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Weak reversible cross links may decrease the
strength of aligned fiber bundles

S. Soran Nabavia and Markus A. Hartmann*ab

Reversible cross-linking is an effective strategy to specifically tailor the mechanical properties of

polymeric materials that can be found in a variety of biological as well as man-made materials. Using a

simple model in this paper the influence of weak, reversible cross-links on the mechanical properties of

aligned fiber bundles is investigated. Special emphasis in this analysis is put on the strength of the

investigated structures. Using Monte Carlo methods two topologies of cross-links exceeding the

strength of the covalent backbone are studied. Most surprisingly only two cross-links are sufficient to

break the backbone of a multi chain system, resulting in a reduced strength of the material. The found

effect crucially depends on the ratio of inter- to intra-chain cross-links and, thus, on the grafting density

that determines this ratio.

1 Introduction

Often the mechanical behavior of polymeric structures is not
determined by the properties of the backbone polymers, but is
carefully tailored to meet specific demands by introducing
cross-links in the system.1 These cross-links may be weaker
than the covalent bonds which hold the structure together and
break before the backbone ruptures.2 Sometimes these cross-
links are able to break and re-form reversibly. If these reversible
cross-links (RCLs) connect parts of the same chain upon
their rupture the previously shielded part of the chain reveals
its hidden length providing an efficient energy dissipation
mechanism.3 In these special cases, these cross-links are called
sacrificial bonds. Sacrificial bonds can be found in a large
variety of biological materials such as bone,4,5 wood,6 and some
softer fibers like silk7–9 and mussel byssus threads.10–13 The
strength of these bonds differs from a few hundred milli-electron
volts for hydrogen bonds to a value close to the strength of
covalent bonds for metal-coordination bonds.14–16

Experimental as well as theoretical work showed that permanent
as well as reversible cross-links have a large influence on the
mechanical properties of semiflexible networks such as the
cytoskeleton.17–19 Analytical evaluations for parallel-stretched
polymeric chains with permanent random cross-links showed
that increasing the number of cross-links reduces thermal
fluctuations20,21 by reducing the number of allowed configura-
tions.22 In ref. 23 a kinetic model is introduced to describe the

dependence of the maximum force a molecule can sustain on
the pulling speed as well as to study the impact of the recovery
time on the mechanical response of the system.

One of the key factors determining the stability and mechanical
properties of a single polymer chain is the topology of the cross-
links.24–26 If the cross-link topology resembles a loop such that
the applied force is distributed over all the cross-links, then
the strength of the chain is directly related to the number of
cross-links.27,28 The force required to break the cross-links
increases by increasing the number of cross-links in the
loop.27,29 In nature a configuration of cross-links maximizing
strength can be found e.g., in the muscle protein titin that is
forming parallel b sheets providing a material with a high
mechanical performance.30

In the present paper a simple, generic model is presented to
investigate the mechanical performance of a chain bundle
system containing reversible cross-links. Despite the simplicity
of the model, the results presented may give an insight in the
mechanical behavior of these highly complex systems, including
the mussel byssal plaque adhesive proteins,12,13,31–33 the influ-
ence of footprint materials in adhesion,34 membrane adhesion
of E-selectin receptors immobilized on a substrate35–37 or the
atomic force microscope studies on adhesion of microbial cells.38

Additionally, our model can help to understand the mechanical
performance of a flexible chain bundle system such as mussel
byssus threads and their cuticle which are cross-linked by metal-
coordination bonds.10,11,39–44 One of the most surprising effects
found in this study is that the presence of cross-links may
effectively weaken the material compared to the non cross-
linked chains. It is shown that this weakening is due to the
premature rupture of the covalent backbone of some of the
chains before reaching the contour length.
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2 The model

The model is motivated by experimental results obtained in
ref. 10 and describes the influence of reversible cross-linking
on the mechanical properties of a polymeric system. The model
presented here is a generalization of the single chain model
described previously.28,45 Each polymer in the system is
described as a covalently linked chain of N hard spheres with
diameter R oriented along the Z-axis (in the following R is set to
the unit of length). Depending on the situation investigated the
entire system is made of one, two or nine single chains. The
first and last bead of each chain are permanently grafted to a
substrate, which in the simulations is described as two hard,
in-penetrable walls located at z = 0 and z = L, respectively (see
Fig. 1). In the other two directions open boundary conditions
were used. In the case of nine chains the grafting points are
arranged to occupy a triangular lattice with lattice constant d

defining the grafting density s ¼ 2
� ffiffiffi

3
p

d2
� �

.
The covalent binding energy between neighboring beads is

described by a Morse potential. This potential is known to
provide an accurate description of covalent bonds. All inner
beads i are covalently linked to their two neighbors (i � 1 and
i + 1), and are allowed to move freely during the simulation,
while the end beads of each chain (i = 1 and i = N) have only one
neighbor and are permanently grafted to the substrate, i.e. they
are held fixed during the simulation. Thus, the excluded
volume and covalent interactions between two beads i and j
separated a distance r can be described via:

EijðrÞ ¼

1 r � 2R

E0 1� e�b r�r0ð Þ� �2�1
h i

r4 2R; ji � jj ¼ 1

0 else

8>><
>>:

(1)

where E0 is the depth of the energy minimum which is set to
5 eV for a covalent bond, b�1 = 0.5R is a measure for the width
of the potential. r0 = 3R is the equilibrium distance of a covalent
bond (i.e. the position of the energy minimum). Consequently,
the contour length of the chain is given by LC = (N � 1)r0.

To take the cross-links into account some of the monomers
are defined as sticky. r = Ns/N defines the sticky site density

with Ns the number of sticky sites in the system. Always two of
these sticky sites may form a cross-link that is allowed to open
and close reversibly. These RCLs can either link two segments
of the same chain providing an intrachain cross-link or connect
two segments of different chains forming an interchain cross-
link. Experimental results available indicate that the strength of
metal coordination bonds like the dopa–Fe complex found in
the His-rich domains of the mussel byssus, are 20 to 30% of the
strength of a covalent bond,14,46 but the precise shape of the
intermolecular potential is not known. To keep the model as
simple as possible in the simulations the energetics of inter-
and intra-chain cross-links are chosen to follow an identical
Morse potential as the covalent bonds with a binding energy
reduced by a factor of 4 (i.e. ERCL

0 = 0.25E0).
The Monte Carlo moves executed during the simulation are

moving the inner beads and updating the cross-links. During
the simulations we keep track of the open and closed cross-
links. Updating the cross-links consists in choosing one of the
sticky sites randomly. If the chosen sticky site is part of a closed
cross-link, then the probability for bond rupture is determined
using the energy difference of the closed and open bond. If the
chosen sticky site is not part of a closed cross-link then the
probability of bond formation with another randomly chosen
open sticky site is calculated. A new state of the system is
accepted following a standard Metropolis algorithm.47,48 The
temperature is set to kBT = 25 meV. In the simulations up to
3 million Monte Carlo (MC) steps were performed. One MC step
defines the time scale of the simulations being one jump trial
per monomer and sticky site. Load-displacement curves are
obtained by averaging the force on the end beads of the chain
for a given end-to-end distance (i.e. the distance between the
grafting plates). A complete curve is obtained by gradually
changing this distance. The correspondence of the microscopic
evolution of bonds and the features observed in the load-
displacement curve is found by monitoring the state (open or
closed) and the extension of all bonds for each step in the load-
displacement curve.

Monte Carlo simulations obtain the equilibrium properties
of the investigated system. During loading and unloading
the system is in equilibrium in each step. Thus, all load-
displacement curves presented in this paper correspond to quasi-
static deformation. Describing viscoelastic, i.e. time-dependent
phenomena is beyond the scope of the present paper. Never-
theless, these phenomena are known to be of importance in
polymeric materials and mechanical properties are known to
be strongly rate-dependent.49,50 Investigation of these effects
demands to use molecular dynamics methods that is planned
for future research.

3 Results and discussion

Previous results showed that the topology and arrangement of
RCLs have a strong influence on the mechanical response of
single polymer chains.28,45 In the present paper the focus is put
on the influence of the RCLs on the strength of the polymeric

Fig. 1 Sketch of the used model. Black spheres indicate the anchored
beads on the plates that are hexagonally ordered. Red dashed lines show
interchain cross-links and green denote intrachain cross-links (for clarity
the other beads not forming a cross-link and not being grafted are not
shown).
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system. In this context we define the strength of the system as
the maximum force it can sustain before failing catastro-
phically. The theoretical strength (i.e. the strength at zero
temperature) of the bare backbone (i.e. without RCLs) is given

by the maximum of F ¼ �dE
dr

which is found as Fmax = bE0/2 at

rmax = r0 + ln(2/b) E r0 + 0.35 using eqn (1). In the chain bundle
system the strength of the combined system is found by multi-
plying the strength of one chain with the number of chains.
The theoretical maximum extension of the system is given by

l ¼ rmax

r0
¼ 1:12.

In the following sections it will be demonstrated that these
theoretical values are found only for very low temperatures,
while at ambient temperature the strength of the system is
reduced due to entropic effects. Furthermore, it will be shown
that although the RCLs are weaker than the covalent backbone
of the chain, there exist topologies of RCLs exceeding the
strength of the backbone. This effect is easy to understand, if
several RCLs are loaded in parallel and, thus, stretched simulta-
neously. Then their combined strength is just the sum of the
strength of the single bonds and five RCLs suffice to break the
backbone which is a factor of 4 stronger than one RCL. It is
more surprising that even two interchain RCLs each having just
a quarter of the strength of the backbone may be sufficient to
exceed the strength of the backbone. This effect crucially
depends on the lateral distance of the chains, i.e. their grafting

density s. The next sections are organized as follows: first, to
identify the most important processes a simplified system
containing only one or two chains is investigated. Second, the
results obtained for the simple setting are used to understand
the behavior of a more realistic chain bundle system containing
nine chains.

3.1 Single chain

To obtain a reference load-displacement curve first a single
chain of length N = 50 without any cross-links is stretched. The
result is the dashed line shown in Fig. 2(B). The curve is flat
until the load starts rising shortly before the contour length is
reached and the backbone gets stretched. The load rises up to
approximately 4 eV/R at a relative extension of L/LC E 1.05.
Both values, the maximum force as well as the corresponding
extension, are considerably lower than the theoretical values of
Fmax = 5 eV/R and l = 1.12. This observation is consistent with
the results obtained by Nabavi et al.28 where it was shown that
entropic effects are responsible for reducing the efficacy of
bonds, even if the bond strength drastically exceeds thermal
energy. A reduction in efficacy means that at non-zero tem-
perature the bond sustains a lower level of force than in the
case of zero temperature. More exact, in this work it was
demonstrated that the entropy of the fluctuating backbone of
the polymer is responsible for the reduced strength. Because
the entropy of the polymer backbone scales with the number of

Fig. 2 Stretching of single chains of length N = 50 at ambient temperature with a pre-defined cross-link configuration resulting in a cooperative loading
of the bonds (A). (B) Shows the corresponding load-displacement curves for single chains with 5, 4 and 3 RCLs. (C) The configuration of the chain with
4 RCLs and the mechanism of rupture during tensile loading and (D) shows the load displacement curve until reaching the contour length for the
corresponding chain.
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monomers, i.e., the length of the polymer, this effect strongly
depends on the chain length. It was found that for a single
chain with only one cross-link N = 33 is the critical number of
monomers where the behavior of cross-links changes from
enthalpic to entropic.

In a second step a single chain with predefined RCLs as
shown in Fig. 2(A) is investigated. In this structure the RCLs are
formed between monomers (1,20), (3,22), (5,24), (7,26) and
(9,28). Thus, the folding pattern of the molecule can be
regarded as something like a minimal parallel b-sheet. The five
RCLs present in the structure are loaded in parallel leading to a
shear force on the backbone. The corresponding load displacement
curve is the black line in Fig. 2(B). At L/LC = 0.65 the load rises to
the strength of the backbone as shown by the dotted reference
curve and then suddenly drops to zero and does not rise again. This
behavior is characteristic for the rupture of the backbone. Thus, it
may be concluded that this special configuration of RCLs retains
the strength of the system, but it significantly decreases the
extensibility of the chain.

The red and green curves in Fig. 2(B) show the load-
displacement curves for a similar configuration as shown in
Fig. 2(A) but with only 4 and 3 RCLs, respectively. These two
configurations are weaker than the covalent backbone. Thus, it
is the RCLs that rupture resulting in a sequence of peaks
decaying in height. Most interestingly the curves show more
peaks than there are cross-links in the system. This is due to the

reversibility of the bonds that allow for reforming of opened
sticky sites during stretching (see Fig. 2(B)). In order to under-
stand this mechanism of RCL rupture and re-formation, the
system with four RCLs as shown in Fig. 2(C) is investigated in
more detail. Fig. 2(D) shows the loading response of the
corresponding chain. Upon loading, first, all four RCLs break
simultaneously (peak (I) in Fig. 2D) and try reforming new
stable RCLs. Interestingly, upon reforming the cross-links
keep their topology forming another shear resistant structure
consisting of three RCLs (Fig. 2C-II). In a slightly different
context such a topology is called a pseudo-knotted loop.24,28

This new structure is responsible for the second sharp peak (II)
in Fig. 2(D). The reason for forming a pseudoknotted loop
instead of a random formation of cross-links is that when the
length of the chain increases by a tensile load, the absolute
displacement for the upper sticky sites shown in Fig. 2(C) is
much larger than for the sticky sites in the lower part of the
chain. The six inner sticky sites are still in close vicinity
favoring the formation of a pseudoknotted loop by three RCLs
(see Fig. 2(C-II)). A similar mechanism occurs for the chain with
three RCLs as is demonstrated by the green curve in Fig. 2(B).

In summary, all investigated configurations show the same
strength. Nevertheless, the extensibility of the system containing
5 RCLs loaded in parallel is strongly reduced compared to the
other configurations containing less RCLs. On the other hand
the work to fracture, i.e., the area under the curve, is larger for the

Fig. 3 Two configurations of a two chain system differing in the lateral distance of the chains. The top row shows sketches of the starting configuration
of the system and the number of the beads along the chain. In (A), in total 5 cross-links are formed between beads with different numbers. Thus, these
cross-links feel a shear load. Note that the lateral distance of the chains d is equal to the equilibrium distance of the cross-links. (B) Shows a system with
only two cross-links. The lateral distance between the chains is larger than the equilibrium distance of the cross-links. The bottom row shows the
corresponding load-displacement curves. Blue dashed lines show the load displacement curve for a system without cross-links. The load-displacement
curve for (A) shows a reduced strength compared to the case without cross-links. The load-displacement curve for (B) shows only a slightly reduced
strength and extensibility than the non cross-linked case. The inset in (B) shows a sketch of the three forces acting on bead 7 of the upper chain.
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systems containing 4 and 3 RCLs and even no RCL compared to
the 5 cross-link case. The energy to failure of the chain containing
three, four and five RCLs are 41, 51.8 and 14.5 eV, respectively,
while it is about 25 eV for the non cross-linked case. These results
show that it is possible to tune the mechanical properties of a
single polymeric chain by changing the topology and number
of the involved RCLs. In particular, it is possible to tune the
extensibility and work to fracture which is related to the toughness
of the involved molecules.

3.2 Two chain system

In a next step the influence of interchain cross-links on the
mechanical behavior of a two-chain system is investigated.
The system consists of two chains of N = 15 beads each. At
the beginning of the simulations a predefined topology of RCLs
is prepared as shown in Fig. 3. The configurations investigated
differ in the lateral distance between the chains that is defining
the grafting density s. For the first configuration this distance
is small. Here the fixed end beads of the chains have a distance
equal to the equilibrium distance of the RCLs (d = r0) as is
indicated in Fig. 3(A). The second configuration is characterized
by a lateral distance larger than the equilibrium distance of RCLs
(d = 2.6r0 4 r0) as is shown in Fig. 3(B). The main physical
difference of the two configurations is that in the case of the low
distance an interchain cross-link does not experience any force if
the involved sticky sites have the same position on their chain.
This is because in this case the cross-links have their equilibrium
distance.

For the case of d = r0 and five interchain cross-links that are
loaded in parallel the combined strength of the cross-links
exceeds the strength of the backbone (see Fig. 3(A)). The peak
around L/LC E 0.8 in the load-displacement curve corresponds
to the covalent rupture of one of the chains. The second peak
around the contour length corresponds to the rupture of the
second chain. While the extensibility of the system is the same
as the extensibility of the reference system without cross-links,
the strength of the cross-linked system is reduced by a factor of
two compared to the non cross-linked case. This is because
when the system is stretched to its contour length one chain is
already broken and can not take up any force. Two conditions
have to be fulfilled that the system behaves in the described
way. First, the cross-links should not be formed between sticky
sites having the same positions in their chains (see Fig. 3(A)),
otherwise the cross-links would not feel any force (because the
distance between the chains corresponds to the equilibrium
distance of the cross-links). Second, the sticky sites forming the
cross-links should show a regular spatial spacing, otherwise
the force does not distribute equally on the five cross-links and
the cross-links rupture separately. This behavior confirms the
observations made in ref. 45 and 51 that the distribution of
binding sites has a large impact on the mechanical performance.

Most interestingly, if the distance between the chains is
larger than the equilibrium distance of the cross-links, i.e.,
d 4 r0, only two interchain cross-links may be sufficient to
exceed the strength of the covalent backbone. This is unexpected
because the strength of one cross-link is only a quarter of a

covalent bond. Fig. 3(B) shows a sketch of the investigated
configuration and the inset indicates the forces acting on bead
number 7 in the upper chain. F1 shows the covalent force acting
on bead 7 that is due to the covalent bond in the inner part of the
loop formed by the two cross-links, i.e., the bond between beads
7 and 8. Because the two cross-links align the intermediate part
of the chains more or less in the longitudinal direction F1 also
points in the longitudinal direction, i.e. the direction of the
tensile load. F2 shows the covalent force on bead 7 coming from
the non-cross linked part of the backbone. In a first approxi-
mation it can be assumed that this force points in the direction
of the grafting point of this chain, forming an angle y to the
longitudinal direction. y is determined by the grafting density as
well as the length of the chains. Finally, FRCL shows the force on
bead 7 stemming from the closed cross-link. This force is
perpendicular to the longitudinal direction. Thus, a force balance
in longitudinal and transversal direction gives

F2 sinðyÞ ¼ FRCL

F2 cosðyÞ ¼ F1

) FRCL ¼ F1 tanðyÞ

This analysis demonstrates that if F1 tan(y) exceeds the
strength of the cross-link, the cross-link will fail, while the

backbone fails if
FRCL

tanðyÞ exceeds the strength of the backbone. If

we insert the values of the strength of cross-link and covalent
bonds FRCL = 1.25 eV/R and F1 = 5 eV/R, then the backbone

ruptures when tan yo
FRCL

F1
¼ 0:25 and the cross-link breaks

otherwise. Therefore, the backbone of the chain fails by a
rupture of one covalent bond if y o ycritical E 151, while for
y 4 ycritical E 151 the cross-links break. In this configuration the
two cross-links hold the intermediate part of the chains parallel
together. Thus, the chains are aligned in the longitudinal direction
and the force on the backbone is a bit smaller than the net force
on the outer part. Consequently, the failure of the backbone
in the outer part of the structure results in a sharp peak in
the load-displacement curve (see Fig. 3(B)) slightly before the
rupture of the system without cross-links.

As was shown before entropy and temperature have a large
impact on the mechanical response of polymeric systems. In
order to investigate the impact of entropy on the loading
response, a simple configuration of two chains with and
without cross-links was investigated at different temperatures.
The black and red curves in Fig. 4 denote the load-displacement
curves of system without cross-linking at different temperatures.
At low temperature kBT = 0.001 eV, the chains rupture at
L/LC E 1.1 showing a strength of about 10 eV/R, while at higher
temperature kBT = 0.025 eV the system fails at a shorter length
L/LC E 1.06 with a reduced strength of E8.3 eV/R. These results
confirm that at ambient temperature due to entropic effects
the covalent bonds show a reduced strength compared to the
theoretical value of 10 eV/R for the two chain system at zero
temperature. Correspondingly the maximum extension of the
system is reduced L/LC E 1.06 o l. As expected, entropy
decreases the strength and extensibility of the system.
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The distance between the chains d = 4r0 is chosen such
that in a first approximation the angle y is found as

sin y ¼
d � rRCLmax

� ��
2

rCBmaxðN � 3Þ=2 ¼ 0:21 (please note that rRCL
max = rCB

max E r0 +

0.35). This angle is slightly lower than the critical angle
y o ycritical. Thus, as discussed in Fig. 3(B) it is expected that
the backbone of the chains fails at a slightly shorter end-to-end
distance compared to the system without cross-links. In the low
temperature setting the system behaves as expected (compare
the two blue curves in Fig. 4). Upon increasing the temperature
this behavior changes. Because y = 12.41 is close to the critical
value ycritical E 151 fluctuations become important and the
simple zero temperature arguments do not hold any more. The
influence of temperature is shown by the red curves in Fig. 4
showing the load-displacement curve of the system with two
parallel RCLs. For the high temperature (red triangles) fluctuations
lead to the rupture of the cross-links instead of the expected failure
of the backbone observed for the low temperature case (blue
triangles) considerably changing the load-displacement curve. This
cross-link rupture leads to an additional peak at L/LC E 1.02 before
the backbone fails at L/LC E 1.06.

So far, simple model systems with predefined cross-link
topologies were investigated to clarify the impact of RCLs on
the mechanical behavior of polymeric systems. Different to the
case of a single chain, in a chain bundle system already two
cross-links may be sufficient to rupture the chain, although the
strength of one cross-link is only a quarter of a covalent bond.
In the following, results of a more realistic system containing
nine chains each having a length of 50 beads will be presented.
Computational stretching tests are performed to investigate the
influence of the grafting density on the mechanical properties
of the system.

3.3 Chain-bundles

The following sections discuss the mechanical properties of
chain bundles containing RCLs. Special emphasis is put on the
influence of the grafting density on the mechanical properties

of the bundles with a regular distribution of sticky sites. Each
bundle contains nine single chains. For these simulations the
starting configuration was prepared by slowly unloading the
straightened bundle without sticky sites from the contour
length to the starting end-to-end distance L/LC E 0.18. Note
that this preparation of the starting configuration precludes
entanglement of the polymers. Then the sticky sites were
introduced. In each of the nine chains 24 sticky sites were
defined as sticky i.e., r = 0.48. Then the bundles are stretched
from the starting end-to-end distance L/LC E 0.18 until failure
above the contour length at L/LC E 1.06. Note, that for this
system the topology of cross-links was not prescribed as in the
simple one- and two chain system investigated before, but the
cross-links were forming randomly in the course of the simula-
tion. For each setting the load-displacement curve, the number
of intact cross-links and the mechanical parameters such as
strength, work to elongate and work to fracture are calculated.
In this paper these parameters are obtained, first, as the
maximum force during the loading test, second, the amount
of energy that is needed to elongate the molecule from L/LC E
0.18 till the contour length (L/LC = 1) and, third, the amount of
energy required to stretch the bundle till failure.

Simulations were performed for several grafting densities s,
i.e., distances d between the chains. Fig. 5 shows results for
d = r0, 5r0, 6r0 and 20r0. The corresponding grafting densities
are s = 0.13, 0.0051, 0.0036 and 0.0003 chains per unit area,
respectively. Fig. 5 shows that for small end-to-end distances,
the number of intrachain cross-links is consistently larger than
the interchain cross-links for all investigated grafting densities.
Focusing only on the number of interchain cross-links at
L/LC E 0.18 it can be observed that this number decreases
with decreasing grafting density. For the lowest grafting density
investigated (s = 0.0003 i.e., d = 20r0), the chains are that much
separated that no interchain cross-links can form. Thus, this
system behaves like nine independent chains loaded in parallel
and the corresponding load-displacement curve is given by
multiplying the load-displacement curve of the single chain
by nine. As can be seen in the figure during stretching the
number of intrachain cross-links decreases, while the number
of inter-chain cross-links increases for all except the indepen-
dent case of lowest grafting density. The number of interchain
cross-links rises for all systems between L/LC E 0.5 and L/LC E
0.8, while for the system with d = 20r0 no interchain cross-link
forms. Increasing the number of interchain cross-links is
because during loading the crumpled starting structure
straightens and the probability of forming cross-links between
the chains largely increases. In particular for the systems with
d = 5r0 and 6r0, at first, there are only few interchain cross-links,
but upon stretching their number suddenly increases as is
shown in the insets of Fig. 5.

The orange lines in Fig. 5 indicate the first covalent backbone
rupture of one of the chains during stretching. As can be
observed for all grafting densities—except the lowest—this
rupture occurs well before the contour length is reached. Mostly
the premature failure of the covalent backbone observed for this
system is a combination of the two types of backbone rupture

Fig. 4 Load-displacement curve for the system containing two chains
with and without cross-links at two different temperatures, i.e., kBT =
0.001 and kBT = 0.025. The distance between the chains is d = 4r0.
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discussed in Fig. 3. The topology of the cross-links consists of
cross-links that are mainly loaded in shear (corresponding to
case (A) in Fig. 3), but often less than 5 cross-links suffice to
prematurely rupture the backbone (corresponding to case (B)
in Fig. 3). In rare cases the failure of the backbone in the
9 chain setting can also be attributed to much more compli-
cated topologies involving the cross-linking of more than two
chains.

It is this premature failing of some of the chains in the system
that is responsible for the observed reduction in strength com-
pared to the non-crosslinked reference curve (see also Fig. 6B).
For all investigated systems the maximum load (corresponding to
the strength) occurs after the system was stretched to its contour
length. Because at extensions larger than the contour length all
covalent bonds rupture, the strength determined in our model is
a measure of the number of unbroken chains when reaching the
contour length. Because no chain ruptures prematurely in the
non cross-linked reference system, all nine chains contribute to
the strength of this system. It is the grafting density that
significantly influences the number and topology of inter-chain
cross-links and the probability of premature failure of the chains
(see also Fig. 6A).

Fig. 6C and D shows that the work to fracture is significantly
different from the work to elongate the system. The first is the

Fig. 5 Load-displacement curves for chain bundles with sticky site density r = 0.48 and different grafting densities s. The distance between the chains is
(A) d = r0 (s = 0.13), (B) d = 5r0 (s = 0.0051), (C) d = 6r0 (s = 0.0036) and (D) d = 20r0 (s = 0.0003), respectively. Black dots show load-displacement
curves, while the blue dashed lines show a reference load-displacement curve for the bare system without cross-links. Solid orange lines indicate the
position of the first covalent backbone rupture of one the chains. Note, that except for the smallest grafting density this rupture happens well before the
structure is stretched to its contour length. The insets show the average number of intact cross-links. Black lines correspond to intrachain cross-links and
red lines denote interchain cross-links.

Fig. 6 Mechanical parameters for systems with r = 0.48 and different grafting
densities. The blue dashed line is a guide to the eye. (A) Shows the position of the
first backbone rupture, (B) shows the strength of the systems, (C) shows the work
to elongate the chains till the contour length and (D) shows the work to fracture.
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work done to stretch the system to its contour length, while the
latter one is the energy needed to elongate the system to the
point, where the load-displacement curve finally drops to zero.
When the chains are not inter cross-linked this additional
contribution to the energy after the contour length is reached,
is the same for all topologies and sticky site densities. Conse-
quently, the work to elongate the system and the work to
fracture are essentially the same. It is the chain failure before
reaching the contour length that changes the situation. The
work to fracture is now related to the strength of the system.
The systems having a higher strength need more energy to
fracture the system (see Fig. 6B and D). This is because the
higher strength corresponds to a larger number of unbroken
chains. On the other hand, the work to elongate the chain to
its contour length is increased by a premature rupture of the
chains. Thus, a large work to elongate the molecule corre-
sponds to a low strength and work to fracture (see Fig. 6).

Fig. 6 shows the large impact that the grafting density has
on the mechanical behavior of system. While changing the
grafting densities from large to small the system essentially
evolves from a system consisting of interacting chains to a
system consisting of non-interacting, independent chains. This
is shown by the steep increase in the position of the first
backbone rupture from a value well below to a value well above
the contour length. Simultaneously the strength as well as the
work to fracture rise considerably, while the work to elongate
the molecule shows a significant drop. All parameters take
constant values when the grafting density is so small that the
chains behave independently. Finally, it should be noted that a
comparison of cross-linked and non cross-linked bundles
shows that adding cross-links dramatically increases the stiffness
of the system by a factor of almost 50 from Y = 1.7 meV/R2 to
Y = 77 meV/R2. The stiffness Y is a measure of the slope of the
load-displacement curve and is indicated by the dashed line in
Fig. 5. Possibly the stiffness could be further enhanced if
entanglement of the chains is allowed. When such entangled
chains are stretched the points of entanglement provide an
additional resistance to deformation yielding a higher slope in
the load-displacement curves.

4 Conclusion

In this paper the influence of reversible cross-links on the
mechanical behavior of polymeric chain-bundles was investigated.
Simple systems containing only one or two short chains as well
as more complicated systems made of nine, longer chains were
studied. The results show that cross-links have a profound influ-
ence on the mechanical properties of the system. In particular it is
the interplay of inter- and intrachain cross-links that is of utmost
importance. Most interestingly the presence of cross-links may
decrease the strength of the system. Depending on the grafting
density only two cross-links may be sufficient to break the covalent
backbone of one of the chains prematurely. On first sight, this is
completely unexpected because one cross-link has only a quarter
of the strength of a covalent bond. The simple systems investigated

in the beginning of this paper discussed the possible topologies of
cross-links responsible for such behavior. This premature rupture
of the covalent bond reduces the maximum load the system can
sustain before it breaks, thus it effectively decreases the strength of
the system. On the other hand, the stiffness of the system is
considerably enhanced.

The results presented in this paper bear important implica-
tions to understand how natural materials are built to achieve
their outstanding mechanical properties as well as to transfer
these principles into new man-made materials. The presented
results show that the grafting density is an essential parameter
to tune the mechanical performance of inter cross-linked
aligned fiber bundles.
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