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Abstract

This study delves into the magneto-electronic and magneto-optical properties of

stacking-modulated bilayer graphene. By manipulating domain walls (DWs) across

AB-BA domains periodically, we unveil oscillatory Landau subbands and the associ-

ated optical excitations. The DWs act as periodic potentials, yielding fascinating 1D

spectral features. Our exploration reveals 1D phenomena localized to Bernal stack-

ing, DW regions, and stacking boundaries, highlighting the intriguing formation of
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Landau state quantization influenced by the commensuration between the magnetic

length and the system. The stable quantized localization within different regions

leads to the emergence of unconventional quantized subbands. This study provides

valuable insights into the essential properties of stacking-modulated bilayer graphene.

∗Corresponding author- E-mail: ggumbs@hunter.cuny.edu (G. Gumbs)

2

Page 3 of 40 Physical Chemistry Chemical Physics



1 Introduction

Bilayer graphene (BLG) has garnered substantial attention due to its intriguing physical

and optical characteristics [1,2]. Among the factors that significantly impact these essential

properties under external influences, the stacking configuration stands out as a key player.

Recent advancements in the precise control of few-layer van der Waals 2D materials have

brought about extensive investigations into the effects of relative displacement between

two graphene sheets, particularly in the subject of twistronics [3, 4] or straintronics [5].

The phenomenon of structural superlubricity [6] allows for interlayer sliding, resulting in

complex stacking patterns, particularly achieved in graphene flakes grown through chemical

vapor deposition (CVD) methods. This manipulation has led to various categories of BLG

systems, such as twisted [7], sliding [8], and geometry-modulated systems through domain

boundaries [9–13]. Such engineered stacking symmetries can dramatically alter electronic

behavior and interband excitations, even with slight misalignments between adjacent layers.

Two particularly inspiring examples, sliding and twisted BLG, have been synthesized

with precise control of stacking configurations, each showcasing 2D phenomena [14–19].

These systems exhibit unique physical properties that set them apart from normal bilayer

systems. Sliding BLG, for instance, presents hybridized Dirac cones, specific Landau lev-

els(LLs) [14] and optical properties [14, 15]. It also demonstrates electronic topological

transitions under an electric field [16,17]. On the other hand, twisted BLG, forms a Moire

superlattice with intriguing 2D energy subbands [18], giving rise to remarkable phenomena

like Moire superconductivity [19] and undamped interband plasmons [20,21]. The inherent

stacking symmetries in these systems unveil intriguing and potentially useful properties

that have captivated researchers worldwide.

BLG predominantly exhibits two prototype stacking configurations, hexagonal (AA)

and Bernal (AB), due to weak interlayer interactions [1]. Large CVD-grown areas primar-

ily adopt Bernal stacking with embedded layer-stacking domain walls (DWs) that transition

between AB and BA configurations [11–13]. Owing to the varied local interlayer poten-

tials across the Bernal/DW boundary, the stacking-modulated crystalline structure can
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be observed by scanning tunneling microscopy (STM) [10], scanning transmission electron

microscopy (STEM) [11, 12] or infrared nanoscopy [13]. These DWs introduce topological

edge states as a result of 1D DW solitons in BLG [22]. Experimental investigations have

confirmed intriguing phenomena such as topological valley transport [23], topologically pro-

tected valley Hall edge states [24], and plasmon reflections by topological boundaries [25].

Additionally, precise control of stacking boundaries has been achieved through systematic

geometric modulation using an atomic force microscope tip [13]. This controlled trans-

formation from AB to BA stacking, mediated by DWs typically ranging from several to

dozens of nanometers, presents exciting prospects for electronic applications [13].

Scanning tunneling spectroscopy (STS) has provided experimental confirmation of the

presence of the 1D edge states in BLG under the influence of magnetic fields [10]. Addi-

tionally, band inversions occurring at DWs within gated BLG systems result in protected

crossings of valence and conduction bands near the Fermi level (EF = 0), giving rise to

topological states with distinctive magnetic confinements observed in AB, BA, and DW

regions [22]. Theoretical investigations employing first-principles methods [22] and the

tight-binding (TB) model [26] have been instrumental in examining the energy bands of

AB/DW/BA/DW BLG. Previous research [26] has shown that DWs significantly influences

BLG’s electronic properties, introducing 1D parabolic dispersions, van Hove singularities

(vHSs), and distinct absorption peaks dependent on the AB-BA domain boundary width.

These findings present exciting opportunities to explore and comprehend the unique prop-

erties of the stacking-modulated BLG under the influence of external magnetic fields.

In this study, we employed the generalized TB model and Fermi’s golden rule to explore

the magnetic field effects on the electronic and optical properties in the geometry-modulated

BLG caused by DWs. The AB-BA domain boundaries are crucial in the non-uniform mag-

netization, emphasizing the relationship between the magnetic length (lB) and the system’s

length scale. This model incorporates non-uniform hopping integrals and Peierls phases

in the calculations [27, 28]. This analysis reveals oscillatory Landau subbands (LSs) and

additional optical excitations. The intriguing nature of these phenomena arises from the
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influence of DWs, giving rise to distinctive features associated with the local stacking sym-

metries. The interaction range is affected by the ratio between lB and the system scale of

the Bernal and DW size. These theoretical predictions can be experimentally examined us-

ing STM and STS [10,29] and magneto-optical spectroscopies [30,31]. These investigations

are essential for shedding light on the fundamental properties of BLG under external influ-

ences and for tailoring the material’s properties for various applications, including quantum

devices and optoelectronic technologies.

2 Generalized TB model

In this section, we develop a generalized TB model to study the influence of periodic

DWs on the essential properties of BLG. The unit cell, composed of AB/DW/BA/DW

as shown in Fig. 1(a), illustrates how DWs cause stacking transformations from AB to

BA or vice versa, consistent with experimental observations [11–13]. With a DW width

of about tens nm, the system is effectively a quasi-1D structure. Section 2.1 constructs

the explicit Hamiltonian, incorporating electron hopping parameters in pristine AB (BA)

regions and accounting for the DW-induced barrier. Section 2.2 introduces the Peierls TB

model to capture the influence of DWs on the magneto-electronic properties. The modified

Peierls substitution explains the behavior of nonuniform magnetic quantization caused by

DWs. We discuss the formation of unique LSs exhibiting 1D dispersions, influenced by the

confinements due to the magnetic field and DWs. Moreover, Fermi’s golden rule is utilized

to calculate the optical excitations between LSs, validating the particular magnetic wave

functions, vHSs, and optical selection rules.

2.1 DW-induced TB Hamiltonian

From the top view of the system in Fig. 1(a), the stacking modulation is caused by the

periodic DWs along the armchair direction (x̂), with a gradual and uniform variation of the

C-C bond length b = 1.42 Å. The two uniform Bernal regions (AB or BA) beside the DW

5
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are of equal length. This system is characterized by parameters (NB, ND), which indicate

the length of the desired regions with width of 3NBb and 3NDb, respectively. The carbon

atoms in a primitive unit cell are denoted as Aji and Bj
i , where the lattice index i ranges

from 1 to 4(NB + ND) and the layer index j=1 and 2. In the Bernal regions, A1
i (B1

i ) is

located on top of A2
i (B2

i ) for AB (BA) stacking. Random stackings cause the destruction

of hexagonal symmetries along x̂ over tens nm but maintain translation symmetry along

the ŷ.

The TB model has been used to comprehend the electronic properties of BLG. In the

absence of external fields, the Hamiltonian is given by the following expression:

H = −
∑
Ri,Rj

t(Ri,Rj)[c
+(Ri)c(Rj) + h.c.], (1)

where the summation is taken over all the lattices in the unit cell depicted in Fig. 1(a).

c+(Ri) and c(Rj) are the creation and annihilation operators at lattices Ri and Rj, respec-

tively. The hopping integrals t can be calculated using the empirical formula:

−t(Ri,Rj) = γ0e
− d−b

ρ (1− (
d · ẑ
d

)2) + γ1e
− d−d0

ρ (
d · ẑ
d

)2, (2)

which accounts for interlayer coupling of pristine BLG and misorientation of contracted 2pz

orbitals caused by DWs. In Eq. (2), d is the vector connecting two lattice points Rj−Ri,

d0 = 3.35 Å is the interlayer distance, and ρ = 0.184b is the characteristic decay length.

γ0 = −2.7 eV and γ1 = 0.48 eV represent the hoppings for nearest-neighbor intralayer and

vertical interlayer atoms, respectively [32]. In this study, the cutoff for transfer integrals

is implemented within a circle projected onto the graphene plane with a radius of 2b.

Consequently, the remote integrals, which are two orders of magnitude smaller, can be

safely neglected.

The wave function in the stacking-modulated BLG is represented as a linear combination

of TB functions:

Ψ = CAji
ϕAji (k)

+ CBji
ϕBji (k)

, (3)

where ϕAji (k)
=
∑4(NB+ND)

i=1

∑2
j=1 exp(ik·RAji

)χ(r−RAji
) and ϕBji (k)

=
∑4(NB+ND)

i=1

∑2
j=1 exp(ik·

RBji
)χ(r−RBji

) represent the TB functions constructed from 2pz atomic orbitals χ of the
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lattice sites. In the TB scheme, the Hamiltonian can be expressed as a 16(NB +ND)× 16(NB +ND)

Hermitian matrix and separated into elements from intralayer hoppings and interlayer hop-

pings, defined as follows:

hAjiA
j

i′
(k) = 〈ϕAji (k)|H|ϕAji′ (k)〉 (4)

hAjiB
j

i′
(k) = 〈ϕAji (k)|H|ϕBji′ (k)〉 (5)

hA1
iB

2
i′
(k) = 〈ϕA1

i (k)
|H|ϕB2

i′ (k)
〉, (6)

where A and B sublattices are alternating. The on-site energies and the overlap integrals

are assumed to be zero. When d is perpendicular to ẑ, only intralayer couplings, as in Eq.

(4) and Eq. (5), persist, with consideration limited to dc ≤ 2b for both the Bernal and

DW regions. In this case, the nearest neighboring term occurs in Eq. (5) when |d| = b,

expressed with a phase e−ikx(b+δ) for i = i′, and 2eikx(b/2+δ) cos(
√
3kyb

2
) for i′ = i + 1. Here,

δ = 0 for the Bernal region and δ = b/(4ND − 1) for the DW region, respectively. For

longer distance hoppings, e.g., the next-nearest neighboring intralayer terms, they follow a

similar expression for the phase, which can be easily calculated as they decay by the factor

e−
d−b
ρ . However, the interlayer Hamiltonian elements in Eq. (6) display more complex,

involving interaction cutoffs within dc. To compute all the effective hopping energies and

the sum of all phase terms, numerical simulation methods are employed.

When considering the growth of real materials in this system, we configure a system

consisting of approximately a hundred cells of each Bernal domain and DWs with sizes

ranging from 5 nm to 30 nm according to the synthesized sambles [12]. The explicit

Hamiltonian is constructed through Eqs. (1)-(6). The geometry-modulated BLG exhibits

a quasi-1D energy band structure defined within the first Brillouin zone, with −π/a ≤ ky ≤

π/a, where a =
√

3b represents the lattice constant of a monolayer graphene. In Section 3.1,

we discuss the low-lying energy dispersions in detail and elucidate the underlying physics

in terms of NB and ND.

It should be noted that previous research indicates that due to large DWs, where bond

lengths vary slowly (around 1%), the electronic properties modeled by TB approach has

been utilized to study plasmon reflections [25] and transport phenomena [32] across the

7
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AB-BA domain boundary in BLG. The TB parameters formulated in Eq. (2) have also

been applied to various graphene-related systems to incorporate interlayer coupling, mis-

orientation, and contraction of 2pz orbitals in systems such as sliding BLG, twisted BLG,

and carbon nanotubes. The TB calculations fit low-energy states with density functional

theory (DFT) calculations [33,34] and validate experimental findings [21,34], ensuring the

reliability of stacking modulations without vdW corrections. However, for DW formation

under specific conditions such as molecular adsorption [35] or interaction with a metal

substrate [36], the accurate determination of these parameters relies on precise treatment

of vdW forces through DFT calculations, which may lead to intriguing properties in this

subject.

2.2 DW-induced Peierls TB & absorption spectral function

The Peierls TB model is introduced to comprehensively address the influence of DWs on

LSs. The investigation delves into the effect of geometric modulation induced by DWs on

non-uniform magnetic quantization. In the presence of a magnetic field B = Bẑ, using the

Landau gauge A = (0, Bx, 0), the B-induced Peierls phase is given as follows [37]:

G(R) ≡ 2π

φ0

∫ R

R′
A(r′) · dr′, (7)

where φ0 = hc/e represents the magnetic flux quantum, with h being the Planck constant,

c the speed of light, and e the elementary charge. The phase is defined across both the

uniform AB (BA) region and the non-uniform DW region. The focus lies on ensuring

that the length scale of the DW is commensurate with lB, which requires the AB/DW cell

to be enlarged by a factor of Nsc to accommodate the φ0 flux [37]. The parameter Nsc

characterizes the periodic length of the modulated configuration, specifically causing the

period 2π/Nsca in the energy spectrum.

The Hamiltonian elements, which represent the effect of the magnetic field (Peierls

phase) incorporated with hopping integrals, are central to our analysis:

hAjiA
j

i′
(k) = exp i[G(RAj

i′
)−G(RAji

)]〈ϕAji (k)|H|ϕAji′ (k)〉 (8)
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hAjiB
j

i′
(k) = exp i[G(RBj

i′
)−G(RAji

)]〈ϕAji (k)|H|ϕBji′ (k)〉 (9)

hA1
iB

2
i′
(k) = exp i[G(RB2

i′
)−G(RA1

i
)]〈ϕA1

i (k)
|H|ϕB2

i′ (k)
〉. (10)

These elements depend on the configurations of the unit cell AB/DW/BA/DW. In partic-

ular, the variation of phase terms is relevant when considering the bond length distortion

δ = b/(4ND− 1) in DWs. Both modifications in TB parameters and the Peierls phases are

crucial in influencing the LSs caused by DWs.

Unique Landau spectra emerge from the intricate interplay between electron cyclotron

motion and DWs. In this work, we analyze three distinct scenarios defined by the relation-

ships between lB, NB and ND. The conditions are specified as follows:
Scenario 1: 3NBb > lB > 3NDb

Scenario 2: lB > 3NBb > 3NDb

Scenario 3: 3NBb > 3NDb > lB

In Scenario (1), the electron cyclotron motion is confined within the Bernal area, resulting

in localized Landau states with minimal interference. In this regime, LLs are well-quantized

with flat-band wave functions primarily from the Bernal area. However, the gradual in-

crease of lB disrupts the flat dispersions. When lB exceeds the material boundary, the

behavior shifts. In Scenario (2), lB surpasses both the Bernal and DW regions, leading to

maximal interference. It hinders the formation of well-quantized LLs, resulting in a non-

flat energy spectrum. On the other hand, increasing the DW width changes the system to

Scenario (3). In Scenario (3), LLs are stably formed in the AB and DW regions, but the

overall k-space is not fully well-quantized due to the an uneven energy distribution at the

AB-DW boundary. These interpretations support the unique results from Sections 3 to 5.

The implications for these factors will be further explored in subsequent analyses, with a

focus on the quasi-1D properties. In this approach, the energy bands and wave functions

are obtained, ultimately allowing us to calculate the optical spectral function.

The optical spectral function, which accounts for the absorption of a photon and the

excitation of electronic states, can be derived using the Fermi’s golden rule. It can be

9
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expressed as follows:

A(ω) ∝
∑
nv ,nc

∫
1stBZ

dk

2π ∗ 2π

∣∣∣∣∣
〈

Ψc
k(nc)

∣∣∣∣∣Ê ·Pme

∣∣∣∣∣Ψv
k(nv)

〉∣∣∣∣∣
2

(11)

× Im

{
f [Ec

k(nc)]− f [Ev
k(nv)]

Ec
k(nc)− Ev

k(nv)−ω−ıΓ

}
,

where E represents electric polarization, P denotes momentum operator, f [Eky(n)] cor-

responds to the Fermi-Dirac distribution, me stands for the electron mass and Γ is the

phenomenological broadening parameter. The above equation involves the joint density of

states (DOS) and dipole transition from Ev
k(nv) to Ec

k(nc). The former is well described

by the TB model. On the other hand, the latter is calculated using the gradient ap-

proximation, expressed as
〈

Ψc
k(nc)

∣∣∣ Ê·Pme ∣∣∣Ψv
k(nv)

〉
' ∂

∂ky
〈Ψc

k(nc) |H|Ψv
k(nv)〉 [27, 28]. The

spectral function, in the presence of a magnetic field, relies on the behaviors of Landau

subenvelope functions, which play a important role in determining absorption intensities,

excitation channels, and optical selection rules. This model has been extensively employed

to investigate magneto-electronic and magneto-optical properties in few-layer graphenes

with uniform stacking [18, 26–28], findings that have been substantiated by optical exper-

iments [30, 31]. Applying this robust model to stacking modulation in BLG provides a

clearer exploration of key aspects, including the energy dispersions of diverse LSs. The

optical absorption spectra of this system is investigated in detail in Section 6. These in-

vestigations illuminate intriguing phenomena arising from the intricate interactions among

electronic states, magnetic confinement, and DW confinement under varying conditions.

The AB/DW/BA/DW system employs 2D periodic boundary conditions imposed by

the DWs, ignoring the graphene edge boundary. However, when reduced to a finite size, the

system forms a quasi-1D graphene nanoribbon and reveals the significance of graphene edge

effects [39]. This model can also include the rigid boundary conditions under various edge

structures, such as armchair and zigzag configurations, which are known to induce quantum

confinement. This confinement mechanism may interact with the DWs and impact the LS

spectra, especially for electron cyclotron motion near the graphene edges and DWs. The

magnetic quantization phenomena may be diversified by the graphene-DW configuration,
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leading to particular energy dispersions and absorption spectra.

3 Synergistic effects of DWs and external magnetic

fields on electronic properties

In this section, we comprehensively investigate the influence of dislocations (DWs) on

the electronic band structure and magnetic quantization in BLG. Using the generalized

TB model detailed in Section 2, we analyze the synergistic effects of DWs and external

magnetic fields. Section 3.1 highlights the quasi-1D properties emerging in the electronic

band structure governed by period of AB-BA domain boundaries in BLG. Next, Section

3.2 delves into the pristine BLG LLs under external magnetic fields. Subsequently, in

Section 3.3, we examine the interaction of LLs with DWs, particularly elucidating the

unique LSs under the three specific scenarios clarified in Section 2.2. These electronic

behaviors are further elucidated through DOS and localized wave functions in subsequent

sections. Through the investigations, we unveil how DWs significantly alter the electronic

and optical properties of BLG in terms of modifying the spatial characteristics of electronic

states and introducing the non-uniformity.

3.1 Band structure modulation by DWs

The band structure of the system is derived from the explicit Hamiltonian formulated

with Eqs. (1)-(6), with δ set to 0 for pristine BLG and to b for DW-modulated BLG.

The former exhibits two pairs of parabolic energy bands, primarily contributed by the 2pz

orbitals within a primitive unit cell [1]. Close to the K/K ′ points, one pair of parabolic

bands, forming a valence-conduction band crossing at EF = 0, characterizes it as a zero-gap

semimetal. Simultaneously, the second pair experiences an energy shift of ±γ1 away from

EF = 0, with states at the K point, denoted as E2c,v(K), representing the band edges. [1].

The first pair is chosen as the focus of study in this work.
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We investigate the band structure of BLG with DWs, using a unit cell configuration

of AB/DW/BA/DW, as depicted in Fig. 1(a). The band structure analysis is performed

with NB = 50 and varying ND within the first Brillouin zone of −π/a ≤ ky ≤ π/a, which

reveals a 1D band structure wholly governed by the stacking modulation induced by DWs.

In Fig. 1(b), DWs with ND = 10 induce several distorted parabolic bands with paired band

edges split around kya = 2π/3. There is a valence-conduction band overlap of 0.03 eV near

EF = 0. The zone-folding effects around kya = 2π/3 occurs at a specific folded K valley

due to translational invariance along x̂. The influence of DWs introduce non-uniformity

in the C-C bond lengths, creating a distinct environment that disrupts most symmetries

related to ±kx in pristine AB BLG. In Fig. 1(c), with ND = 20, the asymmetry in the

energy spectrum is enhanced, accompanied by larger band overlap and state splitting within

DWs. These changes lead to pronounced alterations in band structures, causing deviations

in energy dispersions, band-edge states, and subband hybridizations.

As ND further increases, the accumulated DW states are increased near the Fermi level

and are expected to cause specific magneto-properties. The DWs introduce unique fea-

tures such as oscillating and crossing behaviors in specific energy subbands, contributing

to the overall complexity of the electronic landscape. Moreover, the Bloch wave functions

of low-lying states transition from uniform exponential function to bonding and antibond-

ing standing-wave patterns within DWs [26]. With increasing subband indices, there is

a demonstration of strong hybridizations between neighboring 1D subbands induced by

evolving spatial characteristics under stacking variations. In particular, standing waves

also arise in graphene nanoribbons [38], where the edge structure dictates boundary con-

ditions and introduces distinct edge states [39, 40]. The experimental validation provides

an ideal means of identifying the 1D confined states [38], which is crucial for verifying the

unique bonding and antibonding states induced by DWs. These derived wave function

characteristics can be used to redefine the energy subband indices and play a crucial role

in shaping the electronic and optical properties of BLG affected by the DWs.
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3.2 LLs in pristine BLG

The magneto-electronic states are obtained from the explicit Peierls TB Hamiltonian for-

mulated using Eqs. (7)-(10), with δ set to 0 for pristine BLG and to b for DW-modulated

BLG. In the former, well-behaved LLs emerge at B = Bẑ with completely flat disper-

sions within the first Brillouin zone, as shown by the gray color in Fig. 2. These LLs

are classified into α and β states corresponding to K and K ′ valleys. Each grouped LL

sequence exhibits a normal energy order characterized by quantum numbers nv=1, 2, 3

and nc=0, 2, 3, and so on with the increasing levels. The cyclotron centers of LLs, denoted

as dc(ky) for the K and K ′ valleys, are described as dc(ky) = −kyl2B/4π2 + l2B/3πa and

dc(ky) = −kyl2B/4π2 + l2B/6πa, respectively [27]. This clarifies that the degeneracy of LLs

is proportional to the field strength, so doubling the field strength halves the number of

LLs. The LL spectrum calculations can derive inter-LL transitions and the quantum Hall

effect [45], with results verified by experiments [30,31,45].

Under the influence of DWs, the spectral organizations of the α- and β-states are split

and show energy deviation as a function of ky, especially near the material boundaries.

Both spatial factors, electron hopping, and Peierls phase, are crucially modified by DWs,

fully captured by the Peierls TB model in Section 2.2. The magnetic field manifests the

electron cyclotron confinement, experiencing different DW barriers as a function of ky. The

unusual nonuniform phenomena due to DWs depend on the length scale between lB, NB,

and ND, which are discussed subsequently in Section 3.3 for the three scenarios defined in

Section 2.2. The analysis aims to clearly describe the behavior and characteristics of the

unique LSs, emphasizing the effects of dislocation walls and magnetic fields.

3.3 Unique LSs under Influence of DWs

Stacking modulation in BLG introduces diverse Landau quantization effects, dramatically

altering the magneto-electronic band structure with the presence of DWs. In Scenario (1),

while well-quantized flat bands partly persist in the AB area, as lB exceeds the boundary,
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dispersive LSs are formed with substantial oscillating amplitudes. For instance, let’s con-

sider the (50,10) modulated BLG under B = 65 T, as depicted in Fig. 2(a). The 2D LL

spectrum evolves into a periodic quasi-1D LS spectrum, composed of α-states (blue) and

β-states (red). They exhibit symmetry with respect to a phase shift determined by the

position of the DWs. Despite the reduction in LL degeneracy, low-lying LSs, particularly

nc,v = 0 − 3, still exhibit flat dispersions, a characteristic of 2D QLLs localized in Bernal

BLG. As ky deviates, energy distortion occurs due to the proximity of dc within the DWs.

Moreover, interference between neighboring DWs can induce anticrossing behavior among

α- or β-LSs across the energy spectrum.

The influence of DW on the 1D LS spectrum is accentuated as the magnetic field

strength decreases. In Fig. 2(b), the gradual destruction of flat dispersions is observed for

(50,10) BLG at B = 20 T, contrasting with the flat band structure observed in Fig. 2(a).

This indicates that the reduced magnetic quantization accommodates fewer quantum states

within the Bernal region with the increase of lB. Consequently, the oscillatory period of

LSs increases, and distinct patterns of crossings and anticrossings become more prominent

at lower field strengths. Moving towards Scenario (2), where lB increasingly exceeds the

AB area, such as at B = 10 T depicted in Fig. 2(c), the LSs become less well-defined

due to significant overlap of DWs with most wave functions. The presence of QLLs, e.g.,

nc = 0 and nv = 1, which are substantial under magnetic quantization, disappears in

this scenario. This suggests that the Bernal width cannot accommodate the full cyclotron

motion of the Landau states. Instead, the energy dispersion takes on a parabolic profile

due to the confinement of the DW potentials. The low-lying energy bands reflect zone-

folding effects, while the magnetic field primarily flattens the energy dispersions near the

band-edge states. This transition highlights the intricate interplay between non-uniform

magnetic quantization and structural features in determining the electronic properties of

the stacking-modulated BLG.

Wider DWs can severely disrupt the flat bands due to large stacking modulations at

the AB-BA domain boundaries. Observations from Figs. 2(c) and 2(d) indicate that the
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recovery of flat bands is achieved for nc = 0 and nv = 1, as observed for (50,20) BLG at

B = 20 T, while increasing the DW width suggests a higher degree of degeneracy breaking.

This is evidenced by the enhanced LS oscillation and LS anticrossings near the Fermi level

in the former, compared to (50,10) BLG at the same field B = 20 T, shown in Fig. 2(b).

However, as exemplified in (50,50) BLG in Fig 2(e), when ND is increased to satisfy the

Scenario (3), it implies that QLLs can be stably generated in both the Bernal and DW

regions, but the entire k-space is not completely quantized. There exists an uneven energy

distribution of the low-lying LSs. The nv = 0 and nc = 1 LSs disperse across EF = 0

and extend to deep conduction and valence states. This behavior can be interpreted as the

transformation of the magnetically bound states in AB and DW regions. The higher-order

subbands, e.g., nc, v = 2 and 3 in particular, recover with quantization, while their energies

are immediately influenced by the local stacking configuration.

When B increases to 65 T, as expected, the (50,50) system reveals structural differences

between DW and Bernal regions concerning ky, as demonstrated in Fig. 2(f). Each con-

duction (valence) LS shows similar dispersion patterns due to the much smaller lB. Both

types of quantization, occurring in Bernal and DW regions, are regarded as well-defined

subbands. A clear demarcation between these two forms of quantization aligns with the

AB/DW boundary in the energy spectrum. In this vicinity, individual electron cyclotron

motions are permitted across the entire k-space, which may reduce LS anticrossing and

also benefit the vertical optical excitations.

Based on the aforementioned results, it is evident that the DWs modify the hopping

interactions between carbon atoms and alter the energy dispersion. The sensitivity of LS

spectra to the structural intricacies introduced by DWs in BLG configurations is empha-

sized. As either field strength decreases or DW width increases, the suppression of the

pristine QLLs intensifies. These 1D oscillating LSs are governed by the periodic configu-

ration of AB/DW/BA/DW, illustrating their dependence on the three scenarios. Under

strong magnetic quantization, low-lying flat bands are established. As energy increases,

the energy distortion in ky increases rapidly, leading to the occurrence of anticrossing phe-
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nomena between α states or β states. The interface of LSs results in a broader range of

overlapping electron states. These intriguing properties are expected to have a substantial

impact on the material’s optical excitations.

Meanwhile, LS anticrossings, arising from DW interference, become more prevalent with

an increase in the number of DW periods and DW width. The breaking of translational

symmetry allows for effective modulation of subband anticrossing in graphene systems,

which has been shown to be influenced by factors such as lateral edges in graphene nanorib-

bons [40], and magnetic field [41, 44] and electric field [42] in uniform graphene systems.

This phenomenon can also be affected by various intrinsic parameters, including interlayer

interactions [41] and spin-orbit couplings [43]. The effects of periodic DWs are elucidated

in real space in the following sections. However, since α and β states correspond to dif-

ferent blocks of DW/AB/DW (DW/BA/DW) in the supercell, the symmetries of energy

band, wave function, and optical spectrum are preserved by the two symmetric blocks in

the system.

4 Density of states

The DOS serves as a primary reflection of the energy spectra characteristics. At B = Bẑ,

pristine BLG’s DOS comprises prominent delta-like peaks, with uniform peak intensity

proportional to the magnetic field strength, as observed in the gray curves in Fig. 3. In

stacking-modulated BLG, while such peaks are preserved under magnetic quantization, as

observed in Scenarios (1) and (2), there are signature of vHSs that reveal the unique quasi-

1D electronic characteristics, including finite flat ky-dispersions, oscillatory dispersions,

DW-localized states, and zone-folding effects.

In Fig. 3(a) for (50,10) BLG at B = 65 T, the nv = 1, 2, 3 and nc = 0, 2, 3 QLLs are

clearly manifested by the prominent peaks (red circles) in the sufficiently wider AB/BA

regions and strong field. Also, the emergence of asymmetric peaks between those peaks

reflects the band edges of the oscillatory dispersions. The square-root-shaped divergence
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results from the parabolic extrema. Decreasing B weakens the magnetic quantization and

results in significantly reduced peak intensities. For B = 20 T in Fig. 3(b), the former peaks

become faint, and except for the lowest four peaks closest to EF = 0 that can be clearly

defined, the remaining parts exhibit multiple configurations due to DW interference. The

slight DOS oscillation below -0.05 eV indicates the LS anticrossings, which are expected to

introduce additional selection rules and optical excitations in the system. Conversely, for

B = 10 T (Fig. 3(c)), all the DOS peaks exhibit 1D-square-root divergence, in which the

vHSs come from the parabolic band edges of localized states in DWs. This suggests that

the dominant quantum confinement gradually supersedes the minor magnetic field effects

as lB approaches the material boundary.

Adjusting the value of ND brings about more changes in the quasi-1D peaks related to

the DWs. Figure 3(d) reveals an intriguing transformation of the vHSs in (50,20) BLG at

B = 20 T as DW-interference enhancement with longer stacking modulation. The vHSs

from QLLs correspond to those of (50,10) in Fig. 3(b), while more vHSs are induced by

the DW-localized states amplified with the LS anticrossings. In the case of systems such

as (50,50) in Fig. 3(e), these effects become more pronounced because Scenario (3) is

satisfied. Enhanced vHSs are observed, accompanied by blue shifts of QLL peaks from

both regions, which coexist and predominate in the low-energy DOS (red symbols). The

recovery of nc,v = 3 peaks reflects the unconventional QLLs associated with DW regions.

The modulation-induced changes in DOSs are more readily apparent under these conditions.

Moreover, the peak originating from the two lowest LSs is of particular importance and

determines the threshold channel in the optical spectrum.

However, at B = 65 T, each well-quantized LS contributes to a symmetric peak and

two asymmetric peaks (Fig. 3(f)). Such grouped peaks are well separated, indicating

dominating optical excitations due to the obvious joint DOS. Overall, these pronounced

changes in the aforementioned different cases directly reflect the effects of the magnetic

field on stacking-modulated BLG. These distinct characteristics in the DOS in Figs.3(a)-

3(f) clearly identify the three scenarios. These alterations in the DOS and the emergence
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of vHSs are crucial factors to consider when understanding the magneto-optical properties

in the stacking-modulated BLG.

5 Magnetic wave functions

In pristine BLG, the dependence of Landau wave functions on ky and nc,v has been previ-

ously explored in the supercell [27]. Research on few-layer graphene has identified a distinct

LL sequence depending on stacking symmetries [41]. However, the reduced magnetic con-

finement on electrons enables them to spread out over a larger area in graphene sheets and

interact more with neighboring DWs. This section illustrates the evolution of the wave

functions for the two kinds of sublattices A and B in the supercell, which contains NscIsc

atoms for each kind of sublattices in each graphene sheet, where Isc = 2(NB +ND). Here,

we focus on α-states, which are symmetric with β-states. The evolution of wave functions

is explored in detail for the three specified scenarios in Section 2.2.

In the case of (50, 10) BLG, the representative states at B = 65 T, labeled α1-α6 in

Fig. 4 (a), exemplify Scenario (1). The wave functions are illustrated under the influence of

DWs, subsequently shown in Figs. 4(b)-4(g). The K valley localized states are distributed

around 2/3 of the enlarged supercell [27]. α1 to α3 represent well-defined Landau states

in the Bernal stacking, maintaining predominantly symmetric relationships between the

four inequivalent sublattices. Specifically, these states exhibit a quantum mode difference

between the sublattices, with values of 1 and 0 under the connection of γ0 and γ1, respec-

tively [27]. The dominating sublattice B1, used to identify the quantum numbers of LLs,

retains a symmetric distribution due to its separation from the boundary. Interfered in this

context, the left Bernal stacking refers to the BA configuration.

On the other hand, the wave functions display strong ky dependence, reflecting the

magnetic localization center gradually approaching, entering, and eventually crossing the

left DW. From α4 to α6 in the nv = 2 LS, the wave functions gradually penetrate into the

DW (black dot area). In the vicinity, both the symmetry and sublattice quantum modes
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gradually break down. After the DW, the stacked structure undergoes a transformation

from BA to AB, resulting in a correspondence change from (A1, B1, A2, B1) in the former

region to (B2, A2, B1, A2) in the latter region. As a result, the emergence of the quantum

number nv = 2 is reinstated by A2 for α6 state in AB configuration, which clearly indicates a

change in the dominating sublattice influenced by the stacking modulation in the graphene

system.

Based on the behavior of the wave functions, the LSs in the entire k space can be classi-

fied as localized states in either Bernal or DW-influenced regions, as indicated, respectively,

by green and purple hollow dots in Fig. 4(a). In each α LS, flat parts corresponding to

different Bernal regions are separated by a DW in the supercell. It explains that as nc

increases, the QLLs become narrower, and DW interference becomes more prominent. Es-

pecially in Scenario (2) (Fig. 2(c)), where lB exceeds the material boundary, the non-flat

energy spectrum exhibits a mixture of both across the entire energies and Brillouin zone.

When the influence of DWs exceeds the spacing between neighboring LSs, frequent LS

anticrossings become apparent in the magneto-electronic spectra. These anticrossing phe-

nomena are characterized by significant hybridization of magnetic subenvelope functions,

denoted as major and minor modes [41,42]. These effects are expected to impact the optical

absorptions.

To illustrate Scenario (3), we examine the (50,50) system at B = 20 T in Figs. 5(a)-

5(c). The unique magnetic quantization within DWs is a focal point of discussion. As

for the lowest nc = 0 LS, the dominating sublattice A2 is revealed by α1 state, which is

predominantly localized in the AB region (Fig. 5(b)). As ky moves away, the zero-mode

symmetric wave functions are preserved for α2 and α3 in a nearby DW while showing

different subenvelope relationships, where the identical mode appears for B1 and A2 (A1

and B2). For higher states, wider wave function distribution across the AB/DW boundary

follows the identifiable feature. In particular, the state hybridization associated with two

neighboring DWs is demonstrated by the anticrossing states, e.g., α4, α5 and α6 in Fig.

5(c). Such states formed near the boundary clearly separate the spectral features of the
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quantized states in the band structure. It is anticipated that optical excitation can be

enriched and diversified by the interplay between two kinds of QLLs.

When lB is significantly smaller than the DW width, e,g, B = 65 T, we discuss the

well-defined Landau quantization in both Bernal and DW regions for larger energies by

examining several conduction LSs, as shown in Fig. 5(d). For nc = 0, the transition

of localization from Bernal to DW regions is illustrated by α1 to α3 in Fig. 5(e). This

transition is characterized by the dominating sublattice, alternating the shift from Bernal

to DW. As the strong field confines the cyclotron motion spanning across multiple DWs,

the behavior is preserved up to higher LSs, such as α4 − α6 corresponding to nc = 3 − 5.

Moreover, the boundary between DW and Bernal regions is clearly observed at a fixed k

value throughout the entire k space.

Several aspects have been observed in the subsequent changes of the above wave func-

tions, including the varying degree of the DW barrier, the substantial transition of dom-

inating sublattices, symmetry breaking, and the mode changes on these sublattices. It

should be noted that DWs disrupt the hexagonal symmetry and AB symmetry in the sys-

tem. The anticrossing patterns manifest non-trivial quantum number differences across

stacking boundaries. This indicates that the effective-mass approximation is not suitable

for accurately determining the unconventional magnetic subenvelope functions under such

non-uniform intralayer and interlayer atomic interactions, as each Landau state may consist

of a superposition of various modes.

6 DW impact on magneto-absorption spectra: inter-

LS transitions

The magneto-absorption spectra are calculated using Fermi’s golden rule in Eq. (11),

which accounts for optical excitations between LSs, derived from specific magnetic wave

functions, vHSs, and optical selection rules. The spectral features are determined by inter-
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LS transitions, reflecting the unique LS spectra in the three scenarios discussed in Section

3. In Fig. 6, we investigate the effects of DWs on the (50,10) BLG system at decreasing B

from 65 T to 10 T. The unique absorption features display enhanced nonuniform magnetic

quantization phenomena as the system transitions from Scenario (1) to Scenario (2). At

B = 65 T, as shown in Fig. 6(a), the pristine magneto-absorption spectrum, denoted by

the gray curve, is characterized by vertical transitions between highly-degenerate LLs [27].

These peaks, non-equally spaced with delta-function divergence, satisfy the selection rule

∆n = nc − nv = ±1, while exhibiting approximately uniform intensities due to the equal

degeneracies of each LL. For instance, the first three peaks, marked by diamond symbols,

correspond to inter-LL transitions between (nv, nc)= (1,2), (3,2), and (2,3), while the fourth

peak arises from symmetric channels (3,4) and (4,3).

The stacking-modulated absorption features are depicted by the blue curve in Fig. 6(a).

The optical excitations occur exclusively between spatially separated α or β states, which

contribute equally to the material’s absorption spectrum. These optical resonances exhibit

intensity discrepancies and lead to an increased number of peaks due to the emergence of

more localized states. However, the optical excitations between the QLLs and oscillating

subbands give rise to unique spectral structures. The former, preserved under strong

magnetic quantization, remains as prominent delta-function peaks traced from the same

inter-LL transition frequencies, albeit suppressed by the contraction of the flat bands.

The latter results in the emergence of asymmetric square-root peaks with relatively weak

intensity, associated with the vHSs at the band edges. In the insert, these two kinds

of channels are illustrated by the band structure. Indeed, despite the dominance of the

pristine selection rule ∆n = ±1, an additional ∆n = ±2 is observed for the second peak.

Meanwhile, peaks characterized by ∆n = 0 and ∆n = ±2 are also evident for those DW-

localized states. As the magnetic field confinement diminishes within the DW regions,

optical excitations coincide with the enrichment of the localized states.

Reducing B to 20 T in Fig. 6(b), a red shift and weakened absorption intensity are

observed in the (50,10) system. The pristine peaks of ∆n = ±1 are absent because the
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flat bands obscure for nc,v ≥ 2. However, the evidence of nv = 0 QLL is presented by the

threshold peak at ω ' 0.03 eV. The spectral features transition to the predominance of

various DW-induced quasi-1D vHSs, following different selection rules ∆n = 0, ∆n = ±1,

and ∆n = ±2. This expansion occurs because the influence of DWs extends beyond the

cyclotron motion of electrons in the system. Furthermore, the absorption characteristics

vary with the DW interference, especially in the LS anticrossing region, where excitation

enhancement is evident through the multiple peaks (green symbols), with the most apparent

peak observed at ω & 0.15 eV. This behavior is consistent with the anticrossing bands for

Ev . −0.05 eV and Ec & 0.07 eV in Fig. 2(b). In such regions, the state hybridization

leads to the emergence of multiple selection rules and a significant enhancement in both

the sharpness and intensity of absorption peaks.

At B = 10 T in the (50,10) system, Fig. 6(c) illustrates a further broadened spectrum

consistent with Scenario (2). In contrast to Scenario (1), the spectral features does not

follow the typical behavior associated with QLLs, and multiple selection rules dominate

across the entire spectrum. The optical transitions are permitted between every valence and

conduction LSs as the whole spectrum evolves into parabolic dispersions. The confinement

effects of DWs compete with magnetic fields as lB gradually approaches the Bernal region,

ultimately shaping the 1D optical characteristics [26]. Furthermore, the threshold peak,

regarded as indicative of the lowest nc = 0 and nv = 1, remains prominent but experiences

a significant red shift. In such a scenario, it becomes challenging to distinguish these

two types of absorption channels as lB substantially extends beyond the Bernal region.

This reflects the fact that the quantization phenomena become less well-defined because

electrons gain more freedom in their energy states.

In Fig. 7, we examine the impact of DW size on the magneto-absorption spectrum, in

contrast to lB discussed in Fig. 6. Larger DWs induce greater amplitudes in oscillating

LSs, resulting in a broader spectrum compared to smaller DWs at the same field strength,

as observed in (50,10) and (50,20) at B = 20 T (Figs. 6(b) and 7(a)). The blue curve in

Fig. 7(a) illustrates disrupted original peaks and newly emerged peaks that deviate from
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typical behavior, attributed to several subchannels from wider DWs. Besides, stacking

modulation becomes evident in the LS anticrossing region, where some peaks emerge in

the spectrum for ω & 0.15 eV, due to significant LS breaking of the hybridized valence and

conduction LSs.

Conversely, when lB is smaller than the DW width, the spectrum of (50,50) BLG at

B = 20 T unfolds Scenario (3) (red curve in Fig. 7(a)). The center of QLLs remains

stable within individual Bernal regions, DWs, or near the Bernal/DW boundaries, which

facilitates inter-band transitions from those unconventional QLLs. As a result, the spectra

reflect the structural differences between the DW and the Bernal regions. The initial

channel nv = 1 ←→ nc = 0 governs the first few peaks, extending the energy range of

0 ≤ ω . 0.1 eV due to stacking modulation. Meanwhile, the emergence of large-scale DWs

triggers a prominent composite peak at ω ' 0.16 eV, as contributed by excitations from

magnetically quantized states stably formed in the both regions.

At a stronger magnetic field strength of B = 65 T, the (50,50) system, depicted in Fig.

7(b), reveals prominent magneto-spectral structures. Some spectral peaks coincide with

those in pristine BLG, appearing around (nv, nc)= (1,2), (3,2), (2,3), and (3,4). However,

other asymmetric peaks are associated with inter-QLL transitions within DWs. These

transitions follow various selection rules, such as ∆n = 0, ∆n = ±1, and ∆n = ±2.

Such induced channels become gradually more considerable across the specific excitation

spectrum, exemplified by the strong peak highlighted at ω ' 0.25 eV, which is absent

in the (50,10) system. In short, the varied cases with different lB and ND contribute to

enriched and diversified absorption spectra, providing valuable insights into the system’s

optical response under stacking modulations.

In low-dimensional systems, STM and optical spectroscopies are useful tools to verify the

electronic quantization and optical responses. For instance, STM measurements on finite-

length carbon nanotubes have identified well-behaved standing waves with specific zero

points [46]. Similar measurements on graphene nanoribbons have revealed the edge states

[47,48] and scattering standing waves [38], demonstrating the interplay between finite-size
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confinement, edge structures, and magnetic fields. Landau quantization of topological edge

states created by the AB-BA DW in BLG has also been identified [10], displaying distinct

features in the 2D LL energy spectra observed in few-layer graphene [49]. Besides, in

Bernal graphite, 3D magnetically quantized states display distinct spectral characteristics

associated with the K and H points [29]. Magneto-optical spectroscopy has also confirmed

the optical transitions in graphite, presenting their significance in the context of Bernal

graphite and Bernal BLG [30].

Compared to these systems, it is important to verify the theoretical calculations in

the stacking-modulated BLG, particularly focusing on the distinct oscillating LSs and ab-

sorption spectra, as well as the spatial magnetic wave functions in the supercell. These

DWs enhance the confinement of electronic states, weaken magnetic quantization, create

unconventional QLLs and trigger extra absorption peaks. Moreover, verifications should

be taken on anticrossing effects that influence the intricate electronic and spectroscopic

features, which reveals the interplay between DWs and external fields in low-dimensional

systems.

7 Concluding remarks

In conclusion, this study extensively explores the unique electronic and optical properties of

stacking-modulated BLG under external magnetic fields. Stacking modulation dramatically

alters the Landau quantization effects, reshaping the magneto-electronic band structure

contributed by 2pz orbitals within a supercell. The introduction of periodic DWs pro-

foundly influences significant modulation regions where the BLG configuration experiences

stacking variations. We analyze localized atomic wave functions and corresponding lattice

symmetries within a generalized TB model. The presence of DWs disrupts translational

symmetry, transforming 2D QLLs into two types of quasi-1D localized states, referred to

as α- and β-LSs. The observed 1D features in stacking-modulated BLG are unique com-

pared to the 2D phenomena observed in sliding [14] and twisted [18] BLG. Additionally, the
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differences in LSs are sharply contrasted with graphene nanoribbons [40] and graphite [50].

Varying DWs manifest distinctive quasi-1D dispersions related to different length scales

with respect to Scenarios (1), (2) and (3). The unique LS features, such as flat and os-

cillating subbands, as well as crossing or anticrossing behaviors at specific energies, are

introduced. These modifications, particularly evident in their LS energies, are more pro-

nounced for smaller ND and larger lB, indicating the breaking of LLs due to the cyclotron

motion of electrons affected by the DW barrier and the stacking boundary. Additionally,

the magnetic wave functions also undergo significant variations due to DW interactions,

responsible for the distinctive quantization patterns and hybridization phenomena. Fur-

thermore, the DOS reflects the energy spectra characteristics, unveiling quasi-1D electronic

features induced by non-uniform quantization and DW interference.

The absorption spectral features align with magnetoelectric properties, with optical

excitation efficiently modulated between spatially separated α or β states. The pristine

inter-LL transitions are permitted for flat bands, possibly formed in the Bernal region, but

they are distorted by the DW barrier, inducing additional selection rules. The observed

LS anticrossings are a significant outcome of DWs in BLG, affecting a broad spectrum of

absorption features. Structural disparities between DW and Bernal regions yield distinct

magnetically quantized states, impacting interplay between LSs and the absorption spec-

trum. Remarkably, the threshold peak serves as evidence for the emergence of the lowest

QLL and remains robust even in the presence of DWs in BLG. These essential properties

align with the alternating dominance between magnetic and quantum confinement effects

on the spectrum.

Understanding the behaviors of quasi-1D LSs is crucial for comprehending stacking-

modulated BLG properties. Experimental verifications are essential to validate theoretical

calculations, focusing on distinct oscillating LSs, absorption spectra, and spatial mag-

netic wave functions in stacking-modulated BLG. The interplay between DWs, magnetic

fields, and structural features significantly influences BLG’s electronic and optical proper-

ties. These features are experimentally observable and offer new possibilities in magneto-
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electronics, optoelectronics, and quantum technologies.
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Figure Captions

Figure 1: (a) Unit cell of stacking-modulated BLG with the AB/DW/BA/DW config-

uration, described by parameters NB and ND, where the two Bernal (AB and BA) or DW

widths are equal. Sublattice indices are illustrated above. The C-C bond length b is equal

to 1.42 Å. Energy band structures of (b) (NB, ND)=(50, 10) and (c) (50, 20) systems as

a function of ky in 2π/a scale, with a =
√

3 b as the graphene lattice constant.

Figure 2: α− and β−LS spectra for the (50, 10) system are displayed at (a) B = 65

T, (b) B = 20 T, and (c) B = 10 T; for the (50, 20) system at B = 20 T in (d), along

with the (50, 50) system at B = 20 T in (e). Lastly, (f) illustrates the (50, 50) system at

B = 65 T. LL energies calculated for pristine BLG are included for comparison. Here, nc,v

denotes the conduction and valence subband indices.

Figure 3: DOS of LSs for BLG featuring various modulated stacking configurations and

magnetic field strengths. Red hollow symbols denote the vHs arising from QLLs.

Figure 4: (a) The first five LSs for the (50,10) system at B = 20 T, where green and pink

colors denote localized states in Bernal and DW regions, respectively. (b)-(g) Subenvelope

functions of A1, B1, A2, and B2 for the α1-α6 states in (a) are plotted as a function of

sublattice index i normalized by NscIsc. The black-dotted areas indicate the extents of the

DWs.

Figure 5: A plot similar to Fig. 4 for the (50,50) system at B = 20 T in (a)-(c) and for

the (50,50) system at B = 65 T in (d)-(f).

Figure 6: Magneto-optical absorption spectra are depicted for (50,10) stacking-modulated

BLG at (a) B = 65 T, (b) B = 20 T, and (c) B = 10 T. The lowest four channels are

illustrated by the LS spectrum in the insert. Hollow symbols indicate the optical selection

rule for the absorption peaks. The spectrum conducted in pristine BLG without DWs is

shown by gray curves for comparison.

Figure 7: Magneto-optical absorption spectra for (a) (50,20) and (50,50) stacking-

modulated BLGs at B = 20 T, and (b) (50,50) system B = 65 T. The spectrum conducted

in pristine BLG without DWs is shown by gray curves for comparison. Hollow symbols
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indicate the optical selection rule for the absorption peaks.
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Figure 1: (a) Unit cell of stacking-modulated BLG with the AB/DW/BA/DW
configuration, described by parameters NB and ND, where the two Bernal (AB and BA)
or DW widths are equal. Sublattice indices are illustrated above. The C-C bond length b

is equal to 1.42 Å. Energy band structures of (b) (NB, ND)=(50, 10) and (c) (50, 20)
systems as a function of ky in 2π/a scale, with a =

√
3 b as the graphene lattice constant.
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Figure 2: α− and β−LS spectra for the (50, 10) system are displayed at (a) B = 65 T,
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Figure 6: Magneto-optical absorption spectra are depicted for (50,10) stacking-modulated
BLG at (a) B = 65 T, (b) B = 20 T, and (c) B = 10 T. The lowest four channels are

illustrated by the LS spectrum in the insert. Hollow symbols indicate the optical selection
rule for the absorption peaks. The spectrum conducted in pristine BLG without DWs is

shown by gray curves for comparison.
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