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Computational Approach for Structure Generation of Anisotropic
Particles (CASGAP) with Targeted Distributions of Particle Design
and Orientational Order

Nitant Gupta® and Arthi Jayaraman**¢

The macroscopic properties of materials are governed by their microscopic structure which depends on the materials’
composition (i.e., building blocks) and processing conditions. In many classes of synthetic, bioinspired, or natural soft and/or
nano materials, one can find structural anisotropy in the microscopic structure due to anisotropic building blocks and/or
anisotropic domains formed through the processing conditions. Experimental characterization and complementary physics-
based or data-driven modeling of materials’ structural anisotropy is critical for understanding structure-property
relationships and enabling targeted design of materials with desired macroscopic property. In this pursuit, to interpret
experimentally obtained characterization results (e.g., scattering profiles) of soft materials with structural anisotropy using
data-driven computational approaches, there is a need for creating real space three-dimensional structures of the designer
soft materials with realistic physical features (e.g., dispersity in building blocks’ sizes) and anisotropy (i.e., aspect ratios of
the building blocks, their orientational and positional order). These real space structures can then be used to compute and
complement experimentally obtained characterization results or be used as initial configurations for physics-based
simulations/calculations that can then provide training data for machine learning models. To address this need, we present
a new computational approach called CASGAP - Computational Approach for Structure Generation of Anisotropic Particles
- for generating any desired three dimensional real-space structure of anisotropic building blocks (modeled as particles)

adhering to target distributions of particle shape, size, and positional and orientational order.

Introduction

Materials comprising of polymers, colloids, and suspended
nanoparticles, termed collectively as ‘soft materials’ exhibit
structural diversity at a range of length scales starting from their
molecular dimensions (~1 A - 10 nm) to assembled domains of
sizes ~100 nm — 10 um. This structural diversity in soft materials
is driven by the nature and strength of the intermolecular
interactions (e.g., van der Waals, electrostatic, hydrogen
bonding, etc.) between the various chemical species and can
also be affected by their processing conditions (e.g., thermal,
solvent(s), mechanical stresses, or chemical stimuli). In
particular, the interplay of interactions and processing can
strongly affect the positional and orientational order within
these mostly amorphous soft material structures that exhibit
features somewhere between crystalline solids and completely
disordered liquids?. In crystalline solids, the structure is highly
resilient to room temperature fluctuations due to their

stronger, long-ranged interactions as compared to disordered
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liquids whose structure can fluctuate both in space and time
with little to no ordering at short ranges. As intermediates,
amorphous soft materials can exhibit distribution in the shapes
and sizes of their internal structure as well as in the extent of
their positional and orientational order. Subtle changes to these
morphological features can have a significant impact on the
physical properties of soft materials; thus, to create structure-
property relationships in soft materials the distribution of
structural features must be modelled and characterized with
great nuance and precision.

In modeling studies of soft materials, the structural elements —
the molecular building blocks or the assembled domains of
molecules —are often treated as hard or soft particles, either via
coarse-grained models or via multi-phase models>™. These
particles’ chemistry, shapes, and sizes, as well as their positional
correlations (i.e., order/disorder), can be linked to the physical
properties of the structure (namely, mechanical>38,
optical/photonic®??, electronic/magnetic’>'* and transport
within®>16) through additional physics-based modeling and
simulation methods or for further experiments. Importantly,
when the structural elements are anisotropic in shape (e.g., rod-
shaped nanoparticles, crystalline domains in polymers, liquid
crystalline domains) then the extent of orientational order in
addition to positional order can become an important
consideration for calculating physical properties. To establish

the materials design — structure — property relationships, one
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must quantify and characterize the extent of positional and
orientational structural order within the material for various
sets of particle designs (e.g., chemistry, size, shape) and
processing techniques.

Characterization of Positional and Orientational Order in Soft
Materials

In Figure 1 we show examples of diverse soft materials’
structures observed in experiments with different degrees of
positional and orientational order that vary independently or in
a coupled manner. These examples show (a) both positional and
orientational ordering to control the thickness!’ of the
assembled structure, or to demonstrate monodispersity'; (b)
only orientational ordering to achieve a property (curvature) for
controllable phase behavior!®, or to study preferential
alignment during fluid flow?%; and (c) weak positional ordering
to pack anisotropic building blocks into superstructures??, or to
understand mechanical (shear) behavior of colloidal
monolayers?2. Many classes of soft materials, however, (d) lack
both positional and orientational ordering, leading to
amorphous structures as in the case of nanoparticle
dispersions?® or polymeric networks?*. Furthermore, in
biological/naturally occurring soft materials there could also be
cross correlation between positional and orientational ordering
that gives rise to specific functionality or property of that
material. This idea has been depicted schematically in (e) with
the circular organization of the anisotropic elements in the form
of cells or their organelles?>?®. Such correlated (or lack of
correlated) positional and orientational organization can have
biological implications, like the example in ref.?® where
hexagonal cell shape improves cell cohesion whereas round or
oval cells form loose aggregates.

To characterize positional and orientational order in soft
materials, researchers use direct imaging techniques, like
scanning or transmission electron microscopy (SEM/TEM).
However, these techniques are not appropriate for studying
structural dynamics and/or structural features at multiple
length scales simultaneously, and can be destructive due to
requisite pre-treatment like drying, freezing or sectioning?’-28,
Indirect characterization techniques like scattering (by light, X-

rays, or neutrons) can overcome the aforementioned
challenges with direct imaging. However, these indirect
techniques often provide structural information in the

reciprocal (Fourier) space. Interpretation of the results from
such indirect structural characterization methods is not trivial,
especially when the structure is amorphous and exhibits some
positional and orientational order. In the case of crystalline
structure, the periodicity can aid the interpretation of the
structure by identification of known characteristic peaks. In the
case of non-crystalline structures (Figures 1b-e), the
interpretation of scattering profiles is not always
straightforward and involves either tedious fitting to relevant
analytical models?® of scattering profiles or in case of absence
of analytical models, optimization of a modeled structure
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Figure 1 Examples of synthetic or biologically relevant soft materials exhibiting
different extents of positional and orientational order/disorder. (a) Colloidal (left) and
nanorod (center) crystals exhibiting strong positional and orientational order. Left
image adapted with permission from [17]. Copyright 1999 American Chemical Society.
Center image adapted with permission from [18]. Copyright 2012 American Chemical
Society. (b) Liquid crystalline-type assemblies of banana-shaped nanorods (left) and
straight nanorods (center) exhibiting local or large scale orientational order. Left image
adapted from [19]. Reprinted with permission from AAAS. Center image adapted with
permission from [20]. Copyright 2006 American Chemical Society. (c) Colloidal
assemblies as quasicrystal (left) or polycrystal (center) with some positional order. Left
image adapted from [21]. Reprinted with permission from AAAS. Center image adapted
with permission from [22]. Copyright (2017) by the American Physical Society. (d)
Amorphous structures like nanoparticle dispersion (left) and polymer network (center)
with no positional or orientational order. Left image adapted with permission from [23].
Copyright 2007 American Chemical Society. Center image adapted from [24].
Reproduced with permission from Springer Nature. (e) Biological tissues with nanoscale
organelles, i.e.,, osteocytes (left) and melanocytes (center) that occur in a
designed/tailored arrangement. Left image adapted from [25]. Reproduced with
permission from Springer Nature. Center image adapted from [26]. Reproduced with
permission from Springer Nature. The scale bars values (in um) are (a) 1, 0.1; (b) 10,
0.1;(c) 0.1, 50; (d) 0.1, 50; and (e) 10.

generated through computational methods like reverse Monte
Carlo3®3! or Computational Reverse Engineering Analysis of
Scattering Experiments (CREASE)32. These computational
methods interpret the scattering results by identifying structure
(or structures) whose computed scattering profile matches the
experimentally obtained scattering profiles. The success of such
computational methods relies on being able to generate a range
of three dimensional (3D) real space structures with

This journal is © The Royal Society of Chemistry 2023
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incremental variations to structural features (e.g., particle
positions, sizes, shapes, and orientations). These 3D structures
can be (i) used directly for optimizing towards a structure that
exhibits the best match between the computed and
experimental scattering profiles or (ii) used along with their
computed scattering profiles together as training data for
machine learning models that link descriptions of these 3D
structures to their computed scattering profile.333> In
particular for the latter case of data-driven approaches,
computationally efficient generation of 3D real space structures
requires a lower dimensional representation of the structure
that can capture the desired distributions in the structural
features without manually doing such variation for each and
every individual particle.

In the case of spherical particles, many algorithms can be found
in literature3®3° for modeling the particles’ desired size
dispersity and these algorithms can be coupled with stochastic
or deterministic molecular simulations (e.g., Monte Carlo,
molecular dynamics, Brownian dynamics etc.) to achieve a
desired 3D structure for these spherical particles. However,
classical stochastic or deterministic simulation methods tend to
access equilibrium configurations, or a limited number of
kinetically trapped configurations (due to poor sampling) and
require knowledge of inter-particle interactions within the
complex material that one may not know a priori. Moreover, it
is difficult to capture anisotropic structural details of the
assembled spherical particles unless the particles can be
clustered together meaningfully, which can pose additional
computational challenges.

In the case of non-spherical particles, far fewer number of
papers?®3 have addressed construction of 3D structures with
anisotropic structural elements at desired packing fractions. We
highlight here two such noteworthy studies for 3D structural
creation for non-spherical particles — In one study, Torquato and
co-workers*® developed the “adaptive shrinking cell method”,
which enables them to construct dense packing of arbitrary
shaped particles. However, their method currently may not
preserve desired particle orientational order as the particles are
allowed to freely rotate to achieve higher packing efficiency.
Thus, it is not suitable for creating structures with a specific
positional or orientational order that may only be accessed
through processing techniques. Another method by Jia et al.**
describing packing of arbitrary shapes, can preserve particle
orientation, however it is based on a grid, requiring digitization
of the entire simulation cell, which can be computationally
intensive for large system sizes. To the best of our knowledge,
there are no other studies that describe computational
methods to build 3D structures of anisotropic particles with
target distributions of particle shapes and sizes exhibiting
desired positional and orientational order.

In this paper we present a new computational workflow -
Computational Approach for Structure Generation of
Anisotropic Particles (CASGAP) - that can generate 3D
structures of anisotropic particles with target distributions of

This journal is © The Royal Society of Chemistry 2023

particle shapes and sizes exhibiting desired positional and
orientational order. We describe the anisotropic particles’ sizes,
shapes and orientations via well-defined statistical models or
probability distributions. In particular, we formalize the
distribution of orientational order by using the von Mises-Fisher
distribution which has rarely been used in the context of soft
materials**°>. We demonstrate that for some of these
parameters, in place of a distribution, a more complex spatial
field-based description can also be imposed to add spatial
correlations, aiding in modeling of sophisticated or hierarchical
structures. We tackle unique challenges that one faces with
non-spherical particles that are not an issue when dealing with
spherical particles, including determining overlap between two
particles which can be highly specific to the shape of the
individual particles. In a way, this new CASGAP method can be
viewed as an adaptation of the random sequential adsorption
(RSA) type algorithms*#® but for anisotropic particles with
polydispersity in shapes, sizes and orientations.
CASGAP is
computational advances for aerospace engineering and video-

Further,
inspired from algorithms with sophisticated
game design that deal with collision-detection of arbitrary
geometries at scale and with computational efficiency. We
make use of these algorithms from these other fields to
efficiently detect and resolve inter-particle overlaps in our soft
materials structure generation work. CASGAP also facilitates the
user to invest only the computational resources that they have
available by stopping the algorithm as and when needed and
yet achieving structures adhering to the targeted statistical
distributions of particle size, shape, and order.

CASGAP will be valuable for experimentalists and
computational researchers using data-driven and physics-based
models. As described earlier, in computational methods used
for interpretation of scattering results (e.g., CREASE), there is a
need for real space structure generation to identify features of
structures that give rise to the scattering patterns; CASGAP can
be used for this purpose. With the advent of data driven and
machine learning methods, CASGAP can be used for generating
large databases of 3D structures with various minor or major
in particle shapes, sizes, and positional and
orientational order parameters; this type of database is
essential for the training of machine learning models for design-

variations

structure or structure-property relationships. CASGAP can also
be useful for creating desired (experimentally relevant) initial
configurations for use in molecular dynamics simulations, in
particular for predicting dynamic evolution upon application of
a stimulus on one experimentally observed ‘processed’
structure to another structure. Although, it is possible to use
molecular simulations to also create 3D structure with
anisotropic potentials for anisotropic particles, the resultant
structures may not preserve desired orientation of particles
that one may achieve only through processing and not via
thermodynamics. Our approach generates 3D non-crystalline
configurations regardless of whether it is an equilibrium
configuration accessible to simulations or non-equilibrium
configuration accessed through unique processing pathways in
experiments. We acknowledge that some notable and widely

Nanoscale, 2023, 00, 1-3 | 3
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Phase I:
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Input:
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orientations P(V3)) and
target volume fraction.

v v
[ Set the particles counter i to 1] Use GJK Algorithm to find all M|
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v
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Are there
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position of the i-th particle.
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Add the particle to the structure
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Set N/ =i —1.

(i.e, total number of particles
that could be added.)

No fei> N3 i
Output:
Yes Assembled structure of N’
anisotropic particles.
Output:

Assembled structure of N
anisotropic particles.

Figure 2 Flowchart of the steps involved in CASGAP subdivided into two phases. Phase | to generate population of particles for given input, and Phase Il to assign coordinates to

the particles and output the three-dimensional structure with desired positional and orientational order. The blocks shown with a reddish hue will be discussed in more detail in the
text. GJK refers to the Gilbert-Johnson-Keerthi algorithm?? and EPA refers to expanding polytope algorithm?4.

used software tools like packmol*” and LAMMPS*® have tackled
similar challenges of anisotropic structure generation using
discrete particle approximation where they use rigid groups of
spherical particles as a single entity (sometimes treated as
molecules). However, to the best of our knowledge, these tools
currently have not directly tackled structure generation of non-
spherical particles, and do not support imposition of statistical
distributions to particle orientations.

Results and Discussion

Computational Approach for
Anisotropic Particles (CASGAP)

Structure Generation of

The steps of our new computational approach CASGAP are
presented in the flowchart in Figure 2. The approach has been
divided into two phases - Phase | builds a list of particles that

4 | Nanoscale, 2023, 00, 1-3

follow a target distribution of parameters and Phase I/ builds the
representative structure of particles by adding them
sequentially without any overlaps. This division into two phases
has been explained in more detail later and is preserved in the
organization of the CASGAP source code. Our primary intention
is to demonstrate that these phases are independent of each
other, and the users can accordingly decide the best way to use
this method for their purposes to perhaps only generate
particle populations using Phase | or to use their own generated
particle populations as input for Phase II.

In Phase |, the user provides input of the statistical information
(e.g., mean, variance) or the probability distributions of the
parameters related to particle shape, size, and orientational
order. The attributes of these parameters are described in a
later section. In general, assuming that one of the parameters is
represented as X, such that for particle with index i, the

This journal is © The Royal Society of Chemistry 2023
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parameter value is X;, the probability distribution of this
parameter is defined by the density function P(X) and the
cumulative distribution function is Fy(x) = P(X < x). The
random sample X; is then obtained by inverse transform
sampling, where a uniform random number u;, with 0 < u; <
1, is fed to the inverse of the cumulative distribution function:
Fyl(u;) = X;. The number of particles N in the list is estimated
by evaluating the running total of all the particle volumes,
calculating the volume fraction, and comparing it to a target
volume fraction.

In Phase Il, the list of particles from Phase | with precisely
defined distributions of shape, size and orientation are
sequentially placed within the 3D structure. Each of the
coordinates x;, , y; or z; of each new particle i, are first sampled
from a uniform distribution over the interval (—L/2,L/2]
where L is the simulation box length. Before adding the particle
to these coordinates, the method checks for overlap with all i —
1 previously added particles in the structure. This step is
expedited by using a bounding sphere, and checking whether
the bounding spheres overlap. Only if they do, the particles are
considered as potentially overlapping. The Gilbert-Johnson-
Keerthi (GJK) algorithm?? is then used to determine overlaps to
a higher precision, and the expanding polytope algorithm
(EPA)>Cis then used to resolve the overlap by updating x;, y; and
z;. Although this method attempts to incorporate all the
particles in the list into the structure, the difficulty to add new
particles increases as the density of particles increases. The
method therefore attempts to add the particle by first locally
shifting the particle, and intermittently trying new random
locations, until either the particle finds an overlap-free position,
or a maximum number of iterations are reached. If not all N
particles could be added, the structure with N' = i — 1 particles
is generated as output; the way the particles are placed ensures
that even if the algorithm is terminated before all N particles
are added the structure still adheres to the target statistical
distributions of the particle shapes, sizes, and orientation
parameters.

Before we describe all the relevant details of this method, we
highlight a few strengths and capabilities of this method. The
division of the method into two Phases allows for customization
in these phases independently and makes the method more
generalizable and easier to extend. Phase | can be highly specific
to the modeling requirements with input parameters that can
be simplified to enable model studies or made to achieve a
more experimentally relevant representation. As an example of
the latter, in experiments, synthesis procedures could give rise
to high dispersity in particle shape and size and yet when
assembled these non-uniform particles may exhibit domain
sizes and shapes with low dispersity>. Another capability of the
method is that it can be easily extended to include complexity
in particle geometry where more parameters that influence
particle geometry or order can be identified as the need arises.
Phase Il does not need to make any assumptions about the
particle geometry and can take as input any population of
particles generated by Phase | and create a structure with the

This journal is © The Royal Society of Chemistry 2023
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Figure 3 Distributions of particle shape and size. (a) Geometrical parameters of
ellipsoids and spheroids. (b) Log-normal distribution of the aspect ratio y (particle
shape), with mean y, and standard deviation y,. Insets are used to show the shape
variation of these with aspect ratio. (c) 2D cross-section profiles of spheroids at different
R values as indicated. Within each square depicted in the insets, the shapes have the
same R value and distinct colors are used to differentiate the shape with the darker
shades being more oblate, and lighter shades being more prolate.

desired input distribution of order parameters. In this regard,
we highlight the use of GJK (and EPA) algorithms, originally used
in aerospace engineering and video games, for our purpose to
avoid inter-particle overlap and generate desired 3D structures
of amorphous soft materials. These algorithms have had limited
use in soft materials; to the best of our knowledge they have
only been used in evaluation of pair potentials for anisotropic
particles®?, Monte-Carlo method based pressure control for
anisotropic particle self-assembly into superlattices®?, and
discrete element modeling of granular particles>.

Details of Phase I: Generation of Particle Population
Distributions of particle geometry (shape and size): As our

model anisotropic particles (Figure 3a) we select ellipsoids
which are effectively perturbations of a sphere along the three

Nanoscale, 2023, 00, 1-3 | 5
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mutually perpendicular axial directions, with semi-axial lengths:
a, b and c that simultaneously control the size and the aspect
ratios of the ellipsoid. To define parameters that can decouple
size and shape characteristics, we define the volumetric radius
R = Yabc and two aspect ratios y; = c/a and y, = ¢/b as
parameters. The parameter R effectively depicts the size (or the
volume) of the particles and parameters y; and y, the shape
anisotropy of the particles for a given volume. In some cases, it
can be realistic or advantageous to simplify this model further
by only considering a cylindrically symmetric ellipsoid, also
known as a spheroid, where a = b. In such cases, the particles
can be modelled using R and y (dropping the subscripts since
Y1 =Y2 =y). The advantage for such simplification may
become evident when experimental measurement of both
aspect ratios is not possible or reliable, and an average aspect
ratio is the best physical approximation. Moreover, as will be
made clear later, the orientation of spheroids is easier to
quantify and measure than an arbitrary ellipsoid.

In Figure 3b, we demonstrate how the shape of the spheroidal
particles can vary from oblate (y < 1) to prolate (y > 1), and
how dispersity in particle shapes can be modeled using a log-
normal distribution. Log-normal distribution is an appropriate
choice because it is strictly defined over the positive parameter
values and is associated with the normal distribution. Note,
however, that this is only a convenient choice, and to replicate
the realistic population of particles synthesized more
complicated distribution which may be multi-modal can be
used; only restriction we impose is that the distribution should
be defined over positive parameter values. The mean and the
standard deviation of the ‘particle shape’ distribution, given by
Y. and Y, become the structural parameters that need to be
provided as inputs in Phase I. In an analogous manner, the
dispersity in size R of the particles (Figure 3c) can be modeled
using the log-normal distribution or any experimentally guided
(more appropriate) distribution. The details of the log-normal
distribution used and how they can be inverted to generate
parameter values, are provided in the Supplementary
Materials Section S1.

Distribution of orientational order among the spheroidal
particles: The next set of structural parameters to consider are
the orientational order of the particles. Particles with shape
anisotropy like spheroids and ellipsoids, have a well-defined
orientation which can be quantified by an n-dimensional unit
vector V,,, where n depends on the symmetry of the particle
shape (and the dimensionality of the space, i.e., 2D vs 3D). For
example, n can be 1 when an anisotropic shape is confined to
2D, such that only an angle with respect to a reference direction
is required to quantify its orientation. For a spheroidal particle,
the orientation can be expressed by tracking how its axis of
rotational symmetry (the c-axis) can exist in 3D. We can use a
3D unit vector V3 = (cos @ sin¢,sinfsin¢,cos p) = (0, ¢p),
which is expressed by two angles: 8 (azimuthal component) and
@ (polar component), as is common in the spherical coordinate
systemand where0 < 0 <2mand0 < ¢ <.

6 | Nanoscale, 2023, 00, 1-3

3:0st margins

Nanoscale

Figure 4 Distribution of orientational order among the spheroidal particles. The
orientation of spheroids is represented by a 3D unit vector V3. (a-c) The von Mises-
Fisher (vMF) distribution P(V3) for V5 at k = 1, 10 and 100 plotted as a polar plot
where 6 and ¢ angles corresponding to the spherical polar coordinates. The mean
orientation is Az whose spherical polar coordinates are (1, 8,, ¢,) where 6, = 60° and
¢, = 75° as an example. On the right, the resulting spheroidal particle structures
obeying the vMF distribution for the corresponding k value is depicted.

In the above framework, we can also define a reference
orientation A3 = (6,, ¢,) (also a unit vector) and check to see
whether the particles are co-oriented with A;. To make a
comparison between two orientations, we can use the
magnitude of their dot product p = |V3 - A3| to quantify how
well they match. Accordingly, p shall approach 1 if the
orientations match perfectly and will be 0 if they are orthogonal
(perpendicular). If the spatial arrangement of the anisotropic
particles is isotropic, the orientations of all the constituent
particles must be random. This can be demonstrated when the
orientations of all the particles are compared to the same
reference Az, such that p values will be evenly distributed over
the 0 to 1 range, showing no preference to any particular value.
On the other hand, if the distribution of p has a noticeable peak
at any value over the 0 to 1 range, then the particles are co-

This journal is © The Royal Society of Chemistry 2023
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oriented, and the spatial arrangement of the anisotropic
particles also has orientational anisotropy. In this situation, we
can redefine A3 to also indicate the direction of preferred
orientation as well as to serve as a reference. In directional
statistics®, one such distribution that can describe orientational
anisotropy is the von Mises-Fisher (VMF) distribution as shown
in Figure 4.

The vMF distribution is an appropriate choice for describing the
orientational order in the particles’ spatial arrangement
because it is an analogue of the normal distribution defined on
the surface of a sphere. Its probability density function is
defined as P(V3) = C(k) exp(k Az - V3), where A3 will serve as
the mean (or preferred) orientation, k is technically referred to
as the concentration parameter, and C (k) is a normalization
constant. We shall, however, avoid the usage of the term
“concentration parameter” as it may cause some unintentional
confusion with the use of the term “concentration” in Chemistry
refer to k as the
orientational-anisotropy parameter. This is because k directly
quantifies the extent of orientational order, with k¥ = 0 for lack
of orientational order and k — oo for high orientation
anisotropy. As shown in Figure 4, for nonzero k, the vMF
distribution produces a peak near the A3 value, and the
dispersity proportional to the reciprocal of k.

So far, we have described orientation order only for spheroids,
but more generally, if the ellipsoidal particles have lower
symmetry, such that y; # y,, we can more generally employ a
four-dimensional unit vector V,, also known as unit-
quaternions, to characterize their orientation. This is because
for two non-spheroidal ellipsoids to have the same orientation,
all their corresponding axes should align together, and simply
aligning one of their axes (as was the case in spheroids) is not
sufficient. In simple terms, a unit-quaternion can be expressed
by a combination of a scalar angle w and a 3D unit vector w =
(wq,w,, w3), so that we can define V4 as:

and instead, in this paper we shall

Vi = (w,w) = (cos(w/2),sin(w/2) wy, sin(w/2) wy, sin(w

/2)w3) (D).

In Figure 5a (on the left), an ellipsoid with axes aligned to the
coordinate axes is defined to have a zero orientation with V, =
0. If this ellipsoid is then rotated by the angle w about the vector
w passing through the origin following the right-hand rule (as
shown on the right), then the orientation of the ellipsoid is given
by equation (1). Note that for zero orientation, V, = 0 can be
equivalently written as V, = (0, w) indicating that the angle of
rotation is zero (w = 0), and we do not need to explicitly
mention a w vector as it can be any arbitrary vector about which
a rotation is not performed. Variation of orientation for a non-
spheroidal ellipsoid V, can also be modeled using the vMF
distribution with P(V,) = C(k) exp(k A, - V,), where A, is
the mean orientation and k is the orientational-anisotropy
parameter (same as for spheroidal orientation).

As can be expected, P(V,) is difficult to visualize without using
more than three-dimensions, however it behaves in an

This journal is © The Royal Society of Chemistry 2023

Vi = (w,w)

brx=0
P(Vy) =1/(27?)

CKR—
P(V,) = 5(Ay — V)

Figure 5 Distribution in orientation for ellipsoidal particles with dissimilar aspect
ratios. (a) (Left) An ellipsoid with axes aligned perfectly to the reference axes x,y, z.
(Right) The ellipsoid after being rotated along w by an angle w such that its axes change
from x,y,z - x',y, z'. The dashed circles show the trajectory of the rotating axis. (b,
c) Ellipsoidal particle structures following the vMF distribution P(V,) for V4 (which
cannot be plotted) for k = 0 (highly isotropic) and approaching oo (highly anisotropic).
The VMF distribution for (b) is a uniform distribution with P(V,) = 1/2m? (a constant),
and for (c) is a Dirac-delta function about A, with P(V4) = §(A4 — V4). Al ellipsoids
are identical and colored with red, green, blue regions to allow easy visualization of
their orientations.

analogous manner as P(V3) in Figure 4, with k having an
analogous behavior. In Figures 5b and 5c, we demonstrate the
spatial arrangement obtained for the extreme values of k
parameter. When k = 0, the vMF distribution reduces to the
uniform distribution on the surface of a 4D hypersphere,
meaning that each orientation is equally likely to occur (i.e.,
isotropic arrangement orientationally) and P(V,) = 1/(2r?),
which is a uniform distribution, and the constant is obtained by
normalizing with the surface area of a unit hypersphere which
is 212, On the other hand, when x — oo in Figure 5c, the peak
of the vMF distribution sharpens to the extent that P(V,) —
6(A, —V,), where §(-) is the Dirac-delta function, and all
ellipsoids have the same orientation.

One key point not to be missed is that even for non-spheroidal
ellipsoids, one may choose to represent their orientation with
V3 (a 3D vector) by for example, keeping track of only one axial
direction (like the c-axis). This can be done to intentionally be
agnostic about the other axial directions which may rotate
freely as per modeling requirements. The 4D vector orientation
V4 has been included to have more general representation of
orientation for non-spheroidal ellipsoids, which may be
important when trying to optimize the structure to better fit an
experimental scattering profile (e.g., as a possible future
extension of the CREASE3?2 method). In any case, the mean
orientation Az (or A,) and k are the structural parameters that

Nanoscale, 2023, 00, 1-3 | 7
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can be provided as input in Phase I. Generating random samples
of particle orientation requires, requires some additional steps
which are described in the Supplementary Materials Section
S2, and more comprehensively covered in refs.>¢->8

Details of Phase Il: Generation of Structure from Particle
Population

At the end of Phase | we have a list of particles that have desired
distributions of shapes and sizes. In Phase Il we place these
particles one-by-one into a representative 3D spatial
arrangement. As noted earlier, a particle is successfully placed
if it avoids any overlap with other previously added particles.
Detection of overlap is simplified by eliminating all particles that
completely lie outside the bounding sphere of the i-th particle.
For two anisotropic particles, if the sum of their bounding
sphere radii is smaller than their center-to-center distance, then
those particles can never overlap. On the other hand, if the sum
of the bounding sphere radii is greater, then a more
sophisticated method (than that for spheres) is needed to
evaluate whether they overlap. In the example of ellipsoidal
particles, ellipsoid-ellipsoid intersection itself has been a topic
of great interest in many areas of scientific research®%°,
including those relevant to soft materials for example in
calculating the excluded volume effects of particles®62,
Notably, the work by Zheng et al.%® describes a strategy to
compute the distance of closest approach between two
ellipsoids by first finding the distance of closest approach
between two elliptical cross-sections analytically, and then
rotating the plane by numerical computation to minimize that
distance.

It is however our intention not to be restricted to ellipsoidal
particles, and Phase Il is more general to an anisotropic particle
with any arbitrary geometry or shape. In fact, in Phase I, if the
output of Phase | is used with ellipsoidal particle geometry, a
preliminary step is to convert the ellipsoidal shapes to convex
polyhedral shapes (that completely bounds the ellipsoids), to
make computations regarding overlaps simpler. Subsequently,
as mentioned before, collision detection algorithms from the
aerospace engineering field are used to find and resolve
overlaps between these bounding convex polyhedral shapes.
An advantage of using convex polyhedral shapes is the property
that such shapes can be uniquely defined by the position of
their vertices. However, care must be taken to minimize the
volume difference between the ellipsoidal particle and the
bounding polyhedron, so that their overlap avoidance does not
waste extra space by positioning the actual particles further
away from each other than necessary.

These steps for Phase Il are schematically depicted in Figure 6a,
where two overlapping ellipsoidal particles are first converted
to corresponding convex polyhedral shapes. The GJK
algorithm?%°% is then adapted to work on the polyhedral shapes
to detect whether they overlap. If the two shapes overlap, then
an extension of the GJK algorithm called EPA is used to find the

8 | Nanoscale, 2023, 00, 1-3
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-w

Two potentially Particles converted to
overlapping particles convex polyhedra

SO

Particles with GJK algorithm to detect overlap,
overlap resolved. and EPA to find displacement
vector if overlapping.

c

Figure 6 Overlap Detection and Resolution. (a) Schematic representation of overlap
resolution of two ellipsoidal particles, which are first converted to their convex
polyhedra, and then GJK and EPA algorithms, respectively, detect the overlap, and
determine the displacement vector. (b) The situation in (a) represented in 2D to show
the Minkowski difference of their shape which is at the heart of the GJK and EPA
algorithms. (c) Resolution of multiple overlaps by addition of pair-wise displacements
for the new particle, and iteratively moving the new particle until no further overlaps
are detected.

minimum displacement vector which will resolve the overlap if
one of the particles is moved along that vector.

Although the complete details of how the GJK and EPA
algorithms work is beyond the scope of this work, we describe
some of the relevant details here and direct the reader for
additional information in the Supplementary Material Sections
S3 and S4.
The main idea behind the GJK and EPA algorithms is
schematically shown in Figure 6b with 2D representation of the
particles and their bounding polygonal shapes (A and B), which
involves the construction of a composite shape M called the
Minkowski difference, denoted as M = A © B, obtained by
subtracting all the points in shape B from shape A, as explained
in supplementary material section S3 . Knowing shape M
enables us to reformulate the problem of finding overlap
between two convex polyhedral shapes, into a problem of

This journal is © The Royal Society of Chemistry 2023
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Figure 7 Statistical properties of generated structure at different particle populations. In this example, the length of the simulation cell is 100 units, y and R are both log-normally
distributed with means 3 and 1 units, respectively, and standard deviations for both is fixed to 10% of the mean value. The orientation is distributed using the vMF distribution with
mean orientation A3 = (—120°,75°) and k = 10. (a) (left axis) Box plot showing the number of attempts per 2500 particles added, the interquartile range as well as the minimum
and maximum attempts in that interval. The solid curve connects the median number of attempts marked by cross symbols. The right axis shows the runtime of the method as
particles are assembled into the structure. Runtime (hr) of the method is based on performance on a single Intel Xeon E5v4 processor running at 2.10 GHz (single-threaded). Filled
circles mark the particle populations N’ at which the generated structure is checked for adherence to target statistics. (b) Generated structures at different N’ with particles colored
by their coordination number, calculated using a cutoff radius of 10 units. (c,d) Histograms showing the adherence to the log-normally distributed aspect ratio and volumetric radius,
respectively of the structures with different N’ shown in (b). The target distributions in each case are overlayed as solid black curves and normalized to N’. (e) Surface plot of
histogram showing the adherence to vMF distribution for particle orientation (target distribution is not shown for clarity). The count of particles at the peak (which is the mean

orientation) is noted for each case.

finding whether the origin lies inside shape M, which is easier to
solve. If the origin lies inside M then the shapes overlap,
otherwise they do not. Moreover, if shape M contains the
origin, the shortest vector that connects its surface to the origin
is the displacement vector that will resolve the particle overlap
as shown in Figure 6b. As described in more detail in the
supplementary material section S4, the GJK and EPA algorithms
work on the reformulated problem of determining whether
origin is inside M and if so, what is the displacement vector that
will resolve the overlap, respectively.

This journal is © The Royal Society of Chemistry 2023

During Phase ll, it is easy to imagine the situation, especially at
high particle density, that a new particle i (that needs to be
added), overlaps with several particles simultaneously as shown
in Figure 6c¢. In this case, EPA provides displacement vectors in
a pair-wise manner, and our method adds these displacements
together to determine a cumulative displacement vector, that
we use to move particle i. In this process, sometimes the
individual pair-wise displacements may cancel, and particle i
still intersects with other particles. Therefore, an iterative
scheme is employed until a maximum number of iterations is

Nanoscale, 2023, 00, 1-3 | 9
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Figure 8 Application of method to study growth of aligned domains. (a-e) Orientational field and generated structure of particles in 3D showing an evolution in the size of the

domains. The inset shows a zoomed-in view of the structure to reveal the particle shapes. (f-j) Corresponding cross-sectional view of the orientational field and structure showing

the degree of alignment as the field evolves. The cross-sectional plane in (f-j) is labeled “slice plane” in (a-e, marked by dashed lines). In each instance, the field evolution is achieved

by controlling the f,,,; values as (a,f) 1, (b,g) 0.75, (c,h) 0.5, (d,i) 0.25 and (e,j) 0.

reached, to find a position where particle i finds a location
without any overlap. Intermittently, the method
regenerates completely new random coordinates x;,y;, z; for

also

particle i, to avoid getting stuck inside small empty holes, or
particle gaps which can never fit particle i.

As Phase Il proceeds and as the particle density increases, the
availability of empty space decreases, and as a result multiple
attempts are needed to find positions for newer particles. This
is shown in Figure 7, where number of attempts are plotted (on
the left axis) with respect to the population of particles N’ in the
form of box plots per 2,500 particles added. This shows how
much variation can be expected within this interval of addition,
showing initially that maximum number of attempts are within
100 attempts for about 20,000 particles added, but as more
particles are added, the maximum number of attempts can
reach up to 10,000 attempts after which a position for that
particle was found. In all the intervals, the minimum number of
attempts has been 1, indicating that some particles are still able

10 | Nanoscale, 2023, 00, 1-3

to find an empty spot at their first trial. However, as shown from
the median curve (solid black), most particles need more
attempts as the population increases. This also means that the
runtime of the method increases, and the growth of the time
seems to be exponential. For this reason, it may be
advantageous to stop the method earlier and use the generated
structure with fewer particles than initially intended, for further
analysis as required.

Our method ensures that even upon early termination, the 3D
structure of particles follows the target distributions of particle
shape, size, and orientational order. Figures 7b and 7c
demonstrate that when the generated structure is examined at
various stages, with values of N’ ranging from 10,000 to 70,000
all the distributions closely match the targeted log-normal
distributions for shape and size. Furthermore, in Figure 7d,
snapshots of the structure are shown with particles colored by
their coordination number, which measures the number of

This journal is © The Royal Society of Chemistry 2023
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neighboring particles within a cutoff radius of 10 units. The
homogeneity in the coloring indicates that particles are added
uniformly throughout the volume. The homogeneity of particle
addition is further demonstrated in Supplementary Video S1.
Finally, in Figure 7e, for each of the corresponding structures in
Figure 7d, the histograms of orientation of the particles show
the adherence to the vMF distribution.

Example Modification to the Method to Model Growth of
Aligned Domains

The applications that originally motivated the development of
CASGAP is the use of the generated 3D real space structure(s)
with desired distributions of particle shape, size and
initial configuration for follow-up
calculations (e.g., computing the structure’s scattering profile to
enable use of machine-learning enhanced CREASE3264,
conducting finite difference time domain method for color
response prediction®®). Another potential application is creating
3D structures to understand dynamics during 3D printing of
soft/hybrid materials®®®” with a specific external stimulus (e.g.,
light) or field (e.g., electric/magnetic) applied during printing
that creates spatial correlation or fields within the structure. To
model structures in these applications, it becomes important to
include spatial (auto) correlations for a specific parameter, as it
pertains to the specific scattering profile or property.

orientational order as

We demonstrate an extension of the CASGAP method to include
spatial correlations for one specific parameter during creation
of the 3D structure. In the example shown in Figure 8, we apply
the modified CASGAP method to create a structure with
particles oriented according to spatial random field of particle
orientation. A spatial random field g(x,y, z) can be chosen to
obey the standard normal distribution (easily generated using
several approaches®®), i.e., the intensity range of g(x,y,z) is
(—o0, ), mean and standard deviation of g(x,y,z) are 0 and
1, respectively. This field can be easily converted to have a
uniform distribution by using the error function transformation,
fl,y,2) = erf(g(x, v, Z)), such that the range of intensities of
f(x,y,2z) are now bounded to (—1,1) while preserving the
same spatial correlations as g(x,y,z). This field f(x,y,z) is
presumed to contain orientational correlation information of a
two phase system of anisotropic particles, with the sign of
f(x,y,2) indicating the preferred orientation (A3 under the
vMF distribution), and the magnitude of f(x, y, z) indicating the
dispersity in orientation (k under the vMF distribution). This is
shown in Figure 8, with the negative values (in blue) of the field
are assigned to the phase with preferred orientation Az = %,
and positive values (in maroon) are assigned to the phase with
A; =79. Furthermore, using the description of the vMF
distribution, we convert the field values into k values by using
k= (f(y2z)| =171, which gives k=0 when
f(x,y,z) =0and k = oo when f(x,y,z) = +1.

Using the field-based input for particle orientations, the
CASGAP method needs the following modifications. (1) In Phase

This journal is © The Royal Society of Chemistry 2023

| particle shapes and sizes are generated according to the user
specified distributions, however, particle orientations are not
generated. (2) In Phase Il, when particle i is being added, its
newly generated coordinate (x;,y;,z;) is used to evaluate the
field value f(x;,y;, z;), and then as described above converted
to the corresponding vMF distribution values (Asz,x ). The
particle orientation is then randomly sampled from the vMF
distribution. (3) Once the orientation is designated, the particle
is assessed for overlap using the same method described for
Phase II. If the particle is displaced from its previous location
due to overlap, then up to a small displacement the particle is
allowed to remain, otherwise the field is reevaluated at the new
location, and the subsequent process is repeated iteratively.
This continues until either a valid configuration is achieved or if
the method terminates.

Using this modification, we now demonstrate how this method
can also generate structures where the underlying field evolves
systematically. In Figure 8, we have evolved the field to
h(x,y,z), by using a positive field cutoff value f,,;, where 0 <
feut < 1, such that

( 1, f(x'ylz)>fcut
h(x,y,7) = {% F D < fourr @)

L -,

f(x,y,z) < _fcut

The effect of this evolution for values of f,,; ranging from 0 to
1is shown in Figure 8 (a-e for 3D, and f-j for 2D slice) and causes
a growth of the domains. Accordingly, the structures generated
from this field evolution follow the same trend with the darker
shaded regions having particles that are increasingly co-
oriented. In Figure 8f-8j, a slice plane of the field and the
structures is also shown, which clearly demonstrates how the
particles align with the X or ¥ depending on the phase domain
they occupy. In this example, we have elected to keep the
particle size and shape similar, and only varied the orientation
of the particles to remove any ambiguity in visualization of the
results. In principle, we can also extend the above approach to
create field-based description of particle sizes and shapes that
mimic gradient effects during synthesis (causing a spatial effect
on particle size and shape) and deposition of particles in a film.

Conclusions

In this study we have demonstrated the steps in our novel
computational method - Computational Approach for Structure
Generation of Anisotropic Particles (CASGAP) - that can
generate a real space 3D structure of anisotropic particles with
(1) all particle parameters such as shape, size and orientation
distributed according to a target statistical model, or
alternatively (2) with some particle parameters described by a
spatial field description, while the rest of the parameters having
a target statistical model. The method ensures that at each
incremental stage of structure generation, the particles always

adhere to the desired particle shapes, sizes and orientations
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described by the input distributions, which enables early
termination based on computational resource/time constraints
to use the already generated structure for further analysis. The
structures generated from this CASGAP method can be used to
study interpret structural characterization of soft materials
from small angle scattering experiments, simulating processing
effects especially using the field-based structure generation,
provide initial configurations for additional physics-based
molecular simulations to evolve structures or numerical
simulations to calculate physical properties (e.g., mechanical
strength, color, optical response, etc.).

Methods

The CASGAP code has been implemented using MATLAB version
R2022a (MathWorks, Natick, MA). The code is available via
https://github.com/arthijayaraman-lab/casgap (link currently
inactive). We are also making the code available in Python on
the same repository.
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