5% min−1. The 
curvature of bent films was measured using the image analysis 
technique previously reported.37,39 First, images of the bent 
films were captured in real time using a CCD camera. 
Subsequently, the shape profiles of the films were fitted using a 
sixth-order function. Finally, the curvature was geometrically 
calculated from the obtained function. Unless otherwise stated, 
all measurements were taken at least thrice for each film. In 
addition, for each film type, three samples were measured. 
Curvature values and error bars in figures represent the means 
and standard deviations of the respective measurement results.

Mechanical tensile tests.

All mechanical tensile tests were performed on an INSTRON 
5943 at a strain rate of 0.3% min−1. The strain rate was set to 
match the bending strain rate (= average 0.29% min−1). Each film 
cut to the sizes of a gauge length of 100 mm and a wide of 5 mm 
was loaded up to an arbitrary turnaround tensile strain, and 
then, the load was removed. 

Calculations of internal stress distributions upon bending and 
unbending.

1) Internal stress upon bending. We approximated the measured 
S-S curves by the least squares method of the polynomial 
degree of six (Fig. S2a), and then obtained each eqn (2) and (3). 
Using eqn (3), the internal stresses in the thickness direction 
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were calculated for films bent with each applied strain. The 
internal stress distribution of the film bent with the applied 
strain of 55% was also calculated from eqn (3). The number of 
square elements with a dimension of 0.5 µm is approximately 
45,000.

2) Internal stress upon unbending. We approximated the slope 
and intercept of unloading S-S curves as a function of 
turnaround strain by the least squares method of the 
polynomial degree of four and three, respectively (Fig. 2b). As a 
result, we obtained eqn (4). The calculation of eqn (4) yields the 
internal stress distributions of the film bent with the applied 
strain of 55% after bending to an arbitrary turnaround applied 
strain.

Calculations of the Elastica theory and the modified Elastica theory.

1) The Elastica theory.37,39,40 A film was modelled as a beam of a 
linear-elastic material with length (L), width (w) and thickness 
(h). An axial compression to the film edges bends the film with 
an angle of the film edge (β). The angle β allows for the analysis 
of the curvature (1/R) and the applied strain (∆L/L) in the range 
of 0 ≤ β ≤ π/2, as follows:

                                                     
1
𝑅 =

4𝑝𝐾(𝑝)
𝐿                                                (6)

                                                
∆𝐿
𝐿 = 2[1 ―

𝐸(𝑝)
𝐾(𝑝)]                                         (7)

where K(p) and E(p) denote the complete elliptic integrals of the 
first and second kind, respectively. The symbol p denotes sin 
(β/2). For β = π/2, the curvature (1/R) is calculated as a function 
of ∆L from the equation:

                                          
1
𝑅 =

2 2[2𝐸(𝑝) ― 𝐾(𝑝)]
𝐿                                    (8)

By using eqn (6)–(8), the theoretical curvature was calculated in 
MATLAB.

2) The modified Elastica theory.37,39 A film was modelled as a 
beam of length (L), width (w) and thickness (h) again. Let s be 
the distance along the axis of the bent film from origin O; the 
expression for the angle between the line tangent to the bent 
film and the x-axis is θ (s) (*the angle θ (0) corresponds to the 
angle β). The S-S curve of the PEN film were also expressed as 
eqn (2). The value of [dφ(s)/ds]s=L/2 where φ(s) denotes 
arcsin[(θ(s)/2)/sin(β/2)] was calculated from eqn (2), then 
giving numerical solutions of curvatures at each applied strain 
using the two equations below:

                                             
1
𝑅 = ―2sin

𝛽
2[𝑑𝜑(𝑠)

𝑑𝑠 ]                                      (9)

                                             
∆𝐿
𝐿 = 1 ―

∫𝐿
𝑜(𝑑𝑥

𝑑𝑠)𝑑𝑠

𝐿                                      (10)

All calculations were performed using MATLAB. The detailed 
calculations are described in our previous report. 37,39

Conclusions
We have evaluated bent shapes of PEN films during bending and 
subsequent unbending through real-time measurements of 
curvatures. The films, bent above a certain curvature, exhibited 
hysteresis during unbending. The increase in a turnaround 
curvature results in larger hysteresis. The degree of hysteresis 
also depends on the thickness of films. The theoretical 
calculation shows that bending strains in a nonlinear region in 
terms of stress cause hysteresis in the unbending process. 
These findings successfully enable us to predict strain limit of 
reversible bending in various films by combining a S-S curve with 
the Elastica and modified Elastica theories. Such predictions 
could be useful in designing polymeric film substrates 
integrated into flexible electronics, preventing the failure of the 
devices.
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