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The involvement of heterogeneous solid/liquid reaction in growing 
colloidal nanoparticles makes it challenging to quantitatively 
understand the fundamental steps that determine nanoparticles' 
growth kinetics. A global optimization protocol relying on 
simulated annealing fitting and LSW growth model is developed to 
analyze the evolution data of colloidal silver nanoparticles 
synthesized from a microwave-assisted polyol reduction reaction. 
Fitting all data points of the entire growth process determines with 
high fidelity the diffusion coefficient of precursor species and the 
heterogeneous reduction reaction rate parameters on growing 
silver nanoparticles, which represent the principal functions to 
determine the growth kinetics of colloidal nanoparticles. The 
availability of quantitative results is critical to understanding the 
fundamentals of heterogeneous solid/liquid reactions, such as 
identifying reactive species and reaction activation energy barriers.

We reported the measurement of growth kinetics of colloidal 
silver (Ag) nanoparticles in a microwave reactor using in situ 
high-energy x-ray diffraction (HEXRD), which was published in 
Nano Letter in 2016.1 The availability of high-quality time-
resolved HEXRD patterns offered the promise of quantifying the 
evolution kinetics of colloidal Ag nanoparticles in the course of 
reducing silver nitrate (AgNO3) at elevated temperatures. The 
time-dependent mass evolution of the crystalline Ag 
nanoparticles exhibited sigmoidal shapes, and we 
mathematically fitted the data with a sigmoidal function, i.e., 

. The data fitting determined the constant 𝑦 = 𝑎[1 ―
1

1 + 𝑒
(
𝑥 ― 𝑥0

d𝑥 )
]

parameters of a, x0, and dx, which allowed us to conveniently 
compare the evolution kinetics under various reaction 
conditions (e.g., different temperatures and different 

concentrations of AgNO3). However, the condition-dependent 
constants derived from the pure mathematic fitting were lack 
of physical meaning to represent the fundamental functions 
that determine the growth kinetics of colloidal nanoparticles. 
Professor Özkar and Professor Finke criticized this issue later in 
a paper published in The Journal of Physical Chemistry C,2 in 
which they digitized our data and fitted the data with the Finke-
Watzky (FW) two-step mechanism proposed by Professor Finke 
and Professor Watzky back to 1997.3 The FW two-step 
mechanism consists of slow, continuous nucleation with a 
reaction rate constant of k1 and autocatalytic surface growth 
with a reaction rate constant of k2. The mechanism is generally 
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New Concepts: Real-time probing of colloidal nanoparticles' 
evolution kinetics in liquid solutions represents an emerging 
research area to understand the fundamental steps determining 
nanoparticle growth. The heterogeneous solid/liquid interfacial 
reactions responsible for growing nanoparticles in a closed 
system usually involve two primary interdependent functions, 
i.e., diffusion of reactive precursor species and surface reactions 
of the precursor species on the growing nanoparticles. Many 
attempts have been made to develop in situ techniques for 
measuring nanoparticle evolution. It is still challenging to 
quantitatively determine the intrinsic parameters (i.e., the 
diffusion coefficient of precursor and surface reaction rate 
constant) of the two intertwined functions. We apply the LSW 
model to describe the nanoparticle growth with an autonomous 
ordinary differential equation that is challenging to fit the in situ 
measurements of low/moderate-density data points. A new 
concept of global optimization protocol based on simulated 
annealing fitting is proposed to fit all data points of the entire 
growth process numerically. The fitting determine diffusion 
coefficients and surface reaction rate constants with high 
fidelity. The availability of intrinsic parameters' values offers the 
unprecedented opportunity to quantitatively understand the 
heterogeneous solid/liquid interfacial reactions of growing 
nanoparticles and rationally design the synthesis of colloidal 
nanoparticles.
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described in the format of serial (homogeneous) reactions as 
eq. 1:

A
𝑘1

B

A + B
𝑘2

2B

 (1)net A  B

where A and B stand for the precursor species and the 
composition species of the synthesized nanoparticles, 
respectively. Specifically, A represents Ag+ ions and B represents 
Ag atoms of the growing  nanoparticles in the Ag0

𝑛

aforementioned microwave-assisted synthesis of colloidal Ag 
nanoparticles. The rate law of the two-step reactions gives the 
time-dependent concentration of B, [B]t, as a function of time, 
t, following

 (2)[B]𝑡 = [A]0[1 ―
𝑘1 + 𝑘2[A]0

𝑘2[A]0 + 𝑘1𝑒
(𝑘1 + 𝑘2[A]0)𝑡]

in which [A]0 is the initial concentration of A. Eq. (2) provides a 
sigmoidal function to fit the data published in our 2016 Nano 
Letters paper. The fitting exercise determines the values of k1 
and k2 with the fitting coefficient of determination (R2) higher 
than 0.999, indicating the high quality of data fitting. We 
respectfully appreciate Professor Özkar and Professor Finke for 
their fitting efforts, and we do not comment on the suitability 
of FW two-step mechanism in describing the heterogeneous 
solid/liquid interfacial reactions involved in colloidal 
nanoparticle synthesis. The experimental HEXRD data reported 
in our 2016 Nano Letters paper primarily represent the growth 
kinetics of stable Ag nanoparticles because the nucleation 
process forms Ag nuclei that are too small (usually less than 2 
nm) to give HEXRD signals. Therefore, we focus on analyzing 
growth kinetics of colloidal Ag nanoparticles assuming that the 
nucleation process has ceased to produce new nuclei when 
decent HEXRD patterns started to be observed. 
The models reported in literature (including FW two-step 
mechanism) describe the growth of colloidal nanoparticles as 
autocatalytic surface reactions.2-6 Therefore, we believe that 
the mathematical equations describing the growth kinetics of 
colloidal nanoparticles should include the parameter of surface 
area (equivalent to r2) of the growing nanoparticles. For 
example, the model proposed by Lifshitz, Slyozov, and Wagner 
(LSW model) is well known to describe the growth of colloidal 
particles after nucleation.5, 6 In such a multiple-phase system, 
growing solid particles dispersed in a liquid solution containing 
precursor species depends on two consecutive processes, i.e., 
the diffusion of precursor species to the surface of growing 
particles and the reaction of precursor species on the particles' 
surface (Figure 1a).7, 8 When one of the two processes plays the 
decisive role in the growth kinetics of colloidal nanoparticles, 
the LSW model can be simplified to an asymptotic format, i.e., 
either surface reaction-limited model (Figure 1b) or diffusion-
limited model (Figure 1d).6, 9 The asymptotic models enable the 
feasibility to fit the in situ kinetic data of growing colloidal 
nanoparticles under the well-controlled synthesis conditions, 

leading to the determination of fundamental parameters such 
as the diffusion coefficient (D) of precursor species in the 
reaction solution and the reaction rate constant (k) of the 
precursor species on growing nanoparticles' surface.10-14 In 
most cases of colloidal nanoparticle synthesis, either the 
asymptotic model cannot accurately reflect the growth kinetics 
since both the diffusion of precursor species and surface 
reactions contribute comparably to determine the growth 
kinetics (Figure 1c).9 The full-version LSW model including the 
contributions of both diffusion and surface reaction has to be 
applied to fit the in situ measurement data to simultaneously 
determine D and k with acceptable fidelity. Because of the 
complexity of the kinetic equation, accurate determination of D 
and k from fitting the in situ data is still challenging.

Figure 1. (a) Schematic illustration of the LSW model responsible for the growth of 
colloidal Ag nanoparticles, showing the diffusion of appropriate Ag(I) precursor species 
across the diffusion layer (dotted circle) followed by reduction of the Ag(I) precursor on 
the growing Ag nanoparticles in the interfacial layer (dashed circle). (b-d) Concentration 
gradient profiles for different LSW approximations: (b) surface reaction-limited model, 
(c) full LSW model, and (d) diffusion-limited model. The length scale in (a-d) does not 
represent the true values.

In this Communication, we report the use of simulated 
annealing (SA) fitting to analyze in situ data throughout the 
entire growth of colloidal nanoparticles using the full-version 
LSW model and determine the values of both D and k with high 
fidelity. We use in situ data of synthesizing Ag nanoparticles in 
microwave-assisted polyol reduction of AgNO3 (reported in our 
2016 Nano Letters paper; ESI†, Section I) as an example to 
highlight the feasibility and accuracy of the SA fitting. In the 
synthesis, microwave heating was used to control the 
temperature of ethylene glycol (EG) solutions. Poly(vinyl 
pyrrolidone) (PVP) was added to serve as capping ligands to 
stabilize Ag nanoparticles. Successful determination of the 
values of fundamental kinetic parameters is promising to 
understand the thermodynamics and the active precursor 
species responsible for growing Ag nanoparticles. According to 
LSW model shown in Figure 1a (see ESI†, Section II), the growth 
rate of the Ag nanoparticles is described as
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(3){𝑑𝑟
𝑑𝑡 =

𝑘𝐷
𝑘𝑟 + 𝐷(𝑎 ― 𝑁0 ∙ 𝑏 ∙ 𝑟3)

𝑎 = 𝑉𝑚 ∙ 𝐶0

𝑏 =
4𝜋
3𝑉𝑠

where r and t represent the radius of growing spherical Ag 
nanoparticles and the time, Vm, Vs, C0, and N0 stand for molar 
volume of Ag metal (10.3 cm3 mol–1), the volume of reaction 
solution, initial concentration of AgNO3, and the number of 
growing Ag nanoparticles, respectively.
The autonomous ordinary differential equation (eq. 3) can be 
solved numerically using the classic fourth-order Runge-Kutta 
method (RK4)15 to give the nanoparticle growth trajectory r(t) 
when the values of k and D are available, and an initial condition 
r(t0) is provided. On the other hand, when the nanoparticle 
growth trajectory r(t) can be measured from in situ 
experiments, the values of k and D can be, in principle, 
determined by fitting the r(t)~t data with eq. 3. In our 2016 
paper the nanoparticle growth trajectory can be obtained from 

the total volume of Ag nanoparticles (Vtot), where   𝑉tot =
4
3𝜋𝑟3𝑁0

(see ESI†, Section II, Figure S2c). The average size of the as-
synthesized Ag nanoparticles (rmax) after the complete 
reduction of AgNO3 was determined using transmission 
electron microscopy (TEM) imaging. The complete reduction of 
AgNO3 generated the maximum total volume of Ag 
nanoparticles ( ) that was calculated from the amount of 𝑉max

tot
AgNO3 added to the reaction solution. The number of growing 
Ag nanoparticles (N0) could be calculated accordingly. The 
values of a and b were defined for a given reaction system. 
Fitting eq. 3 to the experimental data is reduced to a three-
parameter estimation problem about k, D, and r(t0). To avoid 
the uncertainty of the initial condition r(t0) that is close to zero, 
we applied the two-way RK4 method that the initial condition 
r(t0) was set to the midpoint of the growth curve where the first 
derivative (i.e., dVtot/dt) reaches the maximum. Since the size at 
the midpoint r(tmid) of stable growing nanoparticles is a fixed 
non-zero number in a given synthesis, the actual freedom of the 
numerical fitting becomes two. We have developed an 
extreme-condition model to determine k and D using the 
simplified asymptotic LSW models by focusing on the growth at 
the very early stage (reaction-limited model) and the very late 
stage (diffusion-limited model).16 Because of the low density 
and small variation of experimental data points at the very early 
and the very late growth stages, the fidelity and accuracy of the 
fitted (k, D) values may be questionable. However, they can be 
used as the references as well as the initial guess for SA fitting 
to fit more experimental data points throughout the entire 
growth process, leading to improved fitting efficiency and 
saving computational time.
Since both k and D influence the growth rate of Ag 
nanoparticles, many different pairs of (k, D) can generate similar 
growth rate according to eq. 3 during the focused time periods, 
which results in a challenge to simultaneously determine the 
values of k and D with high fidelity from data fitting. We report 
the development of a global optimizing fitting protocol that 
allows fitting all data points of the entire growth process to 
minimize the possible errors. Specifically, a SA method17 allows 
a random search of the mathematically valid (k, D) pairs to 
determine the physically accurate (k, D) pair through statistical 
analysis. A C-program based on the SA algorithm is developed 

to determine the optimum (k, D) pairs that give the least sum of 
squared residuals (SSR) of Vtot between the theoretical fitting 
predictions (Vfit) and experimental curve (Vexp) at each data 
point measured at different time ti (see ESI†, Section III):

 (4)𝑆𝑆𝑅 = ∑
𝑖|𝑉fit(𝑡𝑖) ― 𝑉exp(𝑡𝑖)|2

At the beginning of the algorithm, a random (k, D) pair is chosen 
as the starting point. The program will jump randomly to a new 
(k, D) pair in a neighboring region and check whether the SSR of 
the new iteration (n+1) becomes smaller than the available 
record to give a better fitting to the experimental data. 
Possibility of acceptance (P) of the new (k, D) pair relies on the 
Metropolis jumping rule.18 A smaller SSR will be accepted 
immediately (P=1), and a larger SSR will be accepted with 
condition:

(5)𝑃(𝑘,𝐷) = { 1,   𝑆𝑆𝑅𝑛 + 1 < 𝑆𝑆𝑅

exp ( ―
|𝑆𝑆𝑅𝑛 + 1 ― 𝑆𝑆𝑅|

𝑅𝜏 ), 𝑆𝑆𝑅𝑛 + 1 ≥ 𝑆𝑆𝑅

in which R is a constant that is only related to the efficiency of 
the algorithm,  is the current “temperature” of the SA process 
in analogy to metallurgical process. The value of  decreases 
after each iteration of search, and the neighboring region for 
picking a new (k, D) pair narrows accordingly. A continuous 
search leads to a convergence of the (k, D) trace in the k-D plane 
to the point that possibly has the smallest SSR. Due to the 
Monte-Carlo feature (i.e., randomness and probability) of the 
SA algorithm, the best fitting result becomes more likely to 
reach as the program runs for enough time and iteration circles. 
In practice, the program is forced to stop when a set of criteria 
are fulfilled (e.g., the “temperature” of annealing lower than 
τmin), avoiding the possible overfitting and saving the data 
processing time.
Figure 2(a) presents the (k, D) results from fitting the 
experimental data of growing Ag nanoparticles at 160 °C by 
repeating the SA program for 100 cycles. The (k, D) pair 
determined with the extreme-condition model was used as the 
starting point for the SA fitting. The likely optimized (k, D) pairs 
scatter around one of the branches of the rectangular 
hyperbola, i.e.,  with both ri and H constants, 𝐻 = 𝑘𝐷/(𝑘𝑟𝑖 +𝐷)
in the k (horizontal) – D (vertical) plane. The (k, D) pairs with the 
smallest SSRs (red dots, Figure 2a) cluster in a confined region, 
highlighting the feasibility to determine the high-fidelity values 
of k and D. The distribution of k is very narrow (i.e., 2.5~3.1 × 
10-7 ms-1) while the values of D scatter in a wider range (i.e., 
5~10 × 10-14 m2s-1), suggesting that k can be more accurately 
determined than D. Such difference indicates that the 
contribution of surface reaction to the growth kinetics of Ag 
nanoparticles at 160 °C is more determining than the 
contribution of precursor diffusion. Considering that the SA 
algorithm suggests the uncertainty of the fitting results, we use 
the averages of the top 10% results from the 100 circles of the 
SA fitting to improve the accuracy. The statistic accuracy of k 
evaluated from the clustered (k, D) pairs with the smallest SSRs 
is higher than that of D, i.e., (2.870.052)  107 ms1 for k with 
statistic deviation of 18% versus (8.132.24)  1014 m2s1 for D 
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with statistic deviation of 28%. It is worthy of pointing out that 
the (k, D) pairs with the smallest SSRs derived from the SA fitting 
cluster at the upper arm of the half hyperbola to highlight the 
more reaction-limited growth of Ag nanoparticles. Such a 
conclusion is consistent with k·rmax/D  1, which is calculated 
using the fitted (k, D) values (see ESI†, Table S2).
The growth kinetics of Ag nanoparticles accelerates significantly 
with the reaction temperature. The SA fitting reveals that 
increasing temperature leads to the increase of both the 
diffusion of Ag(I) precursor and the surface reduction of Ag(I) 
precursor species on growing Ag nanoparticles. The values of k 
and D of the syntheses at varying temperatures, e.g., 130 °C, 
140 °C, 160 °C, and 180 °C, are presented in Table S2 (see ESI†). 
When temperature increases from 130 °C to 180 °C, k increases 
by 42.4 times from 0.22  107 ms1 to 9.33  107 ms1. The 
logarithm of the temperature-dependent reaction rate 
constant (i.e., lnk) exhibits a linear relationship with the 
reciprocal of thermodynamic temperature (1/T) (Figure 2b). 
According to the Arrhenius equation  (R and A 𝑘 = A𝑒

― 𝐸𝑎 𝑅𝑇

representing the universal gas constant and the frequency 
factor), the activation energy (Ea) of reducing the Ag(I) precursor 
on growing Ag nanoparticles in EG is calculated to be 119.0 
kJmol1.
The clustering center of the D values increases by 13.2 times 
from 1.19  1014 m2s1 to 1.57  1013 m2s1 as temperature 
increases from 130 °C to 180 °C (Figure 2c, Table S2, see ESI†). 

According to the Stokes-Einstein equation, , the 𝐷 =
𝑘𝐵 ∙ 𝑇

6𝜋 ∙ 𝜂 ∙ 𝑟𝑑𝑦

diffusion coefficient (D) of a dynamic spherical molecule is 
proportional to temperature (T) and inversely proportional to 
the viscosity ( ) of the solvent and the dynamic radius of the 𝜂
diffusive molecule (rdy). Figure 2c shows the dependence of D 
derived from the SA fitting on T/ , in which the temperature-𝜂
dependent viscosity of a PVP-EG solution is adjusted according 
to the reported data.19 The plot is linear despite the first data 
point collected at 130 °C, where the growth curve is incomplete 
and may not represent the true D value. The accuracy of the 
values of k and D determined from the SA fitting can be 
evaluated by comparing the theoretical growth kinetics 
calculated from eq. (3) with the experimental growth kinetics. 
The good agreement is shown in Figure 2d, highlighting the high 
fidelity of the SA fitting in determining k and D.
The SA fitting is also applied to analyze the growth kinetics of 
colloidal Ag nanoparticles synthesized with different 
concentrations (C0 = 0.05 M, 0.10 M, and 0.15 M) of AgNO3 at a 
constant temperature of 160 °C and a constant concentration 
of PVP (0.15 M) (Figure 3a). The values of k and D determined 
from these syntheses are presented in Table S3 (see ESI†). The 
diffusion coefficient of reactive precursor species, D, remains 
essentially constant around ~10  1014 m2s1 (Figure 3b), 
which is consistent with the Stokes-Einstein equation. In 
contrast, the fitted surface reaction rate constant, k, decreases 
from 6.21  107 ms1 to 2.12  107 ms1 as the concentration 
of AgNO3 increases from 0.05 M to 0.15 M (Figure 3c). According 
to the Arrhenius equation, the surface reaction rate constant 
should not vary with the precursor concentration at a constant 

Figure 2. (a) The optimized (k, D) pairs determined from the SA fitting of the growth kinetics of colloidal Ag nanoparticles measured from the synthesis at 160 °C. The concentration 
of AgNO3 was 0.1 M and the concentration of PVP in terms of repeat unit was 0.15 M.  The colors of dots correspond to the SSRs calculated between the experimental data and 
the fitting data. (b) Plot of ln(k) as a function of 1/T. (c) Dependence of D on T/. (d) Plots of the fitted kinetic curve and the measured data (symbols) of the synthesis at different 
temperatures: 130 °C (blue, ●), 140 °C (green, ▼), 160 °C (yellow, ■), and 180 °C (red, ▲).
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temperature. The deviation of the fitted k and the expected k 
implies that the actual precursor involved in the surface 
reduction for growing Ag nanoparticles is not AgNO3 (or Ag+).

Figure 3. Analysis of time-resolved HEXRD patterns recorded in the growth of 
colloidal Ag nanoparticles at different AgNO3 concentrations: 0.05 M (blue, ●), 
0.10 M (green, ▼), and 0.15 M (yellow, ■). (a) Total Ag volume as a function of 
time (symbols) at different AgNO3 concentrations and their corresponding 
theoretical calculation (curves) using the SA fitting. (b) Diffusion coefficient (D) at 
different AgNO3 concentrations. (c) Reaction rate constant (k) at different AgNO3 
concentrations.

We have performed the basic density functional theory (DFT) 
calculations on the interactions between Ag+ ions (or Ag0 atoms) 
and vinylpyrrolidone (VP) repeat unit (see ESI†, Section IV). The 
calculation results show that the linear coordination of Ag ions 
to the carbonyl groups of VP units is thermodynamically 
favorable (see ESI†, Figure S7), which is consistent with claims 
proposed in the previous report.20 The formation of Ag+O-VP 
complex enriches the electron densities on the Ag+ ions due to 
electron donation of the pyrrolidone ring, benefiting the 
reduction of Ag(I) to metallic Ag.21 Therefore, the actual 

precursor species involved in the surface reaction is Ag+O-VP 
complex rather than all Ag(I) species that is used in the SA 
fitting. According to the LSW model, the consumption rate of 
Ag(I) species due to the surface reaction on growing Ag 
nanoparticles is described as (eq. S2, see ESI†):

(6)𝐽rxn = 4π𝑟2𝑘(𝐶𝑖 ― 𝐶𝑟) ≈ 4π𝑟2𝑘 ∙ 𝐶𝑖

where Ci represents the concentration of Ag(I) precursor at the 
imagined solid/liquid interface i (the dashed circle in Figure 1a). 
Cr is the concentration of Ag(I) precursor near the surface of a 
Ag nanoparticle, which is equal to the negligibly low solubility of 
the Ag atoms under the reaction condition. For the growing Ag 
nanoparticles with a radius of r, 𝑘𝑓𝑖𝑡 ∙ 𝐶𝑖, total Ag(I) = 𝑘𝑎𝑐𝑡𝑢𝑎𝑙 ∙

, in which kfit is the rate constant (shown in Figure 𝐶𝑖, Ag + ― O ― VP
3c) determined from the fitting process using the concentration 
of total Ag(I) in bulk solution, kactual stands for the rate constant 
corresponding to the actual reaction precursor of Ag+O-VP 
complex. This equation is rewritten as 

(7)
𝐶𝑖, Ag + ― O ― VP

𝐶𝑖, total Ag(I)
=

𝑘𝑓𝑖𝑡

𝑘𝑎𝑐𝑡𝑢𝑎𝑙

The left term represents the fraction of Ag+ coordinated with 
PVP. When the concentration of PVP is constant, a higher 

concentration of AgNO3 gives a lower  at constant 
𝐶𝑖, Ag + ― O ― VP

𝐶𝑖, total Ag(I)

temperature. Since the principle kactual is constant at a given 
temperature, the value of kfit determined from the SA fitting is 
smaller at a higher concentration of AgNO3, which is observed 
in Figure 3c.

Conclusions
In summary, a global fitting method based on SA algorithm has 
been developed to fit the experimentally measured growth 
kinetics of colloidal nanoparticles using the full-version LSW 
model. The fitting applies to all data points throughout the 
entire growth process determined by both surface reaction and 
diffusion of precursor species, resulting in the extraction of 
reliable k and D. According to the principle of the LSW model, 
the presented fitting protocol readily applies to the synthesis of 
colloidal nanoparticles, in which continuous growth of colloidal 
nanoparticles is supported by the surface reaction after burst 
nucleation. Availability of the fundamental kinetics parameters, 
k and D, is crucial to understand the insightful details of 
nanoparticle growth. For example, the precursor species 
involved in the surface reaction on growing Ag nanoparticles is 
determined, for the first time, as Ag+O-VP complex. The 
activation energy of the surface reduction of Ag+O-VP complex 
on the growing Ag nanoparticles is 119.0 kJmol1. The global 
fitting and quantitative understanding of growth kinetics of 
colloidal nanoparticles provide a promising strategy for 
understanding the in-depth mechanism of surface reactions on 
growing nanoparticles.
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