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The stochastic wave function method for diffusion
of alkali atoms on metallic surfaces

E. E. Torres-Miyares, *a D. J. Ward, b G. Rojas-Lorenzo, c

J. Rubayo-Soneira, cd W. Allisonb and S. Miret-Artés ad

The stochastic wave function method is proposed to study the diffusion regimes of alkali atoms on

metallic surfaces. The Lindblad approach, based on the microscopic Hamiltonian information in the

Caldeira–Leggett model, is presented and numerical calculations of the dynamics are carried out to

characterize surface diffusion for two different systems: Na–Cu(111) and Li–Cu(111). Calculations of the

intermediate scattering function for an isolated adsorbate are compared, in the Brownian limit, with

results deduced from helium spin-echo (HeSE) experiments after reducing them to single adsorbate

dynamics. To illustrate the method we present the dependence on momentum transfer and the

temperature dependency. Results show that the experiment can be described at a quantitative level by

the 1-D quantum model (reduced dimensionality).

1 Introduction

The adsorption of alkali metal on metallic surfaces has tech-
nological impact on industrial catalytic processes.1 For exam-
ple, the presence of controlled quantities of alkali metals
influences a variety of heterogeneous catalytic processes2,3

and the complexity of the behaviour observed4,5 is surprising
given the relatively simple electronic structure in the alkali
metal adsorption. Alkali metals tend to chemisorb at high
symmetry sites without disturbing the underlying substrate4

and, at low coverages, the valence charge of the alkali metal is
shifted towards the substrate due to the difference in electron
affinity leading to a dipole moment whereas, at high coverage,
the alkali layer takes on a metallic character.6,7 The adsorption
site, itself, can depend on the coverage.8

Recent studies of the diffusion of alkali atoms on Cu(001)
and Cu(111) surfaces include Na–Cu(111),9 Na–Cu(001),10–13

K–Cu(001)14 and Li–Cu(001).7 In addition to experiment, calcul-
ations15,16 provide knowledge of both the adsorbate–substrate
interaction and the inter-adsorbate forces giving information

relevant to phenomena such as adsorption, desorption, dissocia-
tion and recombination.17

A description of the force fields (adsorbate–adsorbate and
adsorbate–substrate interactions) is necessary to formulate the
molecular dynamics of alkali metal on metallic surfaces. The
Langevin formalism18 provides a classical description that is
sufficient in many situations.19 Adsorbate–adsorbate interac-
tions can be included explicitly20 or treated approximately with
an additional white shot noise.21 Here, we treat the problem
quantum-mechanically in one dimension (reduced dimension-
ality), using a new theoretical method that has been proposed
by some of the present authors22,23 in this context. We apply the
method in the diffusive limit to discuss two systems for which
new experimental data exist: Na–Cu(111) and Li–Cu(111). In the
context of surface diffusion, the model has never been used and
represents an alternative to the classical, Langevin formalism.

The work focuses on an interpretation of the dynamical
behaviour in the limit of long-times, where the motion is
primarily diffusive. In that limit, the dynamics are determined
predominantly by the energy landscape and are insensitive to
the spectrum of thermal excitations.24 We extract the beha-
viour, at long-times, from the intermediate scattering function
in both experiment and calculation before comparing the two.
In addition, and where relevant, we eliminate the effect of
adsorbate–adsorbate interactions from the experimental data
through an effective incoherent intermediate scattering func-
tion in the neutron scattering context, using methods that have
been described previously.20

Our primary aim, here, is to demonstrate that a fully
quantum approach to diffusive dynamics is now a practical
proposition for the analysis of experiment. Most previous work
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has assumed classical behaviour, except in systems, such as the
diffusion of atomic hydrogen at low temperatures, where
quantum effects are expected to dominate. By demonstrating
that the quantum calculations can represent experiments for
light adsorbates, such as Li, as well as heavier adsorbates, such
as Na, our work covers the regime where the validity of classical
methods may be open to question.

The paper is organized as follows. In Section 2, the Caldeira–
Leggett model, Lindblad theory and stochastic wave function
method are presented as a theoretical model for the surface
diffusion processes. In Section 3, new numerical and experi-
mental results for two different systems, Na–Cu(111) and Li–
Cu(111), are presented and compared with previous analytic
results. Finally, in Section 4, the main conclusions of this work
are summarized and future perspectives are presented.

2 The stochastic wave function
method

The pioneering Caldeira–Leggett (CL) formalism is used to
describe the motion of a quantum Brownian particle linearly
coupled to an Ohmic environment in the weak-coupling and
high-temperature limits.25,26 Assuming short environmental
correlation times and tracing out the environment degrees of
freedom, a Markovian quantum master equation for the
reduced density matrix is written for a one dimensional pro-
blem as27

@rðx; x0; tÞ
@t

¼ � �h

2mi

@2

@x2
� @2

@x02

� �
� gðx� x0Þ @

@x
� @

@x0

� �
þ

�

þ VðxÞ � Vðx0Þ
i�h

� D

�h2
ðx� x0Þ2

�
rðx; x0; tÞ;

(1)

where V is the external interaction potential, is r(x, x0, t)
represent the non-diagonal elements of the reduced density
matrix, m is the particle mass, g the friction coefficient and D
the diffusion coefficient given by

D = 2mgkBT, (2)

kB being Boltzmanns constant and T the surface temperature.
However this formalism has a few drawbacks, the determi-

nant of the generator of the CL master equation is negative and
is only valid for high temperatures. Different attempts to obtain
a master equation from microscopic Hamiltonians preserving
the density positivity have been made.28,29 Several works lim-
ited to the weak-coupling30,31 or high-temperature regime32 are
found in the literature. A new approach using the quantum
dynamical semigroups by Lindblad29 and Kossakowski et al.33

arrived to a generator of a completely positive map. Unlike
closed systems where the dynamics can be described by the
unitary time evolution, finding an appropriate equation of
motion for the density matrix is the main goal. An open system
can be represented as a system-plus-environment scheme. In
this case, the dissipative evolution of the reduced density

matrix depends on the Liouville functional L

drðtÞ
dt
þ i

�h
½Ĥ; rðtÞ� ¼ LrðtÞ; (3)

where Ĥ is the Hamiltonian of the system. Lindblad and
Kossakowski29,33 presented a generator for a completely posi-
tive map in terms of operators Âk

Lr ¼
X
k

Âk; rÂ
þ
k � þ ½Âkr; Â

þ
k

h in o
; (4)

known as Lindblad dissipation operators. Replacing (4) in (3),
the Lindblad equation is then written as

drðtÞ
dt
þ i

�h
½Ĥ; rðtÞ� ¼

X
k

Âk; rÂ
þ
k � þ ½Âkr; Â

þ
k

h in o
: (5)

The structure of the operators Âk is unknown but it can be
found based on the microscopic Hamiltonian information
coming from the CL formalism.

The minimal invasive modification to the CL master eqn (1)
can be carried out by just adding an additional term of the form
g[p̂, [p̂, r]]/8mkBT, which is small in the high temperature limit,

dr
dt
¼ � i

�h
½Ĥ; r� � ig

2�h
½x̂; fp̂; rg� � 2mgkBT

�h2
½x̂; ½x̂; r��þ

þ g
8mkBT

½p̂; ½p̂; r��:
(6)

From eqn (6), the CL master equation can be brought into
Lindblad form (5) for one Lindblad operator Âk given by a linear
combination of the position x̂ and momentum p̂ operators,

Â = mx̂ + inp̂, Â+ = mx̂ � inp̂ (7)

Replacing the operators (7) in the Lindblad eqn (5), the
corresponding Markovian master equation is

dr
dt
þ i

�h
½Ĥ 0; r� ¼ �m2 x̂; ½x̂; r�½ � � 2imn x̂; ½p̂; r�þ

� �
� n2 p̂; ½p̂; r�½ �;

Ĥ
0 ¼ Ĥ � 2mn�hx̂p̂:

(8)

In the coordinate space, this equation takes the following
expression

@r
@t
ðx; x0; tÞ þ i

�h
½ ~HðxÞ � ~H�ðx0Þ�rðx; x0; tÞ ¼ �fm2ðx� x0Þ2þ

þ gðx� x0Þ @

@x
� @

@x0

� �
� n2�h2 @

@x
þ @

@x0

� �2

grðx; x0; tÞ:

(9)

A simplest way to solve the master eqn (9) is using a set of
stochastic wave functions {|ci}, where each function obeys the
following differential equation

d cj i ¼ � i
�h
Ĥ cj idt� m2ðx̂� �xÞ2 þ n2ðp̂� �pÞ2 þ ig

�h
ð�px̂� �xp̂Þ

� �
�

� cj idtþ mðx̂� �xÞ þ inðp̂� �pÞ½ � cj idx;
(10)
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where %x = hc|x̂|ci, %p = hc|p̂|ci and dx are complex stochastic
variables fulfilling the properties of a Wiener process dx (the
mean and variance of fluctuations are zero and dt1/2, respectively):
M dxkdx

�
n

� �
¼2dtdkn;M dx�kdx

�
n

� �
¼0 andM dxkdxn½ �¼0, where M

stands for a mean over fluctuations due to the stochastic
process.34 Eqn (10) is known as the Îto stochastic differential
equation.

Previously, the Îto stochastic differential equation has only
been applied to a limited number of adsorbate systems. The
idealised vibrational relaxation and desorption of O2–Pt(111)
have been discussed by Gao,28 while some of the present
authors have studied Xe–Pt(111).22,23 Here, we apply a similar
method to the dynamics of sodium and lithium atoms, in the
diffusive regime on a copper surface in order to compare them
directly with information extracted from new and recent
helium spin-echo experiments.

3 Experiment and numerical results
3.1 Experiment

Experimental data for both Na/Cu(111) and Li/Cu(111) are
obtained from helium spin-echo (HeSE) measurements using
an incident energy Ei C 8 meV, and at a surface coverage of
yC 0.025 ML. Surface temperatures for the data presented here
were Ts = 155 K for the Na case and Ts = 140 K for the Li case.
Measurements for Na/Cu(111) have been described previ-
ously.9,20 The Li/Cu(111) data are obtained and analysed in a
similar manner. Specifically, the experiment generates a nor-
malised intermediate scattering function (ISF) corresponding
to coherent scattering from all features on the surface. Static
features, such as surface steps or point defects, give a constant,
time-independent contribution to the ISF which is removed by
fitting a constant background. Features due to inelastic scatter-
ing, such as those generated by single-phonon scattering add a
periodic contribution that can be removed effectively by Fourier
filtering in the energy-domain.9 The remaining features are
attributed to quasi-elastic scattering from the ballistic and
diffusive motion of the adsorbates. The mean rate of energy
transfer, g, between an adsorbate and the heat-bath of the
substrate acts to distinguish between ballistic motion, which
dominates at short times, t { 1/g, and diffusive motion, which
is predominant at long times, t c 1/g. In the present work, we
are concerned with diffusive motion and thus extract the
necessary information from the long-time behaviour of the
ISFs. The procedure used to analyse diffusive motion is
described in detail in Rittmeyer et al.,9 and, for Na/Cu(111),
we obtain the characteristic decay rates of the diffusive correla-
tions by excluding data for t o 18 ps. In all of the data below,
we assume an exponential time dependence of the form I(DK, t)
B exp(�a(DK)t), where the dephasing rate, a, is presented as a
function of DK.

In the case of Na/Cu(111), one further step of analysis is
necessary before the experiment can be compared with the
calculations. The numerical method describes correlations in
the motion of a single diffusing entity whereas the experiment

necessarily involves many adsorbates. Spatial correlations
observed in the experiment include a self-part, which tracks
the correlation of an individual particle, and a distinct-part,
which tracks the pairwise correlations with other particles.35

For Na/Cu(111), the inter-adsorbate forces are significant
and we extract the self-correlations assuming pairwise forces
and a power-law form-factor,20 before comparison with the
calculations.

3.2 Numerical results

In order to solve the Îto stochastic differential eqn (10) we have
used the split operator method described in ref. 36. As seen in
previous works,37 the Lindblad operators coefficients have been

taken as m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mkBT=�h2

p
and n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=4mkBT

p
. In this way, the

temperature has been incorporated in the system descrip-
tion. Position x̂ and momentum p̂ operators are propagated
in the coordinate and momentum space, respectively.
The numerical code was developed to solve, N times, the
stochastic differential eqn (10). In order to obtain the obser-
vables average values, the number of realizations N is chosen
to be large enough to reach the numerical stability and
convergence.

The discrete wave function c(x, t) is evaluated, at each time
t, in equally spaced points belonging to the interval [x1,xNs

], Ns

being the number of points a power of 2 (in this way the fast
Fourier transform can be used when necessary)

c(x, t) �{c(x1, t); c(x2, t); c(x3, t);� � �; c(xNs
, t)} (11)

The wave function normalization is calculated as

Fnorm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNs

i¼1
c�ðxi; tÞcðxi; tÞDx

vuut ; (12)

where Dx is the length between two consecutive points of the
grid. Each normalized stochastic wave function (n = 1,� � �N) is
then written as

cnðxi; tÞ ¼
cðx; tÞ
Fnorm

; (13)

and the mean value of any operator B̂ for the N realizations can
be expressed as

B̂ðtÞ
	 


¼ 1

N

XN
n¼1

XNs

i¼1
c�nðxi; tÞB̂ðtÞcnðxi; tÞDx: (14)

The ISF is a key quantity in the surface diffusion context
and, for a single adsorbate, the ISF can be written as.

I(DK, t) = he�iDK�R̂(0)eiDK�R̂(t)i (15)

For our problem, DK = DK is the wave vector transfer parallel
to the surface, R̂(t) = x̂(t) and R̂(0) = x̂(0) are the position
operators of the adatom/adsorbate at time t and t = 0, respec-
tively. The x-dimension is considered as one of the symmetry
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directions of the surface, where the projection on the wave
vector transfer is carried out. Now, from eqn (15) we have that

IðDK; tÞ ¼ 1

N

XN
n¼1
hcnðx; tÞje�iDK ½x̂ðtÞ�x̂ð0Þ�jcnðx; tÞi; (16)

where the mean value of the operator e�iDK[x̂(t)�x̂(0)] and x̂ can be
obtained from eqn (14). Thus, the ISF I(DK, t) is then calculated
according to

IðDK ; tÞ ¼ 1

N

XN
n¼1

XNs

i¼1
c�nðxi; tÞe�iDK ½xiðtÞ�xð0Þ�cnðxi; tÞDx
� � !

¼ 1

N

XN
n¼1

InðDK ; tÞ;

(17)

where In(DK, t) is the ISF of each stochastic realization. These
values are calculated independently and summed up to give the
average value, or I(DK, t).

The unidimensional space is chosen to be x A [�80, 80] Å,
with a number of points Ns = 4096 and a number of realizations
N = 20 000. The increment Dx, given by Dx = (xf � xi)/Ns, for
these parameters, is Dx = 0.04 Å. The initial wave function is
considered to be a Gaussian wafunction given by

cðx; 0Þ ¼
ffiffiffiffiffiffiffiffiffiffi
1

2ps20

4

s
exp �ðx� x0Þ2

2s0
þ i

�h
p0ðx� x0Þ

� �
; (18)

where the initial position is chosen to be x0 = 0 and the width
s0 = 0.1 a.u. The velocities are distributed according to the

Maxwell–Boltzmann distribution with mean
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT=m

p
at a

temperature T and the adsorbate with mass m. The time
integration step chosen is Dt = 66.1462 a.u. = 1.6 fs in order
to reach numerical convergence for the ISF.

3.3 Diffusion of Na on Cu(111)

In the stochastic wave function calculations, a potential with a
single Fourier component and the periodicity of the substrate is
assumed

VðxÞ ¼ �Eb

2
cos

4pffiffiffi
3
p

a
x

� �
; (19)

where a = 3.615 Å is the lattice constant. Simulation parameters
are selected to match the conditions in the experiment.9,38 The
temperature was set at T = 155 K and the friction coefficient
g = 0.20 ps�1. The energy barrier for this potential Eb = 55 meV
coincides with the Langevin molecular simulations.38

At long times t c g�1 (say ten times g�1), the ISF is expected
to decay as an exponential function I(t) B exp(�at), where the
dependence of a on the scattering momentum-transfer, DK,
provides information about the rate and nature of the diffusive
motion. Fig. 1 shows decay rates a(DK) from the stochastic wave
function formalism (grey points) in comparison with experi-
mental results (red points). The blue curve in Fig. 1

corresponds to the analytic result for single hops obtained
using the Chudley–Elliott model,39 which has the form

aðDKÞ ¼ 2

t
sin2

DK
2
; (20)

where 1/t is the jump rate. The numerical results agree with the
experimental data demonstrating that the quantum treatment
represents the experiment well. In addition, both data sets are
represented well by the Chudley–Elliott blue curve for single-
hops between nearest-neighbour sites. Such an agreement is
significant since it illustrates the calculations are in a regime
whose classical description could be characterised as being
dominated by single, over-barrier hops between nearest-
neighbour sites.

Stochastic wave function calculations also reproduce the tem-
perature dependence observed in experiment, which over a limited
temperature range is well represented by an Arrhenius law

aðTÞ ¼ a0 exp �
Ea

kBT

� �
; (21)

where a is the decay rate and Ea is the effective activation energy.
Fig. 2 shows an Arrhenius plot, which compares the numerical
calculations (grey points) with experimental results (red points). The
solid blue line is a regression line with a gradient corresponding to
14 meV. It is clear that the correct temperature dependence is well
represented by the numerical simulations.

3.4 Diffusion of Li on Cu(111)

Simulations and experiment for the case of Li diffusion are
analysed in a similar manner to those for Na. In the case of the
experiment, there is little evidence for collective motion and so
we compare the experimental a(DK) directly with values derived

Fig. 1 Decay rate a of the Brownian component in the ISF, as a function of
momentum transfer DK for Na adsorbates on Cu(111) surface at Ts = 155 K.
Numerical calculations (grey points) are shown for simulations up to 50 ps
using a friction g = 0.20 ps�1 and an energy barrier Eb = 55 meV.
Experimental data (red points) are for dephasing rates of single adsorbate
dynamics.20 The solid blue curve corresponds to idealised single-jumps
(see text) and illustrates that the long-time dynamics of the system is
described well by the classical Chudley–Elliott model.
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from the numerical simulations. Both experiment and
simulations correspond to T = 140 K, and, in the simulations,
the energy barrier is Eb = 45 meV, the friction coefficient is
g = 1.20 ps�1 and the values of a extracted from data up to 20 ps.

Fig. 3 shows a comparison of the simulations and experi-
ment, which are shown, respectively, as grey and red data-
points. The solid blue line is a guide to the eye and is included
to facilitate comparison of the two data-sets. Simulations follow
the experimental trend closely, and show somewhat less scatter

than the experiment. Notice that the trends in both simulation and
experiment, as represented by the solid line, are quite different to
those in the case of Na/Cu(111), above. We conclude that the
motion of the lithium atoms is not in the same ‘‘classical’’ regime
of single-hops that was evident for Na and, therefore, some
aspects of the dynamics are in a ‘‘quantum’’ regime. The close
agreement of simulation and experiment, seen in Fig. 3 as well as
Fig. 1, demonstrates the ability of the simulations to reproduce
trends in both quantum and classical regimes.

The temperature dependence of the diffusive motion is
illustrated in Fig. 4, which shows an Arrhenius plot for the
temperature dependence of the decay rate. Log(a), is plotted
against the inverse temperature 1/T. Numerical results (grey
points) and experimental results (red points) both have linear
trends as expected from the Arrhenius law. The solid blue line
shows a fit to the simulations data and corresponds to an
effective activation energy of 41 meV. Notice, however, that the
trend in the experiment suggests a somewhat steeper slope
than that used to reproduce the simulations.

4 Conclusions

The stochastic wave function method has been used to analyze
the surface diffusion of alkali atoms on a metallic surface. Both
Na/Cu(111) and Li/Cu(111) have been studied and the results of
simulations compared directly with experiment. In particular,
we have obtained the time dependency of the intermediate
scattering function in the Brownian regime, i.e. for times
t c 1/g, where g is the mean rate of energy transfer. In both
systems, agreement is evident in the DK dependence of the
correlation decay-rate, a, as well as its temperature dependence.
Na/Cu(111) is confirmed as a high friction system where the a(DK)
dependence follows the expectation for a classical atom perform-
ing single-hops between nearest-neighbour sites. In the case of

Fig. 2 Natural log of the decay rate log(a), as a function of the inverse
temperature 1/T for the Na–Cu(111) system with a momentum transfer
DK = 1.25 Å�1 for a corrugated surface with an energy barrier Eb = 55 meV
and a friction coefficient g = 0.20 ps�1. Numerical results (grey points),
experimental results (red points) and a linear regression line (solid blue
line).

Fig. 3 Decay rate, a, as a function of momentum transfer, DK, for Li
adsorbates on Cu(111); numerical results (grey points), experimental results
(red points). The solid blue curve is included as a guide for the eye to
facilitate comparison of simulation and experiment. The overall trend of
the line does not follow a conventional dynamical signature such as that
illustrated by the example of Na/Cu(111) in Fig. 1. In the simulations an
energy barrier of Eb = 45 meV with friction g = 1.20 ps�1 was used.
Numerical results up to 20 ps are considered to extract the Brownian
component of the motion.

Fig. 4 Natural log of the decay rate ln(a), as a function of the inverse
temperature 1/T for the Li–Cu(111) system with a momentum transfer
DK = 1.0 Å�1. Numerical results are shown as (grey points), experimental
results shown as red points and the solid blue curve shows a linear
dependence corresponding to an effective barrier of 41 meV.
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Li/Cu(111), the a(DK) dependence does not follow any simple
analytic model (for example, the Chudley–Elliott model), indicat-
ing that the diffusion cannot be explained simply in terms of the
behaviour of a classical particle. The precise effects responsible for
such an a(DK) dependence are not obvious; however, they are
reproduced well by the quantum calculations. Thus, we have
demonstrated the stochastic wave function method can represent
a ‘‘classical’’ regime as well as the quantum one, though clearly our
future understanding could be improved given a larger experi-
mental and computational data-set.

In our calculations we use a 1D potential, to represent the
dynamics. The adsorbate, however, moves in 2D so the ques-
tion of higher dimensionality is significant. Clearly, quantum
motion along a reaction coordinate will be affected by the form
of the potential in an orthogonal direction and the effect may
be significant. A prominent example is that of inverse isotope
effects in H/D motion,40,41 where a constricted transition state
can increase the local zero-point energy to the extent that
lighter adsorbates have a lower transition rate than a heavier
isotope. Even in such extreme cases it is still viable to describe
the motion within a 1D potential, but with an effective barrier
that is mass dependent. For this reason, the calculated poten-
tials we use to describe the data should be regarded as effective
potentials rather than the true adiabatic potential energy.

Furthermore, the success of our numerical approach suggests
its extension further into the 2D quantum regime, where very light
adsorbates, such as atomic hydrogen, are known to tunnel through
the diffusion barrier. Work in this direction is now in progress.
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