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Influence of surface viscosities on the electrodeformation
of a prolate viscous drop

H. Nganguia,a D. Das,b O. S. Pak,c and Y.-N. Youngd‡

Contaminants and other agents are often present at the interface between two fluids, giving rise
to rheological properties such as surface shear and dilatational viscosities. The dynamics of viscous
drops with interfacial viscosities has attracted greater interest in recent years, due to the influence of
surface rheology on deformation and the surrounding flows. We investigate the effects of shear and
dilatational viscosities on the electro-deformation of a viscous drop using the Taylor-Melcher leaky
dielectric model. We use a large deformation analysis to derive an ordinary differential equation for
the drop shape. Our model elucidates the contributions of each force on the overall deformation of
the drop, and reveals a rich range of dynamic behaviors that show the effects of surface viscosities
and their dependence on rheological and electrical properties of the system. We also examine the
physical mechanisms underlying the observed behaviors by analyzing the surface dilatation and surface
deformation.

1 Introduction
Electric fields are increasingly being employed to manipulate sus-
pensions of deformable particles in biomedical applications (sep-
aration and detection of infected blood cells, DNA and protein
molecules), drug delivery (electroporation based therapies), and
many other biologically related applications. In petroleum engi-
neering, electric fields are used to separate mixed emulsions. In
these settings, naturally-occurring or added surfactants often act
as demulsifier and stabilizing agents for the emulsion.

The effect of electric fields on a clean viscous drop is now rela-
tively well understood1. For a leaky dielectric drop freely sus-
pended in another leaky dielectric fluid, the bulk charge neu-
tralizes on a fast timescale while “free” charges accumulate on
(and move along) the drop surface. In this physical regime, the
full electrokinetic transport model in a viscous solvent can be de-
scribed by a charge-diffusion model that can be further reduced
to the Taylor-Melcher leaky dielectric model2. In many physics
and engineering applications with moderately dissolvable elec-
trolytes, the Taylor-Melcher leaky dielectric model can capture
the deformation of a viscous drop in both dielectric3,4 and con-
ducting mediums5,6. In the Taylor-Melcher model, the balance
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between the electric stress and the hydrodynamic stress on the
drop surface gives rise to a drop shape and a flow field that can
be parametrized by the conductivity ratio and the permittivity
ratio7. Under a small electric field, a steady equilibrium drop
shape exists due to the balance between the electric and hydro-
dynamic stresses8–10. For a sufficiently large electric field, in-
stabilities arise and the drop keeps deforming until it eventually
breaks up into smaller drops11,12. The Taylor-Melcher model has
been extended in recent years to include the effects of charge re-
laxation13, charge convection14–17, drop shapes,18–21, drop in-
stabilities10,22–27, and Marangoni stresses28–31.

Interfacial rheology is characterized by a shear viscosity and
a dilatational viscosity on the drop interface, and may arise for
drops covered with colloidal particles and proteins32,33, surfac-
tants34, and as a property of vesicles’ membrane viscosity33,35.
Studies show a rich range of dynamics over various physical set-
tings as a result of interfacial rheology. Its influence on deforma-
tion has been investigated for drops in a linear flow and showed
to affect the critical capillary number for drop breakup36–38. Nu-
merical simulations have also been conducted to determine the
influence of interfacial rheology in shear39,40 and extensional
flows. For the extensional flow, Herrada et al.34 found that al-
though surface velocity is reduced, the surface viscosities have
greater effect on drop breakup, and only minimal effect on the
equilibrium deformation. Under the same flow, Singh and Nar-
simhan41,42 showed the dilatational viscosity led to instability,
and the shear viscosity acted to stabilize the drop. Surface vis-
cosities have also been found to alter the stability of viscous fin-
gering43 as well as play a role in pinch-off dynamics44–46.

Recent studies have also begun to investigate the effects of in-
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terfacial rheology on the dynamics of a viscous drop in an electric
field. Mandal et al.47 considered a leaky dielectric drop and ob-
tained analytical solutions using the small deformation analysis.
In comparison to the clean drop case, they showed that dilata-
tional viscosity yields larger deformation, while shear viscosity
yields smaller deformation. Han et al.48 instead considered the
case of a conducting drop and concluded that dilatational viscos-
ity only changes the transient dynamic of the drop, leaving the
steady state deformation unchanged as the dilatational viscosity
increases. While these recent findings have revealed how interfa-
cial viscosities can alter electro-deformation of drops in different
manners, the results are limited to the small deformation analysis
of a leaky dielectric drop or numerical simulations of a conducting
drop with only surface dilatational viscosity.

For fluid flow driven by an electric field, charges accumulate
at the drop surface that separates media with different electric
properties. Because of the conductivity and permittivity mismatch
between the interior and exterior fluids, the electric field acting
on the surface charges generate a Maxwell stress that induces
fluid flow. By tuning the electric properties, one can control the
circulation in and around the drop: When the interior fluid is less
conducting than the exterior one, the fluid flow is from pole-to-
equator. Likewise, one obtains an equator-to-pole flow when the
interior fluid is more conducting than the exterior one28,49,50. To
examine the influence of these flow variations and to present
a more comprehensive analysis, in this work we go beyond the
small deformation regime and examine the effect of interfacial
viscosities on large electro-deformations of both leaky dielectric
and conducting drops via a spheroidal model18,19. Our results
provide predictions in the practically significant regime of large
drop deformations and shed light on the physical mechanisms
underlying the observed electrohydrodynamic behaviors.

This paper is organized as follows. In §2, we present the physi-
cal problem, governing equations, and derive the model for drop
deformation. We discuss the main findings in §3, where we first
report various effects of surface rheology on deformation (§ 3.2),
we then propose physical mechanisms behind the observations
(§ 3.3). Finally, we summarize our results and outlook in §4.

2 Mathematical formulation
We consider a viscous drop with interfacial viscosities immersed
in a leaky dielectric fluid as shown in figure 1a. Each fluid is
characterized by the fluid viscosity µ, dielectric permittivity ε,
and conductivity σ with the subscript denoting interior (1) or ex-
terior (2) fluid. In this work the subscript “r" denotes the ratio
between exterior and interior quantities: µr = µ2/µ1, εr = ε2/ε1,
and σr = σ2/σ1. Typical applications of leaky dielectric fluids in-
volve drops of mm size under an electric field strength of kV/cm
4,8,18,50–53. Hence we assume that the fluid flow in this system is
in the creeping flow regime with negligible inertia. Moreover, the
flow around drops in electric field depend on the electric ratios
σr and εr

12,54. Drops are categorized as prolate ‘A’ or prolate ‘B’.
As illustrated in figure 1b, they differ by the circulation inside the
drops: counterclockwise in the first quadrant (equator-to-pole)
for prolate ‘A’ (σr/εr < 1), and clockwise (pole-to-equator) for
prolate ‘B’ (σr/εr > 1). The electric tangential stress vanishes for

σr/εr = 1, and the drop remains spherical.
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PRB

Fig. 1 (a) Sketch of the problem: An axisymmetric leaky dielectric
viscous drop immersed in another dielectric fluid, with an external electric
field E⃗0 in the z direction. The bead-rod particles represent the rheological
properties of the interface (shear and dilatation). (b) Two modes of
prolate shape exist: prolate ‘A’ (PRA) with a counterclockwise circulation
in the first quadrant, and prolate ‘B’ (PRB) with a clockwise circulation
in the first quadrant.

2.1 Governing equations
The fluids are governed by the incompressible Stokes equation,

−∇p j +µ j∇
2u j = 0, ∇ ·u j = 0 (1)

where j = 1 or j = 2 denote the drop and continuous phases,
respectively, p is the pressure, and u is the velocity field. In the
far-field the flow is quiescent,

u2(x→ ∞) = 0. (2)

The electric field E j = −∇φ j, where φ j is the electric potential
that satisfies the Laplace equation,

∇
2
φ j = 0. (3)

Far away from the drop surface the electric field is the imposed
electric field

−∇φ2 = E0z. (4)

At the drop interface, boundary conditions are imposed for the
electric potential φ , and the flow field u. The electric potential is
continuous and the total current is conserved,

JφK = 0, Jσ∇φ ·nK = 0, (5)

where J·K denotes the jump between outside and inside quan-
tities. Generally, the jump in Ohmic current, Jσ∇φ ·nK is bal-
anced by charge relaxation and charge convection 7. The ef-
fects of these dynamics on the transient behavior of drops13,
and on equilibrium deformation14,17,55, have been investigated
analytically and numerically in the context of drops electrohy-
drodynamics. For a clean drop, both charge relaxation and con-
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vection can yield transient shape transitions and/or overshoot.
However, charge relaxation does not affect the equilibrium de-
formation13, while charge convection effects depend on the elec-
tric Reynolds number17,56. In regard to our study, any effects
of charge relaxation and convection will be transitory (affecting
figures 5-8 in Section 3). Moreover, we anticipate a small quan-
titative change in the equilibrium deformations (due to charge
convection) To further justify the omission of charge relaxation
and convection, we note that these effects are driven by the Sav-
ille (Sa = τc/τp)7,14 and electric Reynold (ReE = τc/τF )7,17,56

numbers, respectively, where τc, j = ε j/σ j is the charging time
scale, τp, j = µ jr0/γ is a characteristic hydrodynamic time scale,
and τF = µ1/ε2E2

0 is a convective flow time. Using experimen-
tal data18 for an aqueous KCl drop (σ1 = 8× 1012 pS/m, ε1 =

68.9×8.85 pF/m, µ1 = 0.81×10−3 Pa.s) in epoxidized linseed oil
(σ2 = 1.46× 103 pS/m, ε2 = 6.18× 8.85 pF/m, µ2 = 339× 10−3

Pa.s), we estimate τc ≈ 7.6 × 10−11 s, τp ≈ 2.9 × 10−4 s, and
τF ≈ 1.5× 10−3 s. Thus, τc ≪ τp < τF which yields Sa ≪ 1 and
ReE ≪ 1 and we can assume the charge relaxation and charge
convection to be negligible.

The electric field and the hydrodynamic fluid velocity are cou-
pled at the drop interface through the stress balance

JTH +TEK ·n=−∇s ·Σ (6)

where TH = −pI+ µ
[
∇u+(∇u)T ] and TE = εEE − ε

2 (E ·E)I

are the viscous and electric stresses, respectively. Σ is given by
a constitutive law that accounts for interfacial rheology. In this
paper, we consider surface viscosities given by the Boussinesq-
Scriven law57:

Σ = γP+(λ −ν)ΘP+νDs(us), (7a)

Θ = ∇s ·us, Ds(us) = ∇sus +(∇sus)
T (7b)

where γ is the surface tension, P = I−nnT , Θ is the surface di-
latation, Ds(us) is the surface deformation, λ , ν are parameters
denoting the interface dilatational and shear viscosities, respec-
tively. ∇s = P ·∇ is the surface divergence, and us = P ·u is the
surface velocity. Taking the surface divergence of Eq. 7a, the
right-hand side of the stress balance Eq. 6 becomes:

JTH +TEK ·n= κ [γ +(λ −ν)Θ]n− (λ −ν)∇sΘ−νTS, (8a)

TS = ∇s ·Ds(us), (8b)

where κ is the mean curvature.

2.2 Spheroidal model

In our formulation we focus on spheroidal deformations and seek
a leading-order truncated solution in spheroidal coordinates as
in28. The spheroidal coordinates system has been used suc-
cessfully to analyze the electrohydrodynamics of leaky dielectric
drops18,19,28,29,58–61. The reader is referred to these studies for
detailed derivations. Here, we provide an outline of the solution.

Focusing on the axisymmetric flow, the prolate spheroidal coor-
dinates (ξ ,η) can be expressed in the cylindrical coordinates (r,z)

as
z = cξ η , r = c

√
(ξ 2 −1)(1−η2), (9)

where c ≡
√

a2 −b2 is the semi-focal length, and a and b are the
major and minor semi-axis, respectively. Defined as such, ξ ∈
[1,∞), η ∈ [−1,1], and surfaces of constant ξ are spheroids while
surfaces of constant η are hyperboloids. Therefore the prolate
drop surface is simply given by ξ = ξ0(t)≡ a/c. Volume conserva-
tion of the drop relates a and b to ξ0(t) as a(t) = r0/

3
√

1−ξ0(t)−2

and b(t) = r0
6
√

1−ξ0(t)−2, where r0 is the radius of an initially
spherical drop. In the following we use hξ , hη and hζ to denote
the metric coefficients in the prolate spheroidal coordinates.

The incompressible Stokes equations in Eq.1 are expressed in
terms of the stream function that now satisfies the equation

(E2)2
ψ j = 0, (10)

where

E2 =
1

c(ξ 2 −η2)

[
(ξ 2 −1)

∂ 2

∂ξ 2 +(1−η
2)

∂ 2

∂η2

]
.

Then, the flow field is calculated from u j = − 1
hξ hζ

∂ψ j
∂η

and v j =

1
hη hζ

∂ψ j
∂ξ

. The electric potentials φ j in each phase are obtained
from Eq. 3 with the corresponding boundary conditions, and are
then expressed in terms of Legendre functions. The flow field and
electric potential problems are tied together at the drop interface
through the stress balance. In the presence of surface rheology,
the stress balance is modified to include the effects of surface
shear and dilatational viscosities:

JT H
ξ η

+T E
ξ η

K =−(λ −ν)Hηη

∂Θ

∂η
−νT S

ξ η
, (11a)

JT H
ξ ξ

+T E
ξ ξ

K = γκ +(λ −ν)κΘ+νT S
ξ ξ

, (11b)

where

T S
ξ η

= Eηζ Hζ ζ Ds
ηη −Eηζ Hζ ζ Ds

ζ ζ
+Hηη

∂Ds
ηη

∂η
, (12a)

T S
ξ ξ

= Eξ η Hηη Ds
ηη +Eξ ζ Hζ ζ Ds

ζ ζ
, (12b)

Hηη = 1/hη , Hζ ζ = 1/hζ , and Ei j =
1
hi

∂h j
∂xi

. The surface strain

tensor Ds are provided in Appendix B. Taylor62 first recognized
the challenge of satisfying the stress balance over the surface
of a spheroid. In our model, the solutions of the Stokes equa-
tion in prolate spheroidal coordinates are expressed as a series of
Gegenbauer functions of the first and second kinds63,64. How-
ever, in our model we truncate the solutions and only keep the
first mode19. As a result, the stress balance at this mode is not
satisfied at every point on the spheroidal drop. To remedy this,
we employ the approaches in58,65. We perform a Galerkin pro-
jection of the normal (tangential) stress balance onto the normal
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(tangential) velocity u (v), and integrate over the surface:∫
S

u · JT H
ξ η

+T E
ξ η

K =−
∫

S
u ·
{
(λ −ν)Hηη

∂Θ

∂η
+νT S

ξ η

}
, (13a)

∫
S

v · JT H
ξ ξ

+T E
ξ ξ

K =
∫

S
v ·
{

γκ +(λ −ν)κΘ+νT S
ξ ξ

}
. (13b)

We non-dimensionalize the problem using r0 for length, E0

for electric field, ε2E2
0 r0/µ1 for velocity, and ε2E2

0 for stresses.
Three dimensionless parameters emerge from scaling: the elec-
tric capillary number CaE = ε2E2

0 r0/γ, and the Boussinesq num-
bers µd = λ/µ1r0 and µs = ν/µ1r0. While the shear and di-
latational viscosities may have, in exceptional cases, the same
order of magnitude66,67, in general µd ≫ µs

68–72. For exam-
ple, surface viscosity measurements for sodium lauryl sulfate
(SLS; µd ≈ 2.5× 10−3 N.s/m, µs ≈ 1.7× 10−7 N.s/m) or sodium
lauryl sulfate-lauryl alcohol (SLS-LOH; µd ≈ 39.8× 10−3 N.s/m,
µs ≈ 0.2× 10−3 N.s/m)73. In these cases, the dilatational viscos-
ity is about 2 (SLS) to 4 (SLS-LOH) orders of magnitude larger
than the shear viscosity (µd ≫ µs). Considering a water-ethanol
mm-sized drop with interior viscosity 0.042 N.s/m2 8, the Boussi-
nesq numbers would fall in the range ≈ 4×10−3 to 9.5×102. In
this study, we consider Boussinesq numbers ranging from 0 to
103.

After applying the approach in19,28, we can show that solutions
of the governing equations (together with the boundary condi-
tions) reduce to an ordinary differential equation for the shape
parameter:

dξ

dt
=

1
F

(
QT

c2 HT +
QN

c2 f21 − f24

)
, (14)

where

QN = CaE

[
(−c+αQ′

1)
2 +

(
−c+α

Q1

ξ0

)2
−2β

2/εr

]
, (15a)

QT = CaE

[
(−c+αQ′

1)(−cξ +αQ1)−ξ β
2/εr

]
, (15b)

HT =
f11 (µr f22 + f23−(µd −µs) f27 +µs f28)

µr f14 + f15 +(µd −µs) f16 +µs f17
, (15c)

F =
2
3
(µr f25 + f26 − (µd −µs) f29 +µs f30). (15d)

In these equations, α, β are coefficients of the electric poten-
tial φ j, Q1 is a Gegenbauer function of the second kind63,64,
and the primes denote differentiation with respect to ξ . The
ξ -dependent functions fn’s are provided in Appendix A. More-
over, in the absence of charge relaxation, contributions from the
Maxwell stresses QN/c2 and QT /c2 reduce to

QN/c2 = CaE K2
(
−2σ

2
r /εr +σ

2
r +1

)
, (16a)

QT /c2 = CaE K2
σr (1−σr/εr) , (16b)

where K ≡
[
Q1(ξ0)−ξ0Q′

1(ξ0)
]
/
[
Q1(ξ0)−σrξ0Q′

1(ξ0)
]
.
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Fig. 2 (a) Equilibrium D deformation scaled by the clean drop deforma-
tion Dc as a function of the dilatational and shear viscosities for CaE = 0.2.
The curves are color-coded to denote the sole-effect of dilatational vis-
cosity (red), shear viscosity (blue) and their combined effect (black). (b)
Equilibrium deformation D as a function of electric capillary number.
The curves are color-coded to denote the sole-effect of dilatational vis-
cosity (red), shear viscosity (blue) and the clean drop case (black). In
both panels, the solid curves represent results from the large deforma-
tion analysis (large-def) and the dashed curves represent results from
the small-deformation analysis (small-def) in47. Other parameters are:
µr = 1/1.4706,σr = 1/1.25,εr = 1/1.0566.

3 Results and Discussion

3.1 Model Validation
Mandal & Chakraborty47 performed an asymptotic analysis in
small electric capillary number CaE ≪ 1 to investigate the effects
of surface viscosities on the dielectrophoresis of drops. A close
inspection of their normal stress balance (equation 15 in their pa-
per) suggests that their small-deformation analysis is valid up to
µs,µd ∼ O(1). We use the small-deformation results to validate
our spheroidal model predictions for the deformation number,

D =
a−b
a+b

, (17)

with the following expectations: (1) our results should agree
qualitatively with their model for a fixed value of electric cap-
illary number and varying µd ,µs up to order 1; (2) our results
should show good quantitative agreement with their model for a
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fixed value of the surface viscosities in the limit CaE ≪ 1.
Figure 2 shows the deformation number for a

phenylmethylsiloxane-dimethylsiloxane (PMM) drop suspending
in silicone oil medium47,74 with µr = 1/1.4706,σr = 1/1.25,εr =

1/1.0566 as a function of the surface viscosities (figure 2a) and as
a function of the electric capillary number (figure 2b). The solid
lines denote results from the large deformation analysis while
the dashed lines represent results from the small deformation
analysis in47 . In figure 2a, the electric capillary number is
fixed at CaE = 0.2. The curves are color-coded to denote the
sole-effect of the dilatation viscosity (red), the sole-effect of the
shear viscosity (blue), and their combined effect (black).

As expected, our spheroidal results show good qualitative
agreement with the small deformation analysis for all three ef-
fects. Quantitatively, the difference between the two approxima-
tions is less than 1%. As previously predicted in47, the dilatation
viscosity acts to increase the deformation whereas the shear vis-
cosity suppresses compared to a clean drop. In figure 2b, the di-
latational viscosity (µd = 1) and shear viscosity (µs = 1) are fixed,
and the deformation is plotted as a function of the electric cap-
illary number CaE . The curves are color-coded to represent the
sole-effect of the dilatation viscosity (red), the sole-effect of the
shear viscosity (blue), and the clean drop case (black). For the
given fluid properties, a strong electric field is necessary to yield
significant drop deformation. At values of the electric capillary
number up to ≈ 0.5, our results show excellent agreements with
the predictions from the small deformation analysis. However,
results from the small deformation analysis become less accurate
and consequently deviate from the large deformation analysis re-
sults at a stronger electric field and larger D . Contrasting figures
2b and 3a, we note that figure 2b remains in the small deforma-
tion regime (D < 0.1) for a large range of CaE . This is not true for
figure 3a, where 0<D < 0.3. Zooming into 0<D < 0.1 (the small
deformation regime) in figure 3a reveals that the deformation is
of similar magnitude compared to figure 2b.

3.2 Effect of surface viscosities on deformation

3.2.1 Influence of interior circulation

A leaky dielectric drop in a leaky dielectric medium can deform
into a prolate or oblate shape, depending on the fluids’ electric
parameters5–7,12. Moreover, as illustrated in figure 1b two modes
of deformation exist for a prolate drop: the prolate ‘A’ drop with
an equator-to-pole circulation, and the prolate ‘B’ drop with a
pole-to-equator circulation. In this section, we investigate the
effects of varying the surface viscosities on the deformation for
a wider range of electric capillary number.

Figure 3 shows the deformation number as a function of the
electric capillary number for a drop with equator-to-pole circula-
tion (fig1 (a), µr = 1,σr = 0.1,εr = 10, Prolate ‘A’) and with pole-to-
equator circulation (fig1 (b), µr = 1,σr = 0.04,εr = 1/50, Prolate
‘B’). For these electric parameters, numerical simulations12 reveal
a critical electric capillary number (the value beyond which equi-
librium deformations cease to exist).

For the clean drops, the boundary integral method simula-
tions12 agree well with our spheroidal model19,28 for the full
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Fig. 3 Equilibrium deformation D as a function of the electric capillary
number for (a) a prolate ‘A’ drop with µr = 1,σr = 0.1,εr = 10 and (b)
a prolate ‘B’ drop with µr = 1,σr = 0.04,εr = 1/50. In (a,b), the solid
curves represent results from the large deformation analysis (large-def),
the dashed curves represent results from the small deformation analysis
(small-def) in47, and the symbols denote boundary integral method sim-
ulations for a clean drop12. In both panels, the curves are color-coded to
denote the sole-effect of dilatational viscosity (red), shear viscosity (blue)
and the clean drop case (black).

range of electric capillary numbers. By comparison, the small
deformation theory (dashed curves) shows agreement only up to
CaE ≈ 0.1.

Surface rheology affects the deformation in several important
ways. First, the effects of the shear viscosity (µs = 100, blue
curves) appears to be more significant than those from the di-
latation viscosity (µd = 100, red curves). This is observed by the
larger magnitude of deformation compared to the clean drop,
and is especially pronounced for a prolate ‘A’ drop (figure 2b)
and figure 3a). Second, the rheological effects depend on cir-
culation. Indeed, the dilatation viscosity yields larger (smaller)
deformation compared to the clean drop when the interior circu-
lation is from equator-to-pole (pole-to-equator). The reverse is
true for the shear viscosity: smaller (larger) deformation is pre-
dicted for a prolate ‘A’ (prolate ‘B’) drop. Third, figure 3(a,b) also
suggest some effects on the critical electric capillary number, be-
yond which equilibrium shapes cannot be achieved and the drop
breaks up. Since dilatational viscosity yields larger deformation
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compared to the clean drop, it suggests that the critical electric
capillary number is reduced. Likewise, the critical electric cap-
illary number is increased as a result of shear viscosity. In other
words: the dilatation (shear) viscosity destabilizes (stabilizes) the
drop. This is consistent with recent results for a settling drop un-
der gravity41.
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Fig. 4 Deformation phase plane for (a) the prolate ‘A’ and (b) prolate ‘B’
drops in figures 3(a,b). The contour line D/Dc = 1 denote the boundary
between regions of higher and lower deformations compared to the clean
drop. The electric capillary number CaE = 0.2.

3.2.2 Combined effect of surface viscosities

We observe from figure 2a that deformation can be enhanced or
suppressed depending on various combinations of the surface vis-
cosities. Figure 4 shows a phase plane for the combined effect of
the shear and dilatational viscosities on the equilibrium deforma-
tion of a prolate ‘A’ drop (figure 4a) and prolate ‘B’ drop (figure
4b). In both panels, the electric capillary number CaE = 0.2, and
the deformation D is scaled by the clean drop deformation Dc.

For a given prolate mode (‘A’ or ‘B’), the figure shows re-
gions where the combination yields deformation that is larger
(D/Dc > 1) or smaller (D/Dc < 1) compared to the clean drop
case. Our results show that the boundaries between the two re-
gions are the lines µs = µd/2.68 (prolate ‘A’) and µs = µd/2.64
(prolate ‘B’). In the case of the prolate ‘A’ drop, surface rheology
yields larger deformation when µs < µd/2.68, and smaller defor-
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Fig. 5 Deformation number as a function of dimensionless time for (a)
the prolate ‘A’ and (b) prolate ‘B’ drops in figures 3(a,b). The dashed
and solid lines denote the clean and surface viscosities influenced drops,
respectively. The insets show the tangential component of the surface
velocity as a function of the drop surface parameter η. The electric
capillary number CaE = 0.2.
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mation otherwise. For the prolate ‘B’ drop, larger (or smaller)
deformation is attained for µs > µd/2.64 (or µs < µd/2.64).

The deformation D = Dc when the surface viscosities combine
in such a way to balance surface dilatation with surface deforma-
tion in equation 11b:

µdκΘ ∼ µs

(
κΘ−T S

ξ ξ

)
. (18)

Figures 5a (prolate ‘A’) and 5b (prolate ‘B’) illustrate this balance
that yields identical deformations between drops with interfacial
viscosities and clean drops. The insets in figures 5a and 5b show
the tangential surface velocity, where the flow is suppressed due
to surface rheology. The combination of surface viscosities yields
the clean drop deformation despite the reduction in flow that
results from viscous damping on the surface. The decrease in
flow is consistent with previous studies that showed the effect
of dilatational viscosity or shear viscosity is to reduce the flow
in and around the drop34. More extensive predictions from our
model (see Appendix C) also verified that surface viscosities com-
pletely suppresses the surface flow and, by extension, the flow
in and around the drop in the limit µd ,µs → ∞. In these cases
the drop becomes immobilized since the flow vanishes (viscous
stress is zero), and the drop can no longer deform (the normal
Maxwell stress balances out surface tension force). Moreover, for
a given electric capillary number CaE and set of electric parame-
ters (σr,εr), the critical ratio α ≡ µd/µs that results in D =Dc can
be approximated from equation 18 (see Appendix D). Our analy-
sis shows that it is the result of competing, and opposing, actions
between surface dilatation and surface deformation.

3.2.3 Influence of surface viscosities on conducting drops

In previous sections, we focused on the effects of surface rheology
on leaky dielectric drops. It is natural to ponder whether surface
viscosities would affect conducting drops in similar fashion. To
investigate this inquiry, we use experimental data for a water-
ethanol droplet in silicone oil8 with µr = 23.3,σr = 10−5,εr = 0.05
and examine the dynamics at equilibrium and above the critical
electric capillary number.

At equilibrium: For a conducting drop, the tangential electric
stress QT /c2 ≈ 0. Thus, the product QT HT /c2 ≈ 0 in equation 14
and the equilibrium deformation is solely the result of the balance
between the normal electric stress and the surface tension force.
Since the surface viscosities enter the dynamics through HT , we
expect the equilibrium deformation to be independent of surface
rheology. Figure 6a shows the aspect ratio a/b as a function of
dimensional time with CaE = 0.2. The curves resulting from the
presence of dilatational and shear viscosities are identical to the
clean drop case at equilibrium, consistent with our analysis of
equation 14. The inset in the figure focuses on the region, around
T = 0.5 s, with the largest difference between the curves. It shows
that, while surface rheology has no effects on the equilibrium de-
formation, it does affect the transient deformation. Again, this
is expected from the expression of F in equation 14. We note
that for the case of dilatational viscosity, our result is consistent
with a recent study that showed that the dilatational viscosity has
no effect on the equilibrium deformation of a conducting drop48.
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Fig. 6 The aspect ratio a/b as a function of dimensional time t for µr =

23.3,σr = 10−5,εr = 0.05. The electric capillary number (a) CaE = 0.2 and
(b) CaE = 0.20469. In both panels, the curves are color-coded to denote
the sole-effect of dilatational viscosity (red), shear viscosity (blue), and
the clean drop case (black). The symbols in (b) represent experimental
results for the clean drops including a 10% fitting error (error bars)8.

Based on our analysis, the study’s conclusion extends to shear
viscosity as well.

Above the critical electric capillary number: Figure 6b shows
the experimental data and predictions from the large deforma-
tion analysis for the aspect ratio a/b as a function of dimensional
time. The symbols represent the experimental data, with an esti-
mated 10% fitting error (error bars). The aspect ratio slowly rises
before a drastic jump. Given similar fluids’ electric parameters,
the onset of the jump occurs around t ≈ 9 sec. Surface viscosi-
ties, µd and µs lead to an earlier jump onset compared to the
clean drop case. The time of the onset in this case depends on
the magnitude of the surface viscosities. In the case of an inviscid
drop (µr → ∞), we expect all three transient shapes to be nearly
identical since the effects of surface rheology depend on the vis-
cosity contrast, with inviscid droplets being affected most by the
interfacial rheology34.
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<latexit sha1_base64="bL2KBjWJ4OkJpXGmHvGhQE/1g98=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CEmZ70yhW36s5Al4mXkwrJUe+Vv7r9mKcRKOSSGdPx3AT9jGkUXMKk1E0NJIyP2AA6lioWgfGz2b0TemKVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442opINwVt8eZk0z6reRfX87rxSu87jKJIjckxOiUcuSY3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w+gjJBe</latexit>r

<latexit sha1_base64="W2PgE1IbapQnRP4S3LPRucRATgo=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCGzI7DDBhdnad6TXihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cC1EZG6w3HM/ZAOlOgLRtFKrQ7yR0yfJt1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/Dm3DsvzrvzMW/NOdnMIfyB8/kDrLSQZg==</latexit>z

<latexit sha1_base64="bL2KBjWJ4OkJpXGmHvGhQE/1g98=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CEmZ70yhW36s5Al4mXkwrJUe+Vv7r9mKcRKOSSGdPx3AT9jGkUXMKk1E0NJIyP2AA6lioWgfGz2b0TemKVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442opINwVt8eZk0z6reRfX87rxSu87jKJIjckxOiUcuSY3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w+gjJBe</latexit>r

<latexit sha1_base64="W2PgE1IbapQnRP4S3LPRucRATgo=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCGzI7DDBhdnad6TXihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cC1EZG6w3HM/ZAOlOgLRtFKrQ7yR0yfJt1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/Dm3DsvzrvzMW/NOdnMIfyB8/kDrLSQZg==</latexit>z

<latexit sha1_base64="W2PgE1IbapQnRP4S3LPRucRATgo=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCGzI7DDBhdnad6TXihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cC1EZG6w3HM/ZAOlOgLRtFKrQ7yR0yfJt1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/Dm3DsvzrvzMW/NOdnMIfyB8/kDrLSQZg==</latexit>z

<latexit sha1_base64="W2PgE1IbapQnRP4S3LPRucRATgo=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCGzI7DDBhdnad6TXihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cC1EZG6w3HM/ZAOlOgLRtFKrQ7yR0yfJt1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/Dm3DsvzrvzMW/NOdnMIfyB8/kDrLSQZg==</latexit>z

<latexit sha1_base64="bL2KBjWJ4OkJpXGmHvGhQE/1g98=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CEmZ70yhW36s5Al4mXkwrJUe+Vv7r9mKcRKOSSGdPx3AT9jGkUXMKk1E0NJIyP2AA6lioWgfGz2b0TemKVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442opINwVt8eZk0z6reRfX87rxSu87jKJIjckxOiUcuSY3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w+gjJBe</latexit>r <latexit sha1_base64="bL2KBjWJ4OkJpXGmHvGhQE/1g98=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CEmZ70yhW36s5Al4mXkwrJUe+Vv7r9mKcRKOSSGdPx3AT9jGkUXMKk1E0NJIyP2AA6lioWgfGz2b0TemKVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442opINwVt8eZk0z6reRfX87rxSu87jKJIjckxOiUcuSY3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w+gjJBe</latexit>r
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Fig. 7 (a, d) Deformation as a function of dimensionless time; (b, e) surface dilatation, Θ = ∇s ·us, and (c, f) surface deformation, T S
ξ ξ

for the prolate
‘A’ drop in figure 3a. The top row represents the case with µd = 10, µs = 1 (D/Dc > 1), and the bottom row represents the case with µd = 1, µs = 10
(D/Dc < 1). The colormaps show the magnitude and distribution of the surface dilatation and surface deformation. The electric capillary number
CaE = 0.3, and the surface dilatation and surface deformation correspond to T = 100.

<latexit sha1_base64="2RRwxLXlY8TROIoM98j2WcOjpro=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai5mNUw==</latexit>

(a)
<latexit sha1_base64="KWh0RLJ0bw8em/x3PU2+HIlN2FQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjR6NVA==</latexit>

(b)
<latexit sha1_base64="oMYcx8nAFvX5nnYPeedyKOzsjl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjqONVQ==</latexit>

(c)

<latexit sha1_base64="H0+vPkOYIB9WILVirvWzNP/lO+0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXinosevFY0X5Au5RsNtuGZrNLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbm+Yng2jjONyqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWXZ9oJrhkLcONYN1EMRL5gnX88e3M7zwxpXksH80kYV5EhpKHnBJjpYdqcD4oV5yaMwdeJW5OKpCjOSh/9YOYphGThgqidc91EuNlRBlOBZuW+qlmCaFjMmQ9SyWJmPay+alTfGaVAIexsiUNnqu/JzISaT2JfNsZETPSy95M/M/rpSa89jIuk9QwSReLwlRgE+PZ3zjgilEjJpYQqri9FdMRUYQam07JhuAuv7xK2hc197JWv69XGjd5HEU4gVOoggtX0IA7aEILKAzhGV7hDQn0gt7Rx6K1gPKZY/gD9PkDkCiNVg==</latexit>

(d)
<latexit sha1_base64="NUvJWY4nPSEWtRiIZudJfNYoFj4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzKe94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRcW7rFTvq6XaTRZHHk7gFMrgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+RrY1X</latexit>

(e)
<latexit sha1_base64="B4ftCFz+M5cV8Yz+JIj7kIGQpeE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3J43iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AkzKNWA==</latexit>

(f)

<latexit sha1_base64="vNjfewBivRudapgCCY8A+MS6iCU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3Uz91hNTmsfywYwT5kc4kDzkFI2V2lmXoiC3k1654lbdGcgy8XJSgRz1Xvmr249pGjFpqECtO56bGD9DZTgVbFLqppolSEc4YB1LJUZM+9ns3gk5sUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/8jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5VvUuquf355XadR5HEY7gGE7Bg0uowR3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AqFiPuw==</latexit>D

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T

<latexit sha1_base64="vNjfewBivRudapgCCY8A+MS6iCU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3Uz91hNTmsfywYwT5kc4kDzkFI2V2lmXoiC3k1654lbdGcgy8XJSgRz1Xvmr249pGjFpqECtO56bGD9DZTgVbFLqppolSEc4YB1LJUZM+9ns3gk5sUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/8jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5VvUuquf355XadR5HEY7gGE7Bg0uowR3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AqFiPuw==</latexit>D

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T
<latexit sha1_base64="bL2KBjWJ4OkJpXGmHvGhQE/1g98=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CEmZ70yhW36s5Al4mXkwrJUe+Vv7r9mKcRKOSSGdPx3AT9jGkUXMKk1E0NJIyP2AA6lioWgfGz2b0TemKVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442opINwVt8eZk0z6reRfX87rxSu87jKJIjckxOiUcuSY3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w+gjJBe</latexit>r

<latexit sha1_base64="W2PgE1IbapQnRP4S3LPRucRATgo=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCGzI7DDBhdnad6TXihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cC1EZG6w3HM/ZAOlOgLRtFKrQ7yR0yfJt1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9n907IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2+vEwaZ2XvvFy5rZSqV1kceTiCYzgFDy6gCjdQgzowkPAMr/Dm3DsvzrvzMW/NOdnMIfyB8/kDrLSQZg==</latexit>z

<latexit sha1_base64="bL2KBjWJ4OkJpXGmHvGhQE/1g98=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CEmZ70yhW36s5Al4mXkwrJUe+Vv7r9mKcRKOSSGdPx3AT9jGkUXMKk1E0NJIyP2AA6lioWgfGz2b0TemKVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442opINwVt8eZk0z6reRfX87rxSu87jKJIjckxOiUcuSY3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w+gjJBe</latexit>r
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Fig. 8 (a, d) Deformation as a function of dimensionless time; (b, e) surface dilatation, Θ = ∇s ·us, and (c, f) surface deformation, T S
ξ ξ

for the prolate
‘B’ drop in figure 3b. The top row represents the case with µd = 10, µs = 1 (D/Dc < 1), and the bottom row represents the case with µd = 1, µs = 10
(D/Dc > 1). The colormaps show the magnitude and distribution of the surface dilatation and surface deformation. The electric capillary number
CaE = 0.4, and the surface dilatation and surface deformation correspond to T = 150.
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(b)

Fig. 9 Drop shapes and streamlines (a) for the prolate ‘A’ drop in figure 3a with CaE = 0.3, and (b) for the prolate ‘B’ drop in figure 3b with CaE = 0.4.
In each panel, the left-half shows the shape with µs = 10, µd = 1, and the right-half shows the shape with µs = 1, µd = 10. In both panels, the dashed
curve denotes the clean drop shape. Numbers on the streamline denote the magnitude of the flow, while the dotted lines show the direction of the
flow.

3.3 Magnitude of drop deformation depends on interplay
between surface dilatation and surface deformation

The surface shear and dilatational viscosities both act to reduce
the drop surface velocity us, which may be entirely suppressed
as µd , µs → ∞. Since both surface viscosities reduce the surface
velocity, the latter alone is not sufficient to understand the oppo-
site effect of the dilatational and shear viscosities on the defor-
mation. Moreover, we recall that the effect of surface rheology
also depends on the drop’s interior circulation (pole-to-equator
or equator-to-pole). To further understand this deformation dy-
namic, we recast the normal stress balance equation as

JT H
ξ ξ

K︸ ︷︷ ︸
∆1

+JT E
ξ ξ

K︸ ︷︷ ︸
∆2

−µdκΘ︸ ︷︷ ︸
∆3

−µs

(
T S

ξ ξ
−κΘ

)
︸ ︷︷ ︸

∆4

= γκ︸︷︷︸
∆5

. (19)

In the presence of surface viscosities, equation 19 shows that
equilibrium drop deformations depend on nontrivial interplay be-
tween viscous (∆1), electric (∆2), and surface stresses (∆3-∆5).
In the next sections, we investigate the surface dilatation and
surface deformation for the two prolate modes separately, and
we also analyze these surface variables to extract useful insights
about the stability of the drop. To address the surface rheology
effects simultaneously we consider combinations of surface vis-
cosities such that D/Dc > 1 and D/Dc < 1 from figure 4.

3.3.1 Equilibrium prolate ‘A’ shape

As a representative case, we consider the prolate ‘A’ drop with µr =

1,σr = 0.1,εr = 10. Figures 7 shows the dimensionless number
(a), surface dilatation, Θ = ∇s ·us (b), and surface deformation
(c) when D/Dc > 1. As we noted earlier, the sole-effect of the
dilatational viscosity (µs = 0) on a prolate ‘A’ drop is to increase
deformation compared to the clean drop case. In this case, the
normal stress balance reduces to ∆1 +∆2 −∆3 = ∆5. Since Θ < 0
at the poles, the term −∆3 is positive and thus the drop expands at
the pole, which results in an increase in the curvature and larger
deformation compared to the clean drop.

Surface deformation (∆4) begins to play a role when the shear
viscosity is introduced. For µd = 10, µs = 1 [figures 7(a, b, c)],
−∆4 is negative, however the net result −∆3 −∆4 > 0. The combi-

nation of the surface viscosities yield larger curvature at the poles,
resulting in larger deformation compared to the clean drop (fig-
ure 7a). On the other end, when µd = 1, µs = 10 [figures 7(d, e,
f)], the net result −∆3 −∆4 < 0. In this case, the curvature of the
drop must decrease in order to balance equation 19. The reduc-
tion in curvature in turn leads to smaller deformation compared
to the clean drop case (figure 7d).

It is worth noting that larger shear viscosity increases the vis-
cous damping that acts to suppress the flow. Changes in the flow
in turn have a direct effect on the deformation: larger deforma-
tion is expected when µs is low (figures 7) versus when the shear
viscosity is high (figure 7d). The increase and decrease in defor-
mation compared to the clean drop case is illustrated in figure
9a along with the streamlines. The dashed curves represent the
clean drop. Here we note that the flow is more suppressed when
D/Dc < 1 (left-half of figure 9a). This dynamics contrasts with
the stronger circulation we observe for D/Dc > 1 (right-half of
figure 9a).

3.3.2 Equilibrium prolate ‘B’ shape

We consider the prolate drop with µr = 1,σr = 0.04,εr = 1/50,
and begin by analyzing the rheological effect in the absence
of dilatational viscosity. The normal stress balance reduces to
∆1 +∆2 −∆4 = ∆5, and both the surface dilatation and surface de-
formation play a role. However, surface deformation is dominates
over surface dilatation. The term −∆4 > 0, resulting in an increase
in curvature at the poles and larger deformation compared to the
clean drop case.

Gradually increasing the dilatational viscosity leads to an even
greater influence of surface dilatation (∆3). At low values of
the dilatational viscosity [figures 8(d, e, f)], the contribution of
∆4 still dominates, and the corresponding combinations of sur-
face viscosities also yield larger deformation (figure 8d). On the
other end, when µd = 10, µs = 1 [figures 8(a, b, c)], the bal-
ance between surface dilatation and surface deformation is re-
versed. The surface dilatation now dominates and the net re-
sult −∆3 −∆4 < 0. Correspondingly, the combinations of surface
viscosities yield smaller deformation compared to the clean drop
case (figure 8a).
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We also illustrate the drop shape and circulation for the prolate
‘B’ drop in figure 9b. For this prolate mode with pole-to-equator
circulation, larger deformation is expected when µs is high [fig-
ures 8d, 9b (left-half)] versus when the shear viscosity is low [fig-
ure 8a, 9b (right-half)].

4 Conclusions
We investigated the effects of surface rheology on the electro-
hydrodynamics of a viscous drop by considering various modes
of prolate deformation. We solved the governing equations by
performing a large deformation analysis based on spheroidal har-
monics. The model is validated against a previous study based
on small-deformation analysis (CaE ≪ 1)47, and is found to give
good agreement with previous results in the literature.

We then use our model to investigate a range of surface rhe-
ological effects on deformation. We found that the influence of
surface viscosities varies with (i) the fluids’ electric parameters
that determine the circulation and type of drops (leaky versus
conducting), and (ii) the viscosity contrast. The main findings
are summarized as follows:

• while the effects of surface viscosities on the deformation
of the prolate ‘A’ drop are consistent with observations from
previous studies39, the prolate ‘B’ reveals patterns not previ-
ously reported: shear (dilatational) viscosity enhances (sup-
presses) deformation (this finding highlights the importance
of flow direction in assessing surface viscosities effects);

• for a given prolate mode (‘A’ or ‘B’), surface viscosities can be
combined to affect the strength of the flow, resulting in de-
formations that are larger (low viscous damping) or smaller
(high viscous damping) compared to the clean drop case;

• surface viscosities affect the critical electric capillary num-
ber, consistent with previous studies41,43. For an unstable
drop, both surface viscosities conspire to speed up the onset
of blow up (the time when the rate of drop break up is the
highest);

• as µd ,µs → ∞ the flow is completely suppressed and the drop
becomes immobilized (see Appendix C) ;

To explain the various observations, we analyzed surface de-
formation and surface dilatation which play important roles when
surface viscosities are accounted for. We determined that the non-
trivial influence of surface viscosities on drop deformation are a
result of the interplay between dilatation and surface deforma-
tion. Our results can also be understood by considering a dilata-
tional viscosity-induced effective surface tension γeff = γ − µdΘ.
For a prolate ‘A’ drop, the average surface dilatation is positive,
leading to a reduction in surface tension (γeff < γ) and thus an in-
crease in deformation. For a prolate ‘B’ drop, the average surface
dilatation is negative, yielding γeff > γ) and a decrease in defor-
mation. Moreover, we confirmed previous results that surface
rheology does not affect the equilibrium deformation of a con-
ducting drop48.

The effects of surface viscosities are not easily measured ex-
perimentally. Our findings, together with flow and deformation

data, provide another tool for approximating the effects and/or
values of the surface viscosities. Moreover, the rich dynamics of
behaviors we discussed suggests that the flow and deformation
can be effectively controlled by optimizing surface viscosities.

In our previous work29, we found the equilibrium deforma-
tions of some surfactants-covered drops to be D = 0.4 (prolate ‘A’,
σr = 1/3, εr = 1) and D = 0.05 (prolate ‘B’, σr = 1/3, εr = 1/3.5)
with surfactants coverage χ = 0.3, surface Péclet number Pes = 10
and CaE = 1. These deformations are of the same order of magni-
tude as those obtained using the rheological model in the present
study (for the prolate ‘A’ drop, D > 0.4 with µd = 100 and D ≈ 0.37
with µs = 100, while for the prolate ‘B’ drop, D ≈ 0.047 with
µd = 100 and D > 0.05 with µs = 100). This comparison suggests
that both Marangoni and surface viscosities effects are important,
and a complete picture of the effects of surfactants on drops in
a dc electric field must include both effects. We are currently
working on incorporating Marangoni stress into our model, and
will expand on these results in future studies.

A Shape dependent functions

The functions f11(ξ0)− f17(ξ0) in Eq. 14, 15c, and 15d are given
as follows:

f11 =
∫

ηG3(η)

ξ 2
0 −η2 dη , (20)

f12 =
1

ξ 2
0 −1

∫
G3(η)

(
2ηG′

3(η)

(ξ 2
0 −η2)2 +

G′′
3(η)

ξ 2
0 −η2

)
dη , (21)

f13 =
G′

3G′′
5 −G′

5G′′
3

2N
f11, (22)

f14 =−ξ0H ′
3

∫
ηG3(η)

(ξ 2
0 −η2)2 dη +

H ′′
3

2
f11, (23)

f15 =ξ0H ′
3

∫
ηG3(η)

(ξ 2
0 −η2)2 dη − (G3G′′

5 −G5G′′
3)H

′
3

2N
f11, (24)

f16 =
ξ 2

0

√
ξ 2

0 −1H ′
3

c

∫
η2 (η2 −1

)(
ξ 2

0 −η2
)7/2

, (25)

f17 =
ξ 2

0 H ′
3

2c
√

ξ 2
0 −1

∫
η2 (η2 −5ξ 2

0 +4
)(

1−η2)(
ξ 2

0 −η2
)7/2

, (26)

(27)

The functions f21(ξ0)− f29(ξ0), and f30(ξ0) in Eq. 14, 15c, and
15d are given as follows:

f21 =
ξ 2

0
2

∫
(3η2 −1)(η2 −1)

ξ 2
0 −η2 dη , (28)

f22 =−H ′
3

∫
(1−3η2)(2η4 +ξ 2

0 −3ξ 2
0 η2)

(ξ 2
0 −η2)2 dη +3H3ξ0

∫ 1−3η2

ξ 2
0 −η2 dη ,

(29)
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f23 =− 49
30N

G3H ′
3(1−3ξ

2
0 )+H ′

3

∫
(1−3η2)(2η4 +ξ 2

0 −3ξ 2
0 η2)

(ξ 2
0 −η2)2 dη ,

(30)

f24 =
1
c

[
ξ0(ξ

2
0 −1)1/2

∫ 3η2 −1
(ξ 2

0 −η2)3/2
dη

+
ξ0

(ξ 2
0 −1)1/2

∫ 3η2 −1
(ξ 2

0 −η2)1/2
dη

]
, (31)

f25 =− ξ0

ξ 2
0 −1

∫
(1−3η2)(2ξ 2

0 −η2 −1)G′
3(η)

(ξ 2
0 −η2)2 dη +3ξ0

∫ 1−3η2

ξ 2
0 −η2 dη

+
(µr −1) f12 + f13

µr f14 + f15 +(µd −µs) f16 +µs f17

×
(

H ′
3

∫
(1−3η2)(2η4 +ξ 2

0 −3ξ 2
0 η2)

(ξ 2
0 −η2)2 dη

−3ξ0H3

∫ 1−3η2

ξ 2
0 −η2 dη

)
, (32)

f26 =
ξ0

ξ 2
0 −1

∫
(1−3η2)(2ξ 2

0 −η2 −1)G′
3(η)

(ξ 2
0 −η2)2 dη − 49

30N
(1−3ξ

2
0 )G

′
3

+
(µr −1) f12 + f13

µr f14 + f15 +(µd −µs) f16 +µs f17

×
(
−H ′

3

∫
(1−3η2)(2η4 +ξ 2

0 −3ξ 2
0 η2)

(ξ 2
0 −η2)2 dη

+
49

30N
G3H ′

3(1−3ξ
2
0 )

)
, (33)

f27 =
ξ

4/3
0 H ′

3(
ξ 2

0 −1
)1/6

∫ (1−3η2)(2ξ 2
0 −η2 −1

)(
η4 +ξ 2

0
(
1−2η2))(

ξ 2
0 −η2

)7/2
,

(34)

f28 =
ξ0H ′

3

c
√

ξ 2
0 −1

∫ (
1−3η2)(

ξ 2
0 −η2

)7/2
×

(
η

4 +η
6 −ξ

4
0

(
1−3η

2
)
−ξ

2
0

(
3η

4 +2η
2 −1

))
, (35)

f29 =
(µr −1) f12 + f13

µr f14 + f15 +(µd −µs) f16 +µs f17
f27, (36)

f30 =
(µr −1) f12 + f13

µr f14 + f15 +(µd −µs) f16 +µs f17
f28. (37)

Unless otherwise defined, the Gegenbauer functions Gn ≡ Gn(ξ0)

and H3 ≡ H3(ξ0).

B Derivation of differential operators and surface
variables in prolate spheroidal coordinates

We consider the Prolate Spheroidal Coordinates (ξ ,η ,ζ ) and, as
a first step, we assume the problems to be axisymmetric (∂/∂ζ =

0, uζ = 0). The unit normal vector n= eξ = (1,0,0).

B.1 Surface rate of strain tensor

The components of the projection tensor P = I−nnT in Prolate
prolate spheroidal coordinates (PSC) are:

P = Pi jeie j =

 0 0 0
0 1 0
0 0 1

 (38)

For the axi-symmetric problem, the strain tensor

D(u) =

 Dξ ξ Dξ η 0
Dηξ Dηη 0

0 0 Dζ ζ

 (39)

where

Dξ ξ =2
(∂v/∂ξ )

√
ξ 2 −1(ξ 2 −η2)−uη

√
1−η2

c(ξ 2 −η2)3/2

Dξ η =
−uξ

√
ξ 2 −1+(∂u/∂ξ )

√
ξ 2 −1(ξ 2 −η2)

c(ξ 2 −η2)3/2

+
vη
√

1−η2 +(∂v/∂η)
√

1−η2(ξ 2 −η2)

c(ξ 2 −η2)3/2

Dηη =2
(∂u/∂η)

√
1−η2(ξ 2 −η2)+ vξ

√
ξ 2 −1

c(ξ 2 −η2)3/2

Dζ ζ =2
vξ
√

1−η2 −uη
√

ξ 2 −1

c
√

(ξ 2 −1)(ξ 2 −η2)(1−η2)

Note that Dξ ξ and Dξ η are identical to Eq. 24 in28:

T H
ξ ξ

= 2

(
∂v

hξ ∂ξ
+

u
hξ hη

∂hξ

∂η

)
, T H

ξ η
=

(
∂ (u/hη )

∂ξ

hη

hξ

+
∂ (v/hξ )

∂η

hξ

hη

)

and Dξ η = Dηξ .

Using Eq. 38 and 39, the surface strain tensor is given by

Ds(u) = P ·D(u) ·P = PimDmnPn jeiei =

 0 0 0
0 Ds

ηη 0
0 0 Ds

ζ ζ

 ,

where Ds
ηη = Dηη and Ds

ζ ζ
= Dζ ζ .

B.2 Differential operators

The surface gradient operator

∇s = P ·∇ = P ·


1

hξ

∂

∂ξ

1
hη

∂

∂η

1
hζ

∂

∂φ

=

 0
Hηη

∂

∂η

Hζ ζ
∂

∂ξ

 (40)

where Hηη = 1
hη

=

√
1−η2

c
√

ξ 2−η2
, and Hζ ζ = 1

hζ
= 1

c
√

(ξ 2−1)(1−η2)
. The

surface Laplacian of velocity is the surface divergence of the sur-
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Fig. 10 Tangential component of the surface velocity us · t as a function of the drop surface parameter η for the prolate ‘A’ drop in figure 3a with
CaE = 0.3 (a-c), and for the prolate ‘B’ drop in figure 3b with CaE = 0.4 (d-f). (a, d) Sole influence of surface dilatational viscosity (µs = 0); (b, e)
Sole influence of surface shear viscosity (µd = 0); (c, f) Combined influence of surface viscosities with µd = 1. In all panels, the dashed curves denote
the clean drop case.

face rate of strain tensor and is given by

∇s ·Ds(u) = (P ·∇) · (P ·D(u) ·P)

=


−Eξ η Hηη Ds

ηη −Eξ ζ Hζ ζ Ds
ζ ζ

Eηζ Hζ ζ Ds
ηη −Eηζ Hζ ζ Ds

ζ ζ
+Hηη

∂Ds
ηη

∂η

0

 , (41)

where

Ei j =
1
hi

∂h j

∂xi
.

C Effects of large surface viscosities on surface ve-
locity

We discuss the influence of increasing surface dilatational and
shear viscosities on the tangential component of the surface vis-
cosity us ·t. Figure 10 shows us ·t as a function of the drop surface
parameter η in the first quadrant 0 ≤ η ≤ 1. We consider the pro-
late ‘A’ drop in figure 3a with CaE = 0.3 (a-c), and the prolate ‘B’
drop in figure 3b with CaE = 0.4 (d-f).

Figures 10(a, d) show the sole influence of surface dilatational
viscosity, (b, e) show the sole influence of surface shear viscos-
ity, and (c, f) show the combined effect of the surface viscosities
(µd = 1 while µs increases). In all six panels, surface viscosities
suppress the surface velocity compared to the clean drop case
(dashed curves). In (a, b) and (d, e), the velocity is completely
suppressed (ut ≈ 0) as the viscosities µd ,µs ≫ 1. As we elaborated

in Section 3.2.1, the deformation is larger in (a, e) and smaller
in (b, d). However, as µd ,µs → ∞ the surface rheology ceases to
affect the deformation: the drop becomes immobilized (ut → 0).

In figures 10(c, f), the velocity depends on both surface viscosi-
ties. The surface shear viscosity is a multiple of a = µd/20. Specif-
ically, µs = 0 (⃝), 3a (□), 7a (♢), 100a (▽), 1000a (△), where 7a
corresponds to D/Dc = 1 (Section 3.2.2). The strength of the
surface velocity determines whether the deformation with com-
bined surface viscosities is larger compared to the clean drop case.
For example, considering the prolate ‘A’ drop, the deformation is
larger compared to the clean drop for µs < 7a and smaller other-
wise (µs > 7a).

D Calculation of the critical ratio α

As discussed in section 3.2.2, certain combinations of surface vis-
cosities yield deformations that are identical compared with those
for the clean drop case. By projecting the balance in equation 18
onto the normal velocity v, the ratio α ≡ µd/µs is given by

α = 1−

∫
s
vT S

ξ ξ
dS∫

s
vκΘ dS

. (42)

This ratio depends on the fluids’ electric parameters and on the
electric capillary number, as illustrated in figure 11: (a) shows
the ratio as a function the electric capillary number for the pro-
late drops in figure 5 while (b) presents the same information for
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prolate ‘A’ drop with σr = 10, εr = 25 and for prolate ‘B’ drop with
σr = 100, εr = 1012. For these sets of parameters, we found that
α > 2 for all values of CaE .
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Fig. 11 Critical ratio α from equation 42 as a function of the electric
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12. The viscosity ratio µr = 1.
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